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2. BbIMCKA 13 KANEHAAPHOIO MITAHA NEKLIAN

10. UHTerpanbHoe ncymcneHme pyHKLumn
HeCKOJIbKMX nepeMeHHbIX. Teopusa nons. (18 yacos).

10. O6rnactm B apudMeTMyecKkoMm npocTpaHcTBe. [lBOWMHOM
uHTerpan. Ero csowncTtBa, reoMeTpudeckui U MexaHU4eCKUn CMbICH.
BbluncneHve OBOMHOMO MHTErpana B 4EKapTOBbIX KOOpAMHATaX.

11. 3ameHa nepemeHHbIX B [OBOWMHOM WHTerpane. [1BOWHON
WMHTErpan B  MNOMSIPHbIX W SNJMNTUYECKUX  KoopauHaTax.
MexaHn4yeckue NpunoxeHnst 4BONHOro MHTerpana.

12. TpowHoW wHTerpan. Ero reomeTpuyeckMin M MexaHU4eCKui
CMbIcCh. BbluMcneHne B AeKapTOBbIX KOOPAMHATAX.

13. Copepuyeckan cuctema koopauHaT. BblpaxeHne anemeHTa
obbema. 3aMeHa NepemMeHHbIX B TPOMHOM UWHTerpane. MpunoxeHus
TPOWHOrO MHTerpana.

14. KpuBonuHerHbIi mMHTerpan nepsoro poga. Ero cBovictsa,
BblUMCIIEHME W MpUNoXeHus. [MOBEPXHOCTHBIN WHTErpan nepBoro
poga. Ero ceoncTBa, BblYUCEHNE U NPUTOXKEHNS.

15. CkandpHoe none. [1OBEPXHOCTM WU NWHUM  YPOBHS.
MpousBogHas no HanpaeneHuto. [pagueHT ckangpHoro nons. Ero
CBOWCTBa M hm3nyeckmii cMmblicr. BekTtopHoe none. BeKTopHble NUHUMK.
[MOoTOK BEKTOPHOro nonsi 4epe3 MoBepPXHOCTb. Puanyeckum cmbicn
noToka B MOMe CKOPOCTEW XWMAKOCTU. [1OBEpPXHOCTHbIM MHTerpan
BTOPOroO poAa, ero CBOWCTBA W BbIYMCIIEHUE.

16. [wuBepreHumsa BekTopHoro nons. dopmyna [aycca-
OcTtporpaackoro u ee unCNonb3oBaHWE AMs BblMUCMAEHMS MOTOKA.
dusmyecknin cmbicn ameepreHumn. ConeHonganbHoOe norne.

17. Pabota cunoBoro nond. Lnpkynaumsi BEKTOPHOro mnoss.
KpvBonuHenHbln wWHTerpan BTOPOro poga, ero CcBOMCTBA W
BbluucrneHve. ®opmyna Ctokca ¥ ee ucnonb3oBaHWe AN
BbIYMCEHMS UMPKYNauun. PoTop BEKTOPHOro Morsl, ero ou3nyeckmn
cmbicn. bessuxpesoe none.

18. MNoTeHumanbHoe norne, noTeHumarn. BbluucneHuve
KPVMBOMNWHENHOrO WHTErpana BTOPOro poda B MOTEHUMarnbHOM More.
PaboTta kak pasHocTb noTeHuuwanoB. Onepatop [amunbToHa, €ro
MCnonb3oBaHue AMsi BblpaXeHUsl rpagveHTa, AMBepreHumm, poTtopa.
Onepauuun BTOPOro nopsiika B BEKTOPHOM aHanmse.
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19. PesepBHas nekuus.

3. TEOPETUYECKMA MATEPUAN

Tabnuya 2. CodepxxaHue

1. KpaTHble nHTerpans.il.

1.1. O6nactu. Mepa obnactu. lnametp obnactu. PaHr apobneHus.
WHTerpan no obnactu.

1.2. [1BOnHOM MHTerpan.

1.2.1.0npegeneHve, reoMeTpUYeCKUiA U MEXaHU4eCKUA CMbICH
OBOWHOro nHTerpana. Teopema CyLeCcTBOBaHUS.

1.2.2. CBowcTBa ABOWHOrO MHTErpana.

1.2.3. [1BOWHON UHTErpan B eKapTOBbIX KOOpAMHATAX.

1.2.4. TIOBTOPHBIV MHTErpasn u ero BbIYMCIEHNE.

1.2.5. 3ameHa nepeMeHHbIX B ABOMHOM MHTerpare.

1.2.6. [1BonHON MHTEerpan B NONAApHbIX KOopanHaTax.

1.2.7. dnnuntnyeckme KOoOpaMHaThI.

1.2.8. MexaHu4eck1e NnpunoxXeHna ABOMHOIO MHTerpana.

1.3. TpowHou nHTerpan.

1.3.1. OnpegeneHne TpoOMHOro UHTerpana. Teopema
CyLLECTBOBaHMS.

1.3.2. MexaHnyeckum ©n reoMeTpuUYEeCcKUA CMbICIT TPOMHOro
WHTErpana.

1.3.3. CBoiicTBa TPOWMHOro MHTErpana.

1.3.4. BbluucneHne TPOWHOrO WHTerpana B [eKapTOBbIX
KoopAuHaTax.

1.3.5. 3ameHa nepeMeHHbIX B TPOMHOM WHTerpare.

1.3.6. TporHom nHTerpan B cchepmnyecknx KoopamHaTtax.

1.3.7. MexaHun4eckne npunoxXeHus TPOMHOro MHTerpana.

2. KpuBonuHerHble U NOBEPXHOCTHbIE MHTErpans! 1 poaa.

2.1. KpuBonuHenHein nHterpan 1 poga.

2.1.1. OnpegeneHve, reOMETPUYECKUA N MEXAHUYECKUA CMbICH
KPUBOMUHENHOTO WHTerpana 1 poaa. Teopema
CyLLEeCTBOBaHMS.




2.1.2. CBOWCTBa KpMBOJIMHENHOIO MHTerpana 1 poga.

2.1.3. BbluncneHme KpMBOnMHENHOro nHTerpana 1 poaa.

2.1.4. MexaHu4eckne nNpunoXeHnsa KPMBOSIMHENHOIO nHTerpana 1
poaa.

2.2. lNoBepxHOCTHbIN nHTerpan 1 poaa.

2.2.1. OnpepgeneHve MOBEPXHOCTHOrO WHTerpana 1 popga.
Teopema cyLecTBOBaHMS.

2.2.2. TeOMEeTPUYECKUA N MEXAHUYECKMIN CMbICIT MOBEPXHOCTHOIO
uHTerpana 1 poaa.

2.2.3. CBoiicTBa NOBEPXHOCTHOIO MHTErpana 1 poaa.

2.2.4. BblumcneHve NoBEpPXHOCTHOro MHTerpana 1 poga.

2.2.5. MexaHu4eckme nNpunoXXeHns NOBEPXHOCTHOrO MHTerpana 1
poaa.

3. Teopusa nons.

3.1. CkansipHoe norne.

3.1.1. JInHUM 1 NOBEPXHOCTN YPOBHS CKaNApHOro nons.

3.1.2. NpounsBoaHasi NO HanpasfeHMto.

3.1.3. ®opmyna Ans npou3BOAHOM NO HaMpaBneHuto.

3.1.4. [pagneHT.

3.1.5. CeowncTBa rpagveHTa.

3.2. BekTtopHoe none.

3.2.1. BekTopHasa pyHKLMA CKansipHOro aprymeHTa.

3.2.2. lNMpounsBogHasi BEKTOPHOW PyHKLIMN CKarnsipHOro aprymeHTa.

3.2.3. BektopHoe none. BekTopHbie NMHWK.

3.2.4. KpnBonvHenHbIN nHTErpan 2 poga.

3.2.5. PaboTta B BEKTOPHOM none.

3.2.6. CBoKcTBa KPMBONMMHENHOrO MHTErpana 2 poaa.

3.2.7. KpuBOonuHenHbIn nHTerpan 2 poga Ha nrnockocTu.

3.2.8. dopmyna NpuHa.

3.2.9. NoBepxHOCTHbIN nHTerpan 2 poga. NoTok BEKTOPHOro nons
Yepes NOBEPXHOCTb.

3.2.10. dusmyeckunii cmbicr NOTOKA.

3.2.11. ConcTBa NOBEPXHOCTHOIO MHTErpana 2 poaa.
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3.2.12. BbluncneHme noBepxXHOCTHOroO UHTEerpana 2 poaa.

3.2.13. AnsepreHuus BekTopHoro nons. Teopema Maycca -
OcTtporpagckoro.

3.2.14. dnsnyeckunin CMbICN ANBEPrEHLNN.

3.2.15. ConeHounpganbHoe norne.

3.2.16. Linpkynsaumsa Bektopa No 3aMKHYTOMY KOHTYpy. PoTop.
Teopema CTokca.

3.2.17. PoTop BEKTOPHOro nond. ®uanyeckunii CMbICi poTopa.
BesBuxpeBoe none.

3.2.18. MNoTteHuymansHoe none. NoTeHuyuan.

3.2.19. IlannacoBo none.

3.2.20. Onepatop MNamunbToHa.

1. KpaTHble uHTerpansol

1.1. O6nactu. Mepa obnactu. luameTtp obnactu. PaHr
Apo6bneHusa. UHTerpan no o6nactu

MycTb 3apaHa HekoTopasi KoHedyHast obnacte (2. JT1a obnacTb
MOXeT OblTb ABYMEpPHOM (MHOXECTBOM TOYEK MSIOCKOCTU Wn
NOBEPXHOCTU) UNU TPEXMEPHON (MHOXECTBOM TOYEK NPOCTPAHCTBA).

Byagem cuutaTth, YTO rpaHuLei aBymepHoi obnactn Q asnsetca
rnagkas unm KycouYHo—rnaakas kpusasi.
Onpepgenexne 1

KpuBas HasblBaeTCs rnagkon, eCcriv OHa B KaXOoW TOYKe umeet
KacaTenbHylo, HanpaBreHne KOTOPO MEHSETCS HEMPEepPbIBHO.
OnpepgeneHne 2

Kyco4Ho-anadkoli Has3blBaeTCs HenpepbiBHAA KpuBasi, KOTOPYHO
MOHO pa3buTb Ha KOHEYHOE YMCIIO FMaAKUX KPUBbIX.

Ecnu € - TpéxmepHas oGnacTb, To 6yaeM cuuTatb, 4YTO ee
rpaHuuen senseTcs rnagkas U KyCoYyHo—rnagkasi mnoBepxHOCTb.
OnpepgeneHue 3

MoBepXxHOCTb Ha3biBAETCS rMadKoW, €CNM OHa B KaXOoW Touke
MMeeT HopMarb, HanpaBreHVe KOTOPOW MEHSIeTCst HeMnpepbIBHO.




Onpepenexue 4

KycouHo-rmagkon  HasbiBaeTCs  HemnpepbiBHasi  MOBEPXHOCTb,
KOTOPYI MOXHO pa3buTb Ha KOHEYHOE YMCIIO MMagKuX NOBEPXHOCTEN.

Kaxxgon obnactv MOXHO MOCTaBUTb B COOTBETCTBME HEKOTOpOe
HeoTpuuaTenbHOe YMCOo, Ha3biBaeMoe ee Mepomn.

Mepon asymepHon obnacTtu sBnseTcsa ee nnowaab, TpexXxMepHon

— o6bem. Mepy obnactn €2 06bi4HO 0603HavatoT M(H_I)

Mepa obnactm — agauvTuBHas QyHKUMA 3Ton obnactn. 310
03HayaeT, YTo ecnu obnacte () pa3buTb NPOU3BOIMbLHLIM 06pa3oM Ha

n vacten: ,Q,,...,Q,, 10

n?

(L) = (00§ )+ (0 )+ ..+ w1, ).

OnpepeneHue 5

OunameTtpom obnactu 11l HasbiBaeTcA MakcManbHoe paccTosiHue
mMexngy [OByMsl Todykamu aTon obnactu. [Ouametp o6ractu I
o6o3HavaeTcs d(H_l) unu npocTo d .
OnpepeneHue 6

Ecnu obnacte () pa3buta npon3BonbHbIM 06pa3oM Ha 71 YacTen
0,9,,..,Q, v dy,d,,..,d, - onametpbl aTux obnacreii, To

unMcno 1 =maxd; Ha3biBaeTcs paHrom ApobreHus obnactu .
i

KpaTHble WHTerpansl — [ABOVHbIE W TPOWHbIE, a TaKkke
KpVIBOJ'IVIHeIZHbIe N NOBEPXHOCTHble, O KOTOpPbIX peyb I'IOI7I,EI,eT B
cneaylowmx pasgenax, sBnstoTCs YacTHbIMU CyvyasiMn UHTerpana no
Mepe 06riacTy UM NPOCTO MHTerpana no obnacTu.

OnpegeneHune 7

Ecnu B kaxgon Touke M € Q) 3apaHa dyHKUMS f(M) obnacTtb
() pa3buta nponssonbHbIM 06pa3om Ha n vacten Q,Q,,...,Q,
BHYTPM Kaxkaom 4acTuyHoi obnactn 2; BbiGpaHa Npon3BONbHO ToUKa
M ;, T0 nHTerpanom ot cyHkUuMM f no obnactu 2 HasbiBaeTCs He

3aBuCALWMIA OT cnocoba Apobnennss Q u oT Bblbopa Touyek M



n
npegen  MHTerpanbHOM — CyMMbl Zf(Ml)M(]_u) npu  paHre
i=l1

ApoBGreHns 11, cTpemsalLeMcs K Hyno. [na nHterpana no oénactm Q
ncnonb3ayeTcs 0603HaYeHme:

L= tim - (34,)-w(11),

n—>0

1.2. [1BOMHOW MHTerpan

1.2.1. OnpedeneHue, ceomempu4ecKkuli U MexaHU4ecKulli cCMbIC/
deoliHo20 uHmeezpana. Teopema cyujecmeoeaHust

Myctb  doyHKUMSA f(x, y) HenpepbiBHA B  OrpaHU4eHHOM

3amMKHyTOoM obnactu D. Pasobbem 3Ty 06ractb NpPOM3BOSbHBLIM

obpasom Ha n uacten Dy, D,,...,D

,, (puc. 1), kotopble Gyaem

Ha3blBaTb 3/JIeMeHMapHbIMU o6l acmsMu W NNowaan KoTopbIX
o6osHauum 1Sy, 1AS,,..., A4S, . B kaxpmon obnactm D; Bbibepem
MPOU3BONBLHO TOYUKY P(ol-, 31-), i=12,...n.Onascex i=1,2,...n
soiuvcrium £(0;, 3;)- JIS; ¥ NPOCYMMUpYeM 3TV BblpaXeHusi Mo i oT

1 oo n. B pesynbTaTe NoMyyunu Tak HasblBAEMY UHMe2pasibHyHo
cyMMy

n;

Y=

Puc. 1.
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Ecrm dyrkums  f(x, ¥)>0 w umeeT cmbicn nnoTHOCTH,
pacnpegeneHHon B obnactm D, TO npu AOCTaTOMHO — Marnbix
anemMeHTapHbIX obnacrtsax Dy, D,,...,D, COCTaBneHHas

MHTEerparnbHass cymMma npubMKEHHO paBHA Macce TOHKOW MITOCKOW
MMAacTUHbI, 3aHMMatoLLen obnactb D.

m= if(oiﬂ 31‘)'1151'-
i=1

OueBnAHO, YTO TOYHBIA pe3ynbTaT Mbl NOMYyYUM, ecnu Byaem
OecKoHeYHO yBenuuMBaTb 4YUCO ObnacTer, Ha KoTopble AenuTcs
obnactb D. lMpuyeM 4ucro anemeHTapHbiX obnactenm n —> o0 Tak,

4TOGbI Kaxaas obnacte D; cTsrMBanach B TOYKY.

Ons atoro BBEAeM paHz OpobreHusi 1= max (di), roe d; -
i

AvameTp obnactn D; .
OnpepeneHue
n
Mpegen wuHTerpanbHOM Ccymmbl  |im Zf(ol-, 31’)'I[Si npu

n—0j=1
1—0

n—o unpu 1—> 0, ecnu oH cyLlecTByeT, KOHEYEH, HE 3aBUCUT OT
cnocoba pApobnennsi obnactv D Ha uwactv Dy, D,,...,D, wn ot

BblGopa TOYeK P(ol-,3l~) B Kaxgon obnactu D;, HasblBaetcs

deoliHbiIM uHmezpasom no obnactm D oT dyHkumm f (x, y) "
o6o3HavaeTcst ”f(x, y) ds .

D
[/ (x. y)ds = umilﬂoi, 3,)-JIS;
D n— j=

1—0

OyHkumsa  f (x, y) Ha3blBaeTCA Npu 3TOM UHMezpupyemMol Ha

obnactm D.
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Teopema

Ecnu doyHkumsa f(x, y) HenpepbIBHA UMW KYCOYHO — HenpepbIBHa

B orpaHuyeHHoi obnactu D, To oHa B 3Tol 06nacTu MHTerpupyema.
[lokazaTenbCTBO 3TOW TeopeMbl BBUAY €ro CrOXHOCTU BbIXOAMT
3a npefenbl Hallero Kypca.

MexaHn4yecKknm cMbicn ABOMHOIO MHTerpana

Ecnu f(x, y)Z 0 v nmeeT cmbicn pacnpeaeneHHo NNOTHOCTU B
Kaxxgon Touke obnactu D, To

gf(x,y)dSzm,

roe m - Macca TOHKOW TMMOCKOM MMnacTuHbl, 3aHMMalolen B
koopAuHaTHow nnockoctn x(Oy obnacTs D.

FeomeTpuyeckni cMbICN ABOMHOrO MHTErpana

Ecnu f(x, y)= 1, To macca TOHKOW nNNacTWHbl paBHa ee
nnowaawn. lNoatomy
[ds=s.
D
roe S - nnowanp obnactu D.

1.2.2. Ceolicmea 080liIHO20 UHMe2pana

M3 onpegeneHns OBOWHOIO MHTErpana MoXxHO ccopmynmpoBaTtb
cnegyloLine ero CBOMCTBA.

1. CBOMCTBO NMHENHOCTU

Ecnn dyHKumn fl(x, y) n f, (x, y) MHTerpuvpyemMbl B obnactu
D, 1o cnpaBeanBo paBeHCTBO

1A )+ Cof (. y))dS = C [ fi(x, y)dS +

+C2”f2(x, y)dS )

12



[JdokasaTenbCcTBO

Takax 3.(C1fi(0,3,)+ Cof3(01,3, V1S, =

i=1
n n
=(C Zfl(oi, Si)I[Si +C, Zfz(oi, 3i)I[Sl~, TO, nepexoas B 3TOM
i—1 i=1

paBeHCTBe K npedeny npu #n —>o0 U paHre apobneHuns 1 — 0,
MOMY4YMM HY>KHOE COOTHOLLEHUE.

2. CBOMCTBO aAAUTUBHOCTU
Ecnn obnacte [  pasbuBaetca KkpuBon [ Ha [OBe

Henepecekatwmecs obnacTtu D(l) 7 D(z) 1 ecnv yHKums f(x, y)
WHTErpUpYeEMa Ha Kaxgol wu3 3Tux obnacTtei, TO chnpaBeanveo

paBeHCTBO ”f(x, y)dS = J'i)f(x, y)dS+ .Uz)f(x, y)dS .

D D D
[JokasaTtenbcTBO

OTO CBOKCTBO criedyeT M3 TOro, YTo ABOMHOW WHTerpan Kak
npegen WHTerpanbHOW CyMMbl He 3aBUCUT OT crocoba apoGneHus

obnactn D wa vactm D, D,,...,D, .

Moatomy obracte D MOXHO
pa3buTb NuHusMK Ha vactn Dy, D,,..., D, Tak, 4ToBbl 0AHa U3 3TNX
NMUHUIA coBnadana ¢ Kpuson [, sBnswowenca obuen rpaHuLent
obnacten D(l) n D(Z).
3. Teopema cpaBHeHUA

Ecrm cyrkumm  f(x, y) u f5(x, y) - HenpepbiBHbI B 06nacTu
D wn ecnn pgna Bcex Touek M(x, y)eD AnA 9TUX  dDYHKLWIA

BbINOMHEHO HepaseHcTBO f1(x, ) < f5(x, y), To aHamormyHoe
HEPaBEHCTBO BbINOMHSAETCH U AN ABOWHBIX WHTETPanoB OT 3TWX

YHKLWIA, TO €CTb J'Ifl(x, y)dS < [/ (x, y)ds .
D D

13



[okasaTenbcTBO

N3 HepaBeHcTBa f](X, ¥) < f5(X, y) cnepyeT aHamnormiHoe
HEPaBEHCTBO AN UHTErpasibHbIX CyMM

_nZlfl(Oia 3, 1S, < ﬁ:lfz(oia 3,) 1S,

M3 KOTOPOro Ha OCHOBaHUW MNpeneribHoro nepexona B HepaBEeHCTBE
cnenyert:

n n
lim X fi(0;, 3;) JS; < lim 3. f2 (07, 3, JIS;
n—ooi=1 n—ooi=1
1—0 n1—0

®YHKUMKM UHTErpupyembl Ha obnactu D, Tak kak OHU Ha ITOW
obnacTtn HenpepblBHLI. CnegoBaTtenbHO, 0ba npegena CyLecTBYOT U
KOHeYHbl. Torga no onpeaeneHnio ABONHOro UHTerpana cnpaseanveo
HepaBeHCTBO

IDI fi(x, y)ds < Jg fo(x, y)ds .

CnepnctBue

Ecnu HenpepbiBHasi dyHkuus  f(x, y) >0 Bo Bcex Toukax

M(x,y)eD, 1o .ij'f(x,y)dSZO.

4. Teopema 06 oLieHKe ABOMHOro UHTErpana
Ecnrm m - HauMeHbllee 3HauveHue byHKUUK f(x, y),

uHTerpupyemoii B obnactm D, a M - ee HaubGonbluee 3HayeHue B
aToi obnactu, To ecTb AN BCEX TOYEK (x, y)eD BbINOSHSETCA

HepaseHcteo m < f(x, y) <M , 10

mS < ”f(x, v)dS <M S ,rpe S - nnowapbs obnactv D .
D
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[oka3aTenbCTBO
MpowuHTerpupyem HepaseHcTBo m < f(x, y) <M no obnactu

D: ”mdS < fj'f(x, y)dS < HM ds " yuTem, 4To

D D D
.[J.mdS:m”dS:mS,a .[J.MdS=M”dS:MS.Tor,qa
D D D D

mSS”f(x,y)dSSMS.
D

5. Teopema o cpegHemM

Ecnn doyHkuna f(x, y) HenpepbIBHA B OrpaHUY4eHHOW 3aMKHYTOMN

obnacty D, 1O B 9TOM oBnactM cywecTtByeT Takas Touka
M, (xo, Yo ) € D, ana koTopoii BbINOMHAETCA PaBEHCTBO

gf(X, )dS = f(xq, y9) S,

roe S - nnowaab obnactn D .
[JokasaTtenbcTBO

HenpepbiBHasi B OrpaHuWYeHHOW 3aMKkHyToW obnactu dyHKUMS
NPUHMUMaET B HEel Haubornbluee N HaMMEHbLUee 3HA4YeHUusl, TO ecTb

ansa BCeEX TO4eK (X, y) eD BbIMNOJTHAETCA HepaBeHCTBO

m< f(x,y)<M, rpe m n M - HaumeHbluee U HauGonbLiee

3HaYeHNst PyHKLUK f(x, y),
Mo Teopeme 06 oLeHKe [OBOWMHOrO MHTErpana cnpaBeniMBo

HepaBeHcTBO m S < ﬂf(x, y)dS<M S, B kotopom uepes S
D
o6o3HayeHa nnowane obrnactm D .
Pasgenus Bce 4YacTu HepaBeHCTBa Ha BenuuuHy nnowagn S,
nony4um

méljjf(x,y)dSSM.
SD

15



U3 nocnegHero HepaBeHcTBa crieayer, yTo

%”f(x, )dS = f(xo, yo) - OQHO M3 3HAYEHWI HenpepbIBHOW
D

yHKUMM f(x, y), ANs KOTOPOW BCe TOYKM MPOMEXyTka [m,M]
ABNAIOTCA ee 3HadeHusaMU. YMHoXMB o06e 4acTu nocrnegHero

paBeHCTBa Ha S, HOﬂyHVIM Heo6xop,mmoe pPaBEHCTBO
[[ £ Cx, »)dS = f(xq, v9)-S.
D

3HaueHve  yHku  f (xo, yo) HasblBaeTcs  cpedHUM
3HayeHueM.
1.2.3. [eoliHol uHmezpasn e dekapmosbiX KOOpOUHamax

Mpeanonoxum, Yto obnacte [, Ha KOTOPOW onpeaeneH ABOVHON

UHTerpan ”f(x, y) dS , 3apana HepaBeHcTBaMM
D

a<x<b
gi(x)<y<g(x)
Pasobbem aTy obnactb Ha wactm Dy, D,,..,D, npaMbivu,

napannenbHbIMAU KOOPAMHATHLIM OCAM. ByﬂeM CyYNTaTb, YTO KaXXaasd
U3 3TUX MNpsIMbIX MepecekaeT obnacte [ He Gonee uyem B OBYX
Toukax (puc. 2). B npotnBHOoM cnyyae obnactb crnegyeT pa3buTb Ha
HecKonbko obnacren.

yﬂ
y=
) <
™\
)
L
&(5) = g,(x) N
4 XX b >
Puc. 2.

lMpn Takom cnocobe ApobreHus nnowadb Kakgow 4acTUYHON
obnactu D; pasva JS; =[x; - My;, rtae x; =x;,. —x;,
16



My; = y;11 — ;. [BolHOW wWHTErpan kak npefen WHTErpanbHou

CYyMMbl MOXHO 3anmcatb B BUAE:

J'J'f(x ¥)dS = lim Zf( ,3:)- I Ty,

n—owj=1
1—0

rae paHr apobnexus 1 = rnax{]lxi Hy; }
I
BadMKcpyeM 3HaueHMe X =3 U 3anuileM UHTerparibHyto

CyMMy B BMAE:

Hf(x ¥)dS = lim X > /(07 3,) 1y, =

n—woi=] i=1
1—>0

= lim 36| lim 3030y |=

n—o i=1 n—oo =l
max [Ix; >0 max [ly;
n gz(”?) n
= lim XM [flony)dy="lim X10x)Mn =
n—0 i=1 210%) n—>o0 i=1
max Jlx; -0 max JIx; -0
b glx)
H(x)dx = [dx [ f(x, y)dy
a g (x)
AHanorMyHo MOXHO NokasaTb, YTo ecnm obnacTe D, Ha kKoTopoW

onpepeneH  AgoitHoi  wterpan [ f (x,y)dS, sanana

SIS

HepaBeHCTBaMMu

{ aly<b
g(v)sx<g(y)
TO D,BOVlHOﬂ WUHTErparsn no 3TON OG”aCTM MOXHO npeacTtasnTb B BUAeE

17



[[£(x, y)ds = [fdygzj(y}(x, ¥)dx.

a g1(y)

1.2.4. [loemopHbIl UHMe2pasl u e2o 8bIivYUC/IeHue

b glx) b g(y)
WHTerpansl  Buaa Idx jf(x, y)dy 7 Idy jf(x, y)dx

a gl a gy
Ha3bIBAIOTCS MOBMOPHLIMU. B nepBoM uHTErpane nepeMeHHasi x
SIBMISIETCS NEPEMEHHOI BHELLHEro UHTErPUPOBaHUS, a NepeMeHHas y

- NepeMeHHOW BHYTPEHHEro MHTerpupoBaHusi. Bo BTopom uHTerpane
BHELLHEE WHTErpupoBaHWe BefeTCs Mo MNepeMeHHoW y, a

BHYTpPEHHEE Mo NepeMeHHoOn X .

b glx)
BbluMCnaTL MOBTOPHBIN MHTErparn jdx If(x, y)dy cnepyer,
a gl(x)

HayMHas C 4aCTHOrO MHTErpuMpoBaHUA NO ) BHYTPEHHEro uHTerpana
&2 (x)

ff(x, y)dy. Mocne NOACTAHOBKM MNpedenoB  WMHTerpauum
&1 (x)
nonyunTca (PyHKUMS nepemMeHHon X . Ee HyXHO npouHTerpupoBatb
no nepeMeHHoN X B npeaenax ot a ao b.

3apaua 1

1 X
Bbluncnutb NOBTOPHLIN MHTErpan jdx j(xy2 + l)dy.
0 42

PewieHue




1 1 1 1 23

3apava 2

Bblumcnuts ”xydxdy, ecnu obnactb OrpaHuMyeHa NUHUAMK
D

y= X nx= y2.
PelwieHue
O6nactb D MoxHO 3adaTb HepaseHcTBamm (puc. 3):
0<x<l1
{xz <y< \/; '

by

Puc. 3.
Torpa
1 Jx 1 2 |Vx
[[ xydxdy = [ xdx Iydy:jxdx.y_ _
D 0 2 0 2 2
; 1 3 6\ 1
:ljx(x—x4)dx:lj(x2—x5)dx Ix _x _
2% 0 213 6,
L S
6 12 12



3apaua 3

Bblumcnutb OBOMHOW MHTErpan Jj(x2y+2xy2)dS, ecnu obnactb
D

.2
y =
WHTErPUPOBaHNS OrpaHnYeHa KpUBbLIMMU: +y=2.
y=0
PelwweHune
B aTon 3agade ygobHee cBecT ABONHOM MHTErpasn K NOBTOPHOMY
WHTErpany, B KOTOPOM MEPEeMEHHOW BHELIHEro WHTErpUpoOBaHUs

6ypnet y . Obnactb D MoOxHO 3adaTb HepaBeHCTBaMu (puc.4):

{ 0<y<l

J;SxSZ—y'

Y A

Puc. 4.

Torga OBOWMHOW MHTErpan MOXHO 3anucaTb B BUAE MOBTOPHOIO
WHTerpana.

1 2-y
jj(x2y+2xy2)dS=dej (xzy+2xy2 X =
D 0 Jy

(3 2-y
=[dy| - y+y°x*
E

5
:}dy((2;y)3 y+y2(2_y)2_%y2\/;_y3]:

0
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4
8 2 3 2 3.4 1 25 3
=fdy[§y—4y +2y —yT+4y —AYTHY YTy =

492 2 5 3 4 2 35
= — 4 — —_— B — >
[3 157 "4Y TY
+2 3 2 560+56-315-40 87
3 15 4 21 420 140

3apava 4
lMoMeHsITb NoOpPSA0K UHTErPUPOBaHMS B MOBTOPHOM UHTErparne

L st 2 s
Jay [ fley)dx+ [dy [f(x,y)dx
—2\/5 _\/Q -2 y

PeweHue

Mpexnoe 4em paccTaBnATb Mpegenbl WHTerpauMmM B ApYrom
rnopsiake, BbISICHUM, MO KakoW obrnactu BegeTcsl MHTerpMpoBaHue B
Ka)kIoM UHTerpane.

YuuTblBas npegenbl MHTErpauumM, MOXHO BbiNUcaTb cregyrolmve

HepaBeHcTBa Ana obnacten Dy u D, :
22 <y<2 ~2<y<2
D D,).
{—\IS—yZSxS\IS—yZ ( 1) ’ {nySﬂS—yz ( 2)

CnepoBatenbHo, obnacte D) orpaHWyeHa KpyUBbIMU:

y=-242,y=-2 y=-2
nnn ’
xziw/8—y2 x> +y?=8

a obnacTtb D2 orpaHun4eHa KpuBbiIMU:
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y=-2,y=2 y=-2
x=y nnu x=y (puc.5. a).
= /8- 2 x> +y2=8
Ecnn nomeHaTb Nopsiaok MHTErPUPOBaHKS, To ob6nacTb nNpuaeTcs
pasbuTb Ha aBe obnactu npsmon x =2 (puc. 5. 6). Torga obnactu
nHTerpuposanms D; n D, MOXHO 3agaTb HepaBeHCTBaMu:

—2<x<2 2<x<2\/_ (D
—\/S—yzﬁyﬁx _V8—x2 < y<8—x? 2)

YA YA
) s y§®
2
,ﬂ
J/ Dy X 22 X
\ é b
—2+4/2 P
%/X
v=7
Puc. 5. a Puc. 5.6

M3 nocnegHux HepaBEeHCTB MOXHO onpenernintb HoBble npenersbl
MHTEerpaunn:

202 Asa?
Idx [ fCeydy+ [ de [ (v y)dy
2 R
1.2.5. 3ameHa nepemMeHHbIx 8 O80UHOM UHMezpase
Myctb dyHkumm x = x(u,v), vy = y(u,v) B3aWMHO OAHO3HAYHO
oTobpaxatoT obnacte D (puc. 7) B AekapTOBbIX KoopauHaTtax X,y

Ha obnacte D’ (puc. 6) B KPMBOMMHEHbLIX KOOPAUHATAX 1,V .
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Vi

/ U
V; +Av; é Lil

P Au; |P;
[ ——
u; u; +Au; ; >
X
Puc. 6. Puc. 7.

B nnockoct Quv paccMOTpUM MPSIMOYrOfbHYK NOLLaaKy,
nnowaas kotopon JIS7 = [u; - lv; (puc. 6). Ein cootsetcTByeT
KPUBOMWUHENHDBIA YeTbipéxyronshuk PP, PPy (puc. 7) B nnockocTu
Oxy. Ecru I[ul- 7] I[vl- [OCTaToO4YHO Marnbl, TO KPWUBOJIMHEWHbIN
yeTbipéxyronbHuk F P, PP, moxHO cuutaTh napannenorpamMmmom.

Ero nnowans  JIS; MOXHO  BbIMMCIUTL  Kak  nrowanb

et ———

napannenorpaMma, noctpoeHHoro Ha Bektopax AP, v AP . Onsa

9TOro Hangem koopauHatel BeplunH P, Py, Py .
x1 = x(u;,v;)

1 ZJ’(UiaVi).

KOOpD,VIHaTbI TOYKHN P2 (xz,yz) onpenenarnTCcAa N3 CUCTEMbI:

KoopanHaTh! TOuKM Pl(xp)ﬁ):

xy = x(u;;v; + Mv;) = x(”i’vi)+?(”i’ v Iy,
v

- :
Vo = y(ugv; + ;) = J’(“i»"i)+a—i(“is v ),

B KOTOPO4 OTGPOLLEHbI BECKOHEYHO Marnble Gonee BLICOKOro nopsaka,
uem My, .

KOOpﬂ,VIHaTbI TOYKMN ])4(X4,y4) onpenendarnTcAa N3 CUCTeEMbI

23



xg = x(u; + Husv) = x(uiavi)+2_x(”ia Vi)ﬂ”i
u

oy ’
Va = y(u; + Muisvy) = y(uievi)+a_u(ui9 v )y,
B KOTOPOI OTBPOLLEHbI 6ECKOHEYHO Marnble 6ornee BLICOKOro Mopsaxa,
vem [u; .

Mnowaab napannenorpamma PP, PP, onpepensetca no
dopmyne:

ox
X=X Xp—X B a(uz’vi)ﬂul a(ui’vi)ﬂvi B
i — —wll |0y oy B
Yamhn TN E(ui’ Vi)ﬂ”i a(“i, Vi)ﬂ"i
ox ox
a_u zﬂvi) 5( i Vi
vg(ui’ Vi) 5(”1', Vi | JIS;
1
o ax
Onpeperutens [ = %L; 2)‘}’ - HasbiBaeTcs SKO6UAHOM
ou  ov

nepexoga oT KoopauHaT X, ¥ K koopauHatam u, v. Yepes skobuaH
CBAi3aHbl MNOLaan anemeHTapHow obnacTtu B koopauMHatax X,y U
KoopauHaTtax u, v.

AS; =|](ui’ Vi)|ﬂ5f-
PaccmoTpum byHKUMIO z:f(x,y) - HenpepbiBHYO B obrnacTtu
D . Torpa kaxgomy 3HauyeHuo pyHKUMKU z = f(x,y) B obnactn D

COOTBETCTBYET TO € camoe 3HayeHue yHKLUK z=F(u,v) B
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o6nactu D', rae F(u,v)= f(x(u, v y(u,v))= f(x,y).

WHTerpanbHaa cymma ans yHkuum z = f(x,y) B obnactm D
OyaeTt nveTtb BUA;

if(xiﬂyi)ﬂsi :iF(uiﬂvi)ﬂSi = iF(uiavill(ui’ vil»z[Si,'
i=1 i=1 i=1

[Mepexonsa B 3TOM MHTErpanbHON CymMmme K npegeny npy 71— o0 1
npw paHre apo6bnexns 1 —> 0, nonyuum cdopmyny npeoGpasoBaHus
KoopauHaT B ABOWHOM UHTerparne:

[[ £ e, y)ydxdy =[[ F(u,v)|I (u, v)dudy .
D D

1.3.7. [JeoliHoli uHmezpasn e noJsisipHbIX KOOpPOUHamax

Mepexon OT [OekapTOBbIX KOOPAUHAT K MOMSIPHLIM ABMSETCS
YacTHbIM CIly4yaeM 3aMeHbl MePeMEHHON B IBOMHOM MHTErpare.

[ekapToBbl  KOOPAMHATbI  BbIpaXaloTCsl  4Yepe3  MonsipHble
X =C-COSII

KoopAauHaTbl No hopMynam: .
y=cC-sini

AxkobnaH I'Ip606pa3OBaHVIF| nMeeT B aHHOM ClyYae BuAa:

ox Ox
cosl[ —csinig .
I:ac ou = . =ccoszu+csm2u=c.
0y Oy | |sinm ccosn
oc on

CnepoBaTenbHO, Npu nepexode K MONspHbIM  KoopAuHaTam
[ABOWVIHOW MHTerpan npeobpasyeTcs no criegyolemy npasuny:

[] £ (x,»)dxdy =[[ F(c,u)cdcdu
D D'

3apava
Bblumcnnte Maccy TOHKOM MNNACTUHbI, OrPaHUYEHHON NUHUSMU

x? +y2 —4y=0wu y=x npu y < X, €Cnuv NMOTHOCTb B Kaxaoi ee

TOuKe paBHa z[(x, y): \x? +y2 :
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PewweHue
Macca TOHKOM nNMOCKOWM NMacTUHbl C MMNOTHOCTbIO ;L(x, y)

onpefensietca no gopmyne
m :”a(x, y)dS :j.Nxz +y2dS.
D D

YTo6bl nocTpouTb o6nactb D, npuBegemM ypaBHEHUE KPUBOM
x* + y2 —4y =0 k kaHOHWYeCcKkOMy BUAY.
x? +y2 -4y=0=> x? Jr(y2 —4y+4)—4:O =
x? +(y—2)2 =22,
370 ypaBHEHUE SIBNSETCH YPaBHEHUEM OKPYXHOCTU C LIEHTPOM B
TOuKe (O, 2) n pagunycom 2. O6nacTte [D nokasaHa Ha pUcyHke 8.

VA
Q0
Vg
%
o@
&
7,
N
¢=0 X
Puc. 8.

Mepergem Kk nondpHoM cucTeMe koopAauHat. [lockonbky

\/x2 +y2 =yJc?cos? 1 +c?sin’ 1 =\/cz(coszu+sin2u):

[.2
=4/C =C, TO MacCa nnacTuHbl onpegensdeTca cnegyrowmm

MHTErpanom:
m=|[c-cdc du.
D

YToObI CBecTtu ﬂBOMHOVl MHTEerpan K nOBTOPHOMY, 3anuuiem
ypaBHeHI/Iﬂ BCeX rpaHI/ILI, 061'IaCTI/I I/IHTerpI/IpOBaHVIﬂ B I'IOJ'IHprIX
KoopauHaTtax.

1). YpaBHeH1e OKPY>KHOCTW B NONSPHbIX KOOPAMHATAX:

26



¢ cos? I+ ¢?sin? 1 =4csinm vnu
cz(cos2 I+ sin? I ): 4esinig .
1
Pasnenus nocneagHee paBeHcTBO Ha ¢ # 0, nonyu4um nonsipHoe

ypaBHeHMe OKPYXHOCTM ¢ = 4sinir.

2). Mockonbky  06nacTb  WHTErpUpoBaHuUs B MNpaBow
nomnynmnockoctn (puc. 8), To npsmMass y =X SABMNAETCA 4YacTbio

rpaHuubl obnactv Tonbko npu x > 0. Toraa ee nonspHoe ypaBHeHWe

p

umeeT Bug I = —.

4

CneposarenbHo, A8 06nacT MHTErpPUpPOBaHUSA CrpaBeanneo
o<u<?
4

0£c£4sinu-
Torpa
% 4sing
m:”czdcdu: [du | c2dc =
D 0 0

% 3|4sin % %
= jduc— 1 Hzl | 64sin3uc17u:ﬁ [ sin? msin m di =
o 3o 30 3%
64% 2 64 cos 11 %%
=—— [ l—cos“1)d(cosu)=——/ cosu — =
J (1-cos?u)a(cosn)
3 0 3 3 o

64( 2 \/5+1]__g.6ﬁ—12—ﬁ+4_

3 12

:16!8—5ﬁ!_

9
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1.2.6 dnnunmuyeckue KOopOuUHamMbI

X =accosII
Uncna ¢ >0 w 11, ons KoTopbix ] ,roe a>0,
y =bcsinig
b>0 - nocTosiHHble u4Mcna, HasblBAOTCH IIUMMUYECKUMU
KoopOuHamamu.
AkobnaH npu nepexode K 3MNMMNTUYECKMM  KoopauHatam
onpenenseTcsa U3 crneayoLwero onpeaenuTens:
acosIq bsinng ) .9
= i =abcl\cos” 1 +sin“ 11 |= abc .
—acsini  bccosiy
ANNUNTUYEeCcKMe KOopaMHaThl YA06HO UCMONb30BaTh, €CNv Cpeau
rpaHvy, o6nacTM WHTErpupoBaHMs B [BOWMHOM WHTerpane ecTb
3MMUMCHI.

x2

a2
nepemMeHHbIX, NCNOoJb3yA Npu 3TOM 3NNNMNTUYECKME KOOpAONHATDI

[\S}

Ecnn B ypaBHeHMe annunca + =1 coenatb 3ameHy

-

X =accosi
y =bcsing
TO MOMY4YnTCH YpaBHEHME

2 2 22 2 22 .2
a“c” cos b“c”sin
+2 -le my .

b a* b*
<:2(cos2 I+ sin? u)z l<ce=1.
Cne,qosaTeano, B SANMNMNNTUYECKUX KOOp,CI,I/IHaTaX annunc

npeobpasyeTcs B OKPYXXHOCTb C LEHTPOM B Hayane koopauvHaT u
paguycom 1.

1l

QN| =

1.2.7. MexaHu4ecKkue npunoXxeHusi 080UHbIX UHMe2pasioe
MycTb Macca pacnpegeneHa Mo nnockoi o6nactm D ¢
NNOTHOCTBIO z[(x, y). Cratuyeckne MOMEHTbI, KOOpPAMHATBI LeHTpa

TAXECT U MOMEHTblI WHEepUUun TOHKOM MNMAaCTUHbI, 3aHUMaloLEN
obnacTtb D, BblHYMCNAKOTCA NO cnegyrlnm cbopmynaM.
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CrtaTnyeckne MOMeHTbI
OTHOCUTENbBHO KOOPANHATHBIX OCEMN:
Sx=JIy-ﬂ(x,y)dS; Sy=”x-z((x,y)a’S.
D D
OTHOCUTENbHO HaYana KoopanHaT:

S, :jDI\/xz +y? -n(x, y)ds .

Koopamnate! uentpa tskectn C(x,, )

S

_"y
X, =—
m

S
: Ve ="
m

1 1
wnm x, = ;Hn(x,y)de, Ye = Z”I{(st’)de=
D D

roe m= jjn(x, y)dS - macca Tena.
D

MoMeHTbI HepLuUKn
OTHOCUTENBHO KOOPANHATHBIX OCEMN:
2 . _ 2
Ixzﬂy -zl(x,y)dS, Iy—”x -n(x,y)dS.
D D
OTHOCUTENBLHO HaYana koopauHarT:

1, :Jg(xz +y2)-):[(x,y)dS.

3apava
Haintn koopguHaTbl LEHTpa TSXKECTM OOHOPOLHOM MfOCKON
x2 y2
TOHKOWM MNacTUHbI, OrPaHNYEHHOW YeTBEPTbLIO annunca —2+—2 =1
a b
B MEPBOM KBaZpaHTE U KOOPAUHATHbIMUK ocamu (puc. 9).
PeweHue
Mockonbky nnacTtuHa ofHopopHas, TO NIOTHOCTb

1(x, y) = const . MoxHo cumtats, uto nnotHocts a(x, y)=1.
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Macca ogHOPOAHON TOHKOW MnacTUHbI B AaHHOM criydae 6ypet

paBHa nnowaau, KOTOopyl OHa 3aHumaeT. [lnowags obnacty,
2 2

rpaHULEN KOTOPOWN SIBNSIETCS SMMUMC —2+y—2:
a” b

CnepoBatenbHO, Macca nnacTuHbl, paBHas nnowagn obnacTu,

OrpaHVYeHHON YeTBePTbIO annunca, OyaeT paBHa
1

m=—pab.
4P

Ecnu Touka C(xc, yc) - LeHTp TAXeCTn, TO And ee KoopauHat

1 pasHa S =pab.

cnpaBeanveo:
1 1
xczzgde; yC:;IDJ'de.

Tak kak obnacTb, KOTOpYK 3aHMMaeT nfiacTMHa, OrpaHu4veHa
annuncom (puc. 9. a), To nepenaem K SNAUATUYECKM KOOpAMHaTaM.

B annuntuyecknx koopauHatax ¢ v I obnacte [ npeobpasyeTca B

o<n<?
NPSAMOYroNbHUK 2 (puc. 9. b).
0 <1

YA PA

Yep

=Y

¢
<Y

X, s
¢ 2

Punc. 9. a Pnc.9.b

Torga, yuuTbiBas sikobmaH npeobpal3oBaHMs Mpu nepexope K
ANNNNTUYECKMM KOoopAMHaTaMm, Nosyvynm:

2,5 1
X :iﬂac costiabc dedi :4a—bjdujc2cosudc =
“m D pab 0 0
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2 1
:4—afcosudujc2dc.
P o 0
B nocrnegHem uHTerpane nepeMeHHble pasdeneHbl, TO ecTb
BHYTPEHHWA WHTErpan He 3aBUCUT OT MEPEMEHHON BHELLUHEro
VHTErpupoBaHns. OTO 03Ha4YaeT, YTO MOBTOPHbLIA WMHTErpan paseH
2 1
MpOn3BEOEeHNI0 UHTErparnos jcosudu " jczdc.
0 0
YUUTbIBas 3TO, BBIYUCIIUM X,..

4a % L 4a . |2 3|1 4q
xc=—jcosudu-jczdc=—smu 2.2 | ==,

Po 0 P 0 3 0 3p
AHAMOrMYHO ONpeensieTcs OPAMHATA LEHTPa TSKECTU.

25 1
Ve :i”bc sin i abc dedn = dab [dufc?sinnde =
mp 0 0

) 1 ) 1
= 4—babzisinudujczdc = ﬁTsinua’u-]cza’c =
p

0 0 Po 0
231 ap
=——ocosm|2-—| =—.
p 0 310 3p

3HauuT, LEHTP TAXeCTU OD,HOpOD,HOVI TOHKOM NNacTuUHbl MMeeT

[4a 4bj
koopauHatel C| —, —|.
3p 3p
1.3. TponHoM MHTerpan

1.3.1. OnpedeneHue mpoliHo20 uHMezpana. Teopema
cywecmeosaHusi

Myctb €2 - TpéxmepHasa 06nacTb, orpaHUYeHHas KyCoUHO-rnaaKoi
MOBEPXHOCTbID W B KaOoW Touke M(x, v, z)e III onpenenena
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dyHkuma  f(x, y,z). Pa3obbém obnactb €2 nNpPOM3BOMbHLIM
obpasom Ha n vactei: €21,Q,,...,Q, . O6nactn €,Q,,...,Q,
Bynem HasbiBaTb 3MeMeHTapHbIMU 0BNacTaMU UNK 3NIeMEHTapHbLIMU
Tenammn, a yepes IVy, AV,,..., IV, 6ynem obosHauvaTb ob6bembl
anemMeHTapHbIx obnacteit €;,€2,,...,02, .

BHYTpM kaxaon anemeHTapHon obnactn (); BO3bMEM TOUKY

Ml-(ol-,3l-, ng)e I, sbumcnum f(o,-, 3, XS)I[Vz N CcoCTaBuM
n
WHTErparnbHylo  CymMMmy Zf(oi, 3;, ng)l[Vl Beegem  paHr
i=l
Apobnenust 1=maxd,;, rae d; - anameTp anemeHTapHoii obnactu
i

10T,
OnpepgeneHune

Ecnvm npy n—> o unpu 1—> 0 cyuiectByeT KOHEUHbI npeaen
n

WHTErpanbHOW CyMMblI Zf(oi, 3;, >15)I[Vl He 3aBuCAWMA OT
i=1

cnocoba pa3bueHuss obractu U Bblbopa Touek M, TO OH

l’
Ha3blBAeTCA TPOMHLIM WHTErpanoM OoT (YHKLUUM f(x, v, z) no
obnactu Q. TMMpu aTOM  YHKUMA f(x, v, z) Ha3blBaeTcs

WHTEerpupyemoit Ha obnactm €2 .
Ansa TpolHOro uHTerpana ucnosnb3yeTtcs 0603HaYeHne:

n
[/, p,2)dV = lim Y f(0;,3;, %) - UV .
11 =%
1—0
Teopema cyuiecrtBOoBaHuA
Ecnu  yHkums  f(x, v, Z) HenpepbiBHA WU  KYCOYHO —

HenpepbiBHa Ha obnactn Q , TO OHa Ha 3Tol obnacTu MHTEerpnpyema.
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1.3.2. MexaHu4eckull u 2eomMmempu4ecKuli CMbIC/1 MPOUHO20
uHmezpana
MycTb HenpepbiBHAs YHKUNS f(x, ¥, Z)Z 0 Ha obnactn € wu
npeacrtaenser cobol  pacrnpedeneHHyld Mo  MPOCTPaHCTBEHHOW
o6nactn ) NAoTHOCTb,
Ecnn obnacte (2 pasbuta npousBorbHbIM oBpasoM Ha n

anemeHTapHbIx obnacteit €2;,Q,,...,Q, wecm IV}, AV,,..., AV,
- 06beMbI TeN, 3aHMMaloLLMX 3TU 06nacTu, To Npy JOCTAaTOYHO MarbiX
I}, 1§ ..., 1], snemeHTapHble Tena MOXHO CHATaTbL OAHOPOAHBLIMU C
NMAOTHOCTbO f(ol-, 3, )Ig) paBHOW NMOTHOCTM B MPOWU3BOMBHO
BbiOpaHHOW Touke M (oi,sl-, )Ig)e Il . Torna nponsseneHne

f(oi, 3, xg)I[Vl- NpUBNMKEHHO PaBHO Macce dNEeMeHTapHoro Tena

n

Ik, a wHTerpanbHas cymma Zf(ol-,3l-,>1§~)-I{Vi NPUGNIMKEHHO
i=1

paBHa wmacce Tema ¢ nepemeHHod nnotHocteio [ (x, y, z),

3aHuMmaroLlero obnactb Q.
QTOT pesynbTaT TeM TouHee, YeM 6ornblue 71 - Y1cno obnacren,

Ha KoTopble pasbuta obnacte (2, U YeM MeHblle AuameTpbl d;

obnacren I ,IIL,...,I0,. OueBnoHo, 4TO Mpenen WHTerpanbHoOI

CyMMbl mpu n—>© un npu a=maxd; >0 paseH macce
i

MPOCTPaHCTBEHHOrO Tena, 3aHuMatoLLero obnacts .

m=lim 2 f(0;,3;, %) - AV,
n—o0 =1
1—0

m - macca mena Q) , vnu

m= jﬂf(x, v, z)dV .
11
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Mockornbky f(x, v, Z) =1, macca Tena (2 paBHa ero o6bemy, To

TpoWiHOM MHTerpan no o6nactn ) ¢ nogplHTerpansHon dyHKUUEN,
paBHoW 1, npeacTaenseT cobo o6beM V' Tena, 3aHMMaloLlero aTy
obnacTb, TO eCTb

v=[[f1ar.
11
1.3.3. Ceolicmea mpoliHo20 uHmMeezparna

U3 onpepeneHnsa TPOWMHOro MHTerpana crnefylT ero OCHOBHblE
CBOMCTBA.

1. CBOMCTBO NIMHEMHOCTU

Ecnn  dyHKUmMm fl(x, v, z) " fz(x, v, z) UHTErpupyembl B
obnactm D, 10

JLJLJ[.(lel(x, y,2)+Cyf(x, y, 2))dV =

Gl filx y, Z)dV+C2III folx, y, z)av .
i il
2. CBoMcTBO agANTUBHOCTU

Ecnn obnacte IIl pa3bueaetca Ha [Be HenepecekaroLuecs

obnactu 11§ v IIL, v ecnn dyHkums f(x, v, z) nHTerpvpyemMa Ha
KaXxOoi 13 aTux obnacTeil, TO CrpaBea/iMBO PaBeHCTBO

(111G y, 2)av = [[[f(x, v, 2)av + [[[ f(x, y, 2)dV .
111 1] 11}

3. Teopema cpaBHeHUA
Ecrm dyHkumm  fi(x, ¥, z) n f5(x, y,z) - HenpepbiBHbI B
obnactn Il n ecrnm ana Bcex Touek (x, v, z)fél].] BbINOJTHEHO

HEpaBEHCTBO [, 2)< fr(x, , 2), TO aHanornyHoe
HEPaBEHCTBO BLIMNOMHAETCA M AN TPOMHLIX WHTErpanoB OT 3TUX
dpyHKumit no oénactu 111, To ectb

1 £ G ya 2)av <[[[ fo(x. v, 2)av
- i
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CnenctBue
Ecnu HenpepbiBHast B obnact L dpyHkums f(x, v, z) > 0 ans
BCEX TOYek M(x, v, z) eIl To HIf(x, v,z)dV 20.

1T
4. TeopeMa 06 oLleHKe TPOMHOro UHTerpana

Ecnm m - HaumeHbluee 3HayeHve  yHKUMK f(x, Vs z),
uHTerpupyemoint B obnactm I, a M - ee Haubonbluee 3Ha4YeHVe B
aTON 0BnacTn, To ecTb AN BCEX TOYEK (x, v, z)e I seinonHseTcs

HepaseHcTBo m < f(x, y,z)< M , 10
mV < j”f(x, v, z)dV <MV, rpe V -obbem obnactu 111

11
5. Teopema o cpegHem

Ecnn  dyHkumA f(x, ¥, z) HenpepbiBHAa B  OrpaHWYEHHOW
3amkHyTori obnactu Il TpexmepHoro npocTpaHcTBa, TO B 3TOW
obnactn cyuwlectByeT Takas Touka M (xo, Yo> zo)e I, nnsa
KOTOPOWA crpaBeanunBo: JHf(x, v, z)dV = f(xo, Yo ZO)- V,roe V

il
- o6bem obnactu 111.

1.3.4. TpoliHol uHmMezpan 8 dekapmoebiXx KOOpOUHamax
Mpeanonoxum, 4Yto obnacte uHTerpuposanus Il B TponHoM

WHTerpane “jf(x,y, Z)CZV orpaHuyeHa rmnagkumy noBepPXHOCTAMM,

1T
3aJaHHbIMXU B MNPSMOYrofibHOW [EKapTOBOW cucTemMe koopauHat

Oxyz . Pasobbem 06nacTb WHTErpvpoBaHWs Ha 3rNeMeHTapHble

obnacTu Q,,Q,,..,Q, MMOCKOCTAMM, napannenbHbIMU

KOOPAWHATHbLIM MNMOCKOCTAM, X = const, y= const, z=const.

Toraa anemeHTapHbli o6bem kaxpaoit obnactu Il Gynet paseH

Vi = [y [, .

[No onpegenexuto:
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n—wj=1
1—0

[[[.f ooy, 2)dxdydz = lim 3. f (0,235 11V
il

ztzz(x’y)

3
—H
zh LT

x,y\

N

<y

N D U¥/as,

Puc. 10.

MycTb obnactb 111 ogHo3Ha4YHO nNpoekTMpyeTcs B obnacte [ Ha
nnockoct x(Oy. MNpu 3TOM NOBEPXHOCTb, KOTOpasi OrpaHU4MBaeT

obnactb I, MoxHO pa3buTb Ha [BE MOBEPXHOCTU: MOBEPXHOCTb
z=1zy(x,y), orpaHnuvBaowas Il cHu3y, u nosepxHoCTb
z =2z,(x,y), orpannumBatowas 111 ceepxy (puc. 10).

Pa3o6bém obnacte D Ha nnockoctn xOy Ha m 3anemMeHTapHbIX
obnacten D;,D,,...D, . O6o3Haumm uyepe3 J[ls;, nnowanb
anemeHTapHoii obnactn D, k=1,2,..,m.

Ha kaxpon anemMeHTapHoW obnactm noCTpOUM LUNUHAP C
o6pasyioLlen, napannensHoit oc Oz . Takoi UMNMHAP BbIPEXET Ha
rPaHUYHBIX MOBEpPXHOCTAX z = zj(X,Y) W z=z,(X,)) HeKkoTopble
anemeHTapHble ob6rnactu, koTopble OyaeM cuuTaTb MAOCKUMU U
napannesnbHbIMU koopamHaTHoW nnockocTn xOy . Kaxabll uunuHap
pasobbeM Ha B yacTel  NMNOCKOCTAMW,  napannenbHbIMU
koopAuHaTHoW nnockoct x(Oy, U PaccTOsHUSI MEXAY MIOCKOCTSMU

o6o3Hauum vepes Jlz;, i=12,..,n.
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B pesynbtate obnacte IIl pasobbérca Ha anemeHTapHble
umnmnapsl 1L, ¢ nnowapbto ocHoBanus JIS, wn Beicotoit [z, .

O6bém anemeHTapHoro umnuHapa pasex: 1V, = S, - Az, .
B kaxgom anemeHtapHom uunuHape IIf; BbiGepem Touky

Mki(ok, PR >I§) € IIL; . Torna uHTerpanbHas cymma npumeT BUA:

mf(x yoz)dxdydz = lim Y08, 3 (0. 35, )lz; =

n—o k=1 i=1
1—0
m n
= lim 2S¢ lim X /0,34, %) e, =
m—o k=1 n—»0 i=1
a—0 |max Jlz;| -0
m z(0p, 34)
= lim XSk [f(ok,34,2)dz=
m—0 k=1 z1(0k, 34)
a—0
= lim ZH(Oka 35 ) ASK —ﬂH(x »)ds
m—»o k=1
1—0
ZZ(Xay)
rae pyHKums L[(x, y): _[f(x,y,z)dz SIBMSIETCA MHTErpanom c
z1(x,)

nepeMeHHbIM BEPXHUM U HUXKHUM NPEeAErioM.
CrnepoBaTtenbHO, TPOWHOW MHTErpan paBeH OBOWHOMY WHTerpany

no npoekuun Ha nnockoctb x(Oy obnactu 11l MogeiHTerpansHom
yHKUMEN ITOrO0 [BOMHOMO WHTErpana sBnseTca WHTerpan no
NEPEMEHHON Z OT PYHKLMU f(x, Vv, z) B Npefernax: OT 3Ha4yeHust z

Ha MOBEPXHOCTU, ABMAOLENCA HkHen rpaHuuen obnactu 11, go
3HayYeHUs Z Ha NoBEpPXHOCTU, ABnawoLLencsa BepxHel rpaHuuen 111

£ (5)
m [ (%, p,2)dxdydz = [[ds [ f(x,p,2)dz.
D zi(x,y)
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3apgava 1
Bbolumcnnte  obbem  Tena, OrpaHMYEHHOro  MOBEPXHOCTAMMU
2
z=1-x",x+y=1,x=0,y=0,z=0.
A
z
N 1
5 —
4§/i’
'
x+y=1
1 v
L 4
—————"‘—‘
| 4=
X
Puc. 11.
PeweHune
M3 reomMeTpmyeckoro cMblfia TPOMHOMO MHTerpana crnegyet, 4YTo
V=[[j1av .
1
3aflaHHbIMK

MpocTpaHcTBeHHas  obnacTb,  orpaHuM4eHHas
NoBepxHOCTAMU n3obpaxeHa Ha pucyHke 11. N3 aToro pucyHka sicHo,
yto obnactb Il npoekTupyeTca Ha nnockocTb x(Oy B TPeyronbHUK,

OrpaHWyeHHbI KOOPAMHATHLIMK OCAMM U NpsiMoit X + 1 =1 (puc. 12).

vA
1

=Y

y=0
Puc. 12.
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O6nactb 111 orpaHnyena cHu3y koopauHaTHoi nnockocTeio z =0, a

2 oL
CBepxy — MoBepxHoCTblo z =1—Xx". Mo3aTOMy TpOWHOM WHTEerpan
MOXHO CBECTM K CriegytoLeMy ABOMHOMY UHTerpany:

1-x? 2
V= [[[dV = [[ddy [dz=[[dxdyz] > =
il D 0 D

1-x 1

= J'(l—xz)dxdy :i(l—xz)dx gdy = g(l—xz)(l—x)dx =

D

3AMEYAHUE
WHorpa ynobHee NpoekTuposaTh 0651acTb UHTErPUPOBAHUS B KOOPAVHATHYIO
nnockocte XOz um YOz .

3apava 2

Bbluncnntb Maccy Tena, OorpaHM4eHHoOro noBepxXHOCTAMU

2 n X=1, €CN1 NIOTHOCTb B KaXKAOW TO4ke (X, V, Z)

paBHa I[(x, ¥, Z)= y2 +z2

PeweHue

x:y2+z

Macca Tena BblumcnsieTcs no oopmyrne
m = [[[aCx, . 2)av = [[(y? + 22 v
11 11

O6nactb uHTerpuposaHusa Il nokasana Ha pucyHke 13. Ee
yoo6HO nNpoekTupoBaTh B MmrockocTb Yz . YTOGbI HaTW NPOEKLMIO

obnactm Ill, onpegenum nuHUIO nNepeceyeHUs  3afaHHbIX
2 2
xX=y"+z

NOBEPXHOCTEN:
x=1
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Puc. 13.

y2 +z2 =1
Mpeobpasyem cucremy Kk sugy , N3 KOTOPOro SICHO,
x=1
YTO JIMHWEWN MepecevYeHns SBNSIETCS OKPYXHOCTb C paguycom 1,
nexatlas B nnockoctn x =1.
CnepoBatenbHo, 0bnactb MHTErpUMPOBaHWSI MPOEKTUPYETCS B
KoopAMHaTHyl0 nnockocte y(Oz B Kpyr C paguycoMm, paBHbIM 1

(pnc.14).

Puc. 14.

TpoiiHoit uHTerpan no o6nactu IIl ceemetca k AOBoWiHOMY
uHTerpany no otbnactm D (puc. 14). Mpedensl wHTerpauuu ans

. 2 2
nepemMeHHol X onpefensoTcs U3 HepaBeHcTBa: y~ +z° < x <1.

m= jljl{(yz + zz)dV = Jg(yz + zz)dydz 2}a;x =

y +z

= I(y2 +zz)dydz-x
D

B e e I
D
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O6nacte uHTerpupoBaHus D - kpyr. MoaTomy nepeigem K
NonspHbLIM KoopAMHaTaM.

y=ccosy , 5, o [0Sm<2p
. , Vo+z7=c", .
Z =CSINnIg 0<c<l1

m= ”cz .(l—cz)cdcdu = ijdu}(& —cs)dc =
0 0

D
1 1 1) p
_op. 2 |=P
0 p(4 6) 6

1.3.5. 3ameHa nepemMeHHbIX 8 MPOUHOM UHMezpase

=2p {1t 4]

X = x(u,v,w)
Mycte  dyHKUMUK y= y(u,v, w) B3aUMHO  OAHO3Ha4HO
z= z(u,v,w)
otobpaxator obnacte IIl B pgekapToBbIx koopauHaTax X,y,z Ha
obnactb 11} B KpMBONMMHENHBIX KOOPAMHATAX U, V, W .

TpoiiHol uHTerpan no obnactu 111 npu nepexone k koopanHaTam
u,v,w npeobpasyeTcsi B TPOWHOI UHTerpan no obnactu II§ uepes

AkobuaH npeobpasoBaHua [ , To ecTb:

(11 f (e, 3, z)dxdydz =
1

= [11.Telae,v, ) (e, v, w), 2, v, W) |1 ducve
11§

AkobuaH npeobpasoBaHms BelUMCISeTcs No dopmyne

ou ov ow
e oo
ou ov ow|
R
ou Ov oOw
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KOTOopas [oKa3blBaeTCs TaK >Xe, Kak aHarnormdyHas dopmyna ans
OBOWHOro UHTErpana.

1.3.6. TpoliHoU uHmMezpan e cghepuyecKux KoopOuUHamax

B cdepuueckux KoopauHaTax rnonoxeHne Toukm M B
MpocTpaHcTBe onpeaenseTcsa Ymcnamu 7, 11, v, raoe
r - cchepudeckuii paguyc, paccTosiHie OT Hadana KoopauHaTt
0o Toukn M ;
1T - NOMsAPHBIA yron, yron nosopota ock Ox 00 BeKTopa O—Ml
aTouka M, - npoekuusi Toukn M B nnockoctb xOy ;
M - asuMyTanbHbIi yron, yron nosopota ocu Oz [o BekTopa

OM (pvc. 15).

zh

Puc. 15.

KoopanHaTHbIMM NOBEPXHOCTAMM B Cdepuyeckon cucteme
KOOpANHAT ABNATCA:
¥ = ¢ - chepbl paguyca ¢ C LEeHTPOM B Havarne KoopauHar;
Il =C - NOMynnockoctu, npoxogdsaume 4epes ocb Oz u

cocTaensiowme ¢ ocbto Ox yron 11 ;
n=c - BEepxHue nnn HWXHWe MoNoCcTHn KOHNYEeCKUX
noBepxHOCTEN, 0BpasytoLme KOTOPbIX COCTaBnsAT ¢ ocblo Oz

yron H.
M3 pucyHka 15 sicHO, YTO [AeKapToBbl KOOPAMHATbLI BblpaXaroTcs
yepes cgepunyeckre KoopanMHaThbl No opmMynam:
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X = rCcoSISinu
y =rsinIsiny.

Z=rcosu

YpaBHeHve cdepbl x2 + y2 + 22 = R2 B cdepudeckmx

koopauHaTtax umeeT Bug: 7 = R.
OnemeHT obbema B CcdepuyeckMx KoopauHaTtax —paBeH

dV=|I|dI’dLIdI/I, a nana  akobuaHa npeobpasoBaHus [

cnpaBeanmeo:
ox Ox Ox
or ou o
PG
or oOu ou
0z 0z Oz
or o om

COSIISINKM —7SINIISINH ¥ COSI[COSH
=|singsSin® »COSLSINU  7SINI[COSH|=

cosHu 0 —rsinu
5 9 . |=sinm cosm| , . 3 [cOSH —sinI
=r” cos” usinu . |—r7sin’un| =
cosi  sinn siniy  cos1It

— 2 cos?usinu— 2 sin> u = —r2 sin I/I(C052 M+ sin? ):

— 2 sinu
TponHoW uHTerpan npu nepexode oT [eKapToBbIX KoopauHaT K
chepnyecknm KoopanHaTam UMeeT BUA:

mf(x,y,Z)dxdydz =
11

= m'f(r COSIISin 1 7 Sin 11 Sin 1, 7 COS I/I)r2 sinudcdudu .
11}
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3apaua

Buluncnutb fﬂ(xz +y2 + Zz)dV, roe obnactb 11 orpaHuueHa

111

x2+y2+z2 :(12

NOBEPXHOCTAMMU: X2 + yZ = Z2

vy=0,y20,z20

PewieHue

YpaBHeHne cdepsbl x2 + y2 +Z2 = a2 B  chepuyecknx

KoopauHaTax nmeet Bua:

r=a.
y 2 2.2
ypaBHeHme KOHNYEeCKOU NOBEPXHOCTU X" + y =Z B
cchepuyeckmx koopamHaTax UMeeT BUA;:
2 sin? I/I(C082 I+ sin? u): 72 cos’u ,

2

unm sin> 1 = cos u, tgznzl, tgu==1.

Pewum nocnegHve ypaBHEHUSI OTHOCUTENBHO a3nMyTarbHOro
3
P " H:—p, M ydyTem, 4TOo HepaseHcTBy z >0

4

yrma W=

COOTBETCTBYET NepBoe M3 3TUX ypaBHEHUN U =% (BEPXHAA NOMOCTb
KOHyca).

KoopauHaTtHasi nnockocTb ¥ =0 B ctepuyeckmx koopauHatax
3apaeTcs Aeyms nonynnockoctamu: =0 npu x>0 n W =p npu

x<0.

Bug obnactv Il nokasaH Ha pucyHke 16. B cdepuyeckon
cucTeMe KoopauHaT aTy 06MacTb MOXHO 3a4aTh HEPABEHCTBAMM:
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Puc. 16.

AnemeHT obbema dV B cepuyeckux KoopauHaTax UMeeT Buf
av =r? sinudrdudu.

TporHOM NHTErpan 3anuwem B cchepnyecknx KoopgmHaTtax.

m'(xz + y2 +z° )dV = m'rzrz sinudr dudu =

101 101
P L sla
P 4 a 4 .5 5
=jdujsinndnjr4dr=p(—cosn) L =p —£+1 2 -
0 0 0 0 5 0 2 5
_pa’f) N2
5 2

1.3.7. MexaHu4Yeckue npusioxxeHusi mpoliHo20 UHMezpasna

MycTb Macca pacnpeaeneHa no npoctpaHcTeeHHoi obnactn 1l ¢
MMNOTHOCTbIO zL(x, v, z). CraTuyeckne MOMEHTLI Tena, 3aHUMAatoLLEro

obnactb ]_I_], KOopAuHaThbl LUeHTpa TAXEeCTU 3TOro tena M MOMEHTbI
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WHEPLMUN BbIMUCASIOTCS NO cnegyowmmM chopmynam.
CrtaTuyeckme MOMeHTbI
OTHOCWTENBHO KOOPANHATHBIX OCElA:

S, = J'”\/yz npe z[(x,y, Z)dV :
il
S, = [[[Nx* +2° alx, y, 2)av ;
11
S, = m\/xz +y2 I[(x,y, z)dV.
111
OTHOCVITeJ'IbHO Ha4dana KOOpﬂ,VIHaT:

S, :Hw/xz +y2 +z° -n(x,y, z)dS.
D

OTHOCUTENBHO KOOpAOWUHATHbIX NSIOCKOCTEMN:

S = sl WV 8.0 = [y,

111
Sy0: = I} xa(x,y, z)dV .
111
KoopamHatel uentpa tskectn C(x,, y,, 2, )
S S
xczy—oz; ycszi; zZ, = O
m m m
1 1
xc :_IIIXH(X, Vs Z)dV’ yc :_,[,”yﬂ(xa s Z)dV!

z, :%I”z,u(x, Vv, z)a’V,
11

roe m= jﬂn(x, y, z)dV - macca Tena.
i
MoMeHTbI MHepunK

OTHOCKTENLHO Havana KoopAuHar:
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I, = M(xz +y2 + zz)z[(x, v, z)dV.
11T
OTHOCUTENBHO KOOPAUHATHBLIX OCeil:

I, = j”(yz + 27 )I[(x, y,z)dV; I, = m'(xz +22)z[(x, y,z)dV;
i i

I, = m.(xz + yz)z[(x, y,z)dV .
il

OTHoCUTENBHO KOOpAUHATHbIX NIIOCKOCTEMN:

IxOy =.U Zz I[(X, Vs Z)dV’ Isz =I”)’2H(Xa s Z)dV,
il 11
Lo, = I} x? a(x, y, z)dV .
11
3apaua

BblUMCNUTL KOOPAMHATLI LieHTpa TSHKECTW Tena, orpaHnyYeHHoro
2
MoBepxHoCTSIMK z =),z =2y, y=x",y=1.

PeweHue

Puc. 17.
M3 cummeTtpum Tema (puc. 17) €ACHO, 4YTO LEHTP TSXKECTU

C(x,., y., z, ) nexur B nnockoctnt yOz , 0 ecTb X, = 0.

Ons onpedeneHuss ocTanbHbIX KOOPAMHAT LEHTpa TSHKECTH,
ucnons3yem opMyIbi:

1 1

ve=—[l[yale.y.2)av.  z,=—[[[zalx, y,z)dV .

m m
47



roe m = mL[(x, v, z)dV - Macca Tena.
11
Teno sBNAeTcA 0QHOPOAHBLIM, MO3TOMY MIIOTHOCTb n(x,y, z) =1.

Torga macca Tena paBHa m = ”.[z[(x, V, z)dV = J'” 1dV =
I 1

2y 2
:”dxdy fdz zjfdxdyz Y =ff(2y—y)dxdy :”ydxdy.
D y D Y D D

O6nacte D saBnsietca npoekumen obnactn 111 B koopanHaTtHyto
nnockocte x0) (puc. 18).

VA

Y=

Puc. 18.

Bbluncnvm OBOMHON MHTErpan, pacctaBvB npegernbl HTerpaumm
B AE€KapTOBbIX KOOpAONHaTax:

1 1 1 2 1 4 1
m:J.de.ydy:_.fldxy? :de(%—%J:%I(l—xﬂ')dx:

-1 x2 ¥

KoopauHaTbl LieHTpa TSKeCcTu:

5 5 wo_s
il D y D
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5 ) 51 1 5 51 y3 1
=2 ([y2dxdy == [d dy =" [dxi—|, =
4ng e 4_j1 xszy 4 4_le 3 |x?

1 7
:ifdx(l_)p):i X 1 _s 12 5
127 12 7 -1 12 7 7

5 5 2y 5 2 2
z, :Zmde:Zﬂdxdyjzdz:zﬂdxdy% yy

111 D y D
1 1 1

22”(4)/2—)/2 xdyzéjdxj3y2dy:§jdxy3 1
8 8 2 8

5 =
D 1 X
1 7 1
Zéjdx(l—x6):§ x—x— ZE.EZE_
8 8 7)1 8 7 14

CrnepoBaTtenbHO, LEHTP TSHXKECTM Tenma WMeeT KoopavHaTbl
5 15
Cclo0,=,—|.
7 14

2. KpyBonuHenHble U NOBEPXHOCTHLIE UHTerpanbl 1
poaa

2.1. KpnBonuHenHbin HTerpan 1 poaa

2.1.1. OnpedeneHue, MexaHU4YecKull u 2eoMempuYyecKuli cMbICI
KpueosnuHeliHo2o uHmezpana 1 poda. Teopema cyujecmeoeaHusi

OnpepeneHue
MycTb dpyHKumna f (x, ¥, Z) onpegernieHa B KaXx4oWn TOYKe rnagakomn

kpusoit [ . Pa3obbém yvactok kpusoit [ oT Toukm A po Toukm B
(pyc. 19) nponsBorbHBIM 06pa3om Ha # YacTen (INemMeHTapHbIX 4yr)

toukamum A =My, M, M,,.M;, M, ,,.. M, =B.
O6osHaunm uepes [l/; anuny ayru M ;M ;. Ha xaxpon gyre

BO3bMEM MPOU3BONbHYHO TOYKY Pl-(oi, 3, % ) e M;M,;,,, Bblaucnum:
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f(0;,3;,% )-JII;  coCTaBMM MHTETparnbHYIO CyMMy

n—1
%f(0i53i’)1§)'211i'

ZA

i+1 Mn—l

\

Puc. 19.
Mpeden wHTerpambHOW CyMMbl MpU 7 —>00 W MNpU  paHre
ppobnennss 1 =max/l/; = 0, ecnn oH cyLlecTByeT, KOHEYEH, He
i

3aBuUcUT OT cnocoba apobrieHus ayrm AB u ot BbiGopa Touek P,

Ha3bIBAeTCA KPUBOMMHENHLIM MHTerpanom 1 poaa no kpusoit [ ofT

Toukm A pgo Toukm B. [ns  kpuBonuHeiiHoro wuHTerpana
ncnonb3yeTtcs obo3HaveHue:

n—1
If(x’ Vs Z)dl: lim Zf(oi’3i’>1§)'ﬂli'
AB "0

OyHkumsa f (x, ¥, Z) Ha3bIBaeTCsA Npu 3TOM UHMezpupyemMou Ha
yvactke AB kpwvsoii [ .
Ecnn doyHkums f(x, ¥, Z)Z 0 sBnsetca pacnpeneneHHon Ha

KpuBOA [ MepemMeHHOM MMOTHOCTbIO, TO MWHTerpanbHas Ccymma
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n-1

> f(0;,3;,%)-JI; npubnuxenHo pasHa macce ayrn AB KpuBoi

i=0

[. Macca aToi Ayrv paBHa npeaeny WHTerpanbHoO CyMMbl Mpu

n —> o0 1 npu paHre gpobnenns 1 =maxJl/; — 0. B atom coctout
i

MeXaHN4YEeCKMIN CMbICIT KPMBOMNMHENHOro nHTerpana 1 poaa:
m= If(x,y,z)dl.
)
AB
Ecnu B nocnegHen dopmMyne nONoOXnTb f(x, ¥, z) =1, 710

KPUBOMWUHENHBI WHTErpan paBeH AnvHe ayr kpusoit [ ot Ttoukn A
[0 Toukn B.

I= [1dl.
AUB
Teopema
Ecnn  doyHkums f(x, V, z) HemnpepbiBHA WM KYCOYHO
HenpepbiBHa Ha yyactke AB «kpusoi [, To oHa Ha 3TOM yuacTke
KPUBOW MWHTErpMpyemMa, TO €CTb CyLIecTByeT J f (x, V, z)dl Kak
AUB
npeaen NHTerpasnbHOM CyMMbl.
2.1.2. Ceolicmea KpueosiuHeliHo20 uHmezpana 1 poda
1. KpmBonuHenHbin nHterpan 1 poga He 3aBMCUT OT HanpaBIieHUs
nyTW nHTerpupoBaHus. Ecnn dyHkums f(x, V, z) UHTerpvpyema Ha
kpusoin AB , To
[,y 2)dl = [ flx, y, z)dl.
AUB éjél
2. Ecnu kpueaa AB pas6uta Ha yactu AC n CB, n ecnn dyHKUMS
f(x, v, z) nHTerpupyema Ha kpusoi AB , To:

[ £y, 2)dl = [ f(x, y. 2)dl + [ f(x. . z)dl
AUB AUC BUC
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3. Ecnu dpyHkumm f(x, ¥, Z) " g(x, ¥, Z) WHTErpypyembl Ha KpUBOK

[,a C; n C, - nocTosiHHbIE, TO

_!.(Cl e, v, 2)+Cy - glx, y, 2))dl =

=C [ f(x, y, 2pll+Cy [ glx, y, z)dl.
/ /

4. Ecnun dpyHKUMM f(x, v, z) n g(x, v, z) HenpepbIBHbI Ha KpUBOWA [
n ecnu f(x, Vv, z) < g(x, v, z) BO BCEX TOYKax KpUBOW, TO

[/ p,z)dl < [g(x, v, 2)dl.

l [

5. Ecnn cyHKLMA f(x, ¥, Z) HenpepbIBHA Ha Kpueoi [, To
m-1< [f(x,y,z)dl <M1,
v
AB
rae m un M - HaumeHbluee M Havbonbluee 3HaAYEHUS COYHKLMK
f(x, Vv, z) Ha KpvBOW, a [ - AnvHa KpuBo oT Toukn A [0 Toukn B .

(v
6. Ecnu dyHkums f(x, ¥, z) - HenpepbiBHa Ha kpuBo AB, To Ha

3TON KpWMBOW HanaeTca Touka P(xo,yo,zo)e AB, pns kotopoit

cnpaBeanmBo

jf(x, Vs Z)dl:f(xm Yo Zo)'l,
AB

v
roe [ - anuHa oyrm AB .

2.1.3. BbivucneHue kpusosuHeliHo20 uHmezpana 1 poda

n—1
If(x, v, z)dl = 1im X f(0;,3;, %) Jl; .

n—o0ij=0
AB 10
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1. MpocTpaHcTBEHHas KpUBasA, 3aAaHHas NapaMeTpPUYecKMMm
ypaBHeHUAMMU

MycTb NpocTpaHcTBeHHas KpvBas [ 3agaHa napaMeTpuyecKkumMu

ypaBHEHUSIMU:
x=x(t): y= (1) z==(),
M yyacTky kpuBoi OT Toukm A po Toukm B cootBeTcTByeT
HepaBeHCTBO: 1) <1 <1, .
Bynem cunTaTh, 4yTO TOueK Aenexns
My, My, M»,.M;,M;,,,.., M, noctatodHo MHOrO © Ayry

M M ;,; MOXHO NPUBIIMKEHHO CYMTaTb OTPE3KOM MPSIMON MeXay

TOYKamm Ml-(xl-, Vis zl-) nw M, (xl-H, Visl> zl-+1). Torpa ee anuHa
BblUMCNAETCA MO hopmyne:

Al = \/(xm —X; )2 + (J’i+1 — Vi )2 + (Zi+1 —zj )2 .
MpumeHss Tepemy JlarpaHxa, Nony4mm:
Xyl =X = x(ti-t-l)_x( ) '(?z) Mt
Virr =i = Wti) - ¥(t; '(71) At
zi — 2 =2(ti)- 2t ) '(Z) Ht;
rae 7 €[t 1]
dopmyna ana AnvHbl Ayru npUmeT BUA;:

10, =GP + (G + (G

13 aToM hopmynibl AICHO, YTO paHr Apobnenns 1= max l/; — 0
i

npu max [lt; - 0.
i

MycTb aHauenmio dyrkumm £ (x, , z) B TOuKe P,-(ol-,:sl-,ng-)
COOTBETCTBYEeT 3HauyeHne napametpa [ =/ . Torga, Bblpaxas Bce

nepemMeHHble B MHTerpaanoﬁ cymme 4epe3 ¢ U nepexogda B
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WHTerpanbHOW CymMme K npefeny npu 7 —>00 W MpU  paHre
apo6nenns 1 =max/lt; — 0, nonyyum
i

If(x, v, Z)dl =

= lim éf(x(i-), y(@5) ENEEF + O GF + 6P =

= 17 (xle) 70) 2N + (0 + (2} e

h
CnepoBaTtenbHO, KPUBOMWHEMHbLIN  MHTerpan  cBoauUTCst K
onpeAeneHHoOMY UHTerpany Mo OTpesky [tl,tz] OT  dhyHKLMM

S 20), 2OW 0P + (00)P + G0 -

3apaua 1

x =3cost
BbIYMCNNUTL ANTMHY OAHOTO BUTKA BUHTOBOM NUHWK § V = 3sin¢ .
z=t

PewieHue




OpfHoMmy BWTKYy NnuHUM cooTBeTcTBYeT HepaBeHcTBo 0 <7< 2p
(puc. 20). MNpoamnddepeHumpyem napameTpuyeckue ypaBHEHUS

x' = -3sint
kprBon < ' =3COSt M BLIYUCIIUM ASIMHY OLHOTO BMTKA BUHTOBOM
z'=1

JNTIMHNN Yepe3 KpMBOﬂMHeVIHbIﬁ MHTErpan

2p 2p
I=[dl = \9cos® t+9sin’ ¢ +1dr =~10 [dt =210 p.
/ 0 0

2. Nnockasa KpuBasi, 3aAaHHas NapamMeTpM4eCKUMU ypaBHEHUAMMU
KpuBOnuHenHbIN no  MNNOCKOW  KpUBOW !, 3apaHHOW
napamMeTpuyeckKumMm  ypaBHEHUAMU X = x(t); y= y(t); npu

t <t <t,,CcBOAMTCA K ONpedeneHHoMY uHTerpany no gopmyne:
)
[ £yl =] £ (@ yOW (x ) + () e
I 4

3apava 2

Bblumcnnte Maccy npsiMOSIMHENHOro cTepxkHs AB, ecnu ero
NAOTHOCTb B KaXOOW TOYKe paBHa kBagpaTy abcumcCbl 3TOM TOUKU U
ecrn A(3;1), B(2;3).
PelweHue

Mo MexaHu4eckoMy CMbICIy KPUBONUHENHOro uHTerpana 1 poaa
mMacca CTepXXHS paBHa: m = fx2dl .

AB
x=3-t

MapameTpuyeckue ypaBHeHus npsamon AB : roe
y=1+2¢

x'=-1

, , TO MacCa CTepXHA BbIHUCIAETCA

0 <t <1. Mockonbky {
y =

yepes UHTerpan

55



1 1
m= [x2dl = [(3- 1P (17 + @ dr = 5[0 60+ )t =
AB 0 0
2\ 1) 195
=509t -3t2 +— || =5|9-3+—|="2"2.
\/_(t t+3]‘0 \/_( +3j 3
3. Mnockas kpuBas, 3agaHHasA ypaBHEHUEeM ) = y(x)

I'IpM TakoM 3aJaHuun KpVIBOIZ y,D,06H0 cynTaTtb napameTpom
nepemMeHHyr X , 3anncbiBasd ypaBHEHUA Kpl/lBOVI B Bnge

b

Ecnm Ha gyre a < x < b, To hopmyna cBefeHUst KPUBOTIMHENHOIO
WHTerpana K onpefenieHHoMy UHTerpany npumeT BUA:

gf(xay)dl = lff(X;y(X))\/H (" Y dx.

3apaua 3

BblumcnuTs jxdl, ecrm [ - agyra napaGonebl y:x2 oT ee
[

BEPLUMHBI 40 TOUKM A(l, 1).

PelweHue
1
jxd :} X1+ (2x)*d =§}(1+4x2)28xdx=
0 0
1 31
s ac)e TRt
85 8 3 | 12

4. MNnockasn KpuBas, 3agaHHasa B NOJNIAPHbLIX KOOpAUHaTax

Ecnun kpvBasi 3agaHa B MOMSIPHbIX KOOpAMHaTax, TO B KayecTse
napameTpa cneayet B3sATb NOMNSAPHbIA yron 11 .
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MycTb KpuBas 3agaHa MONAPHbLIM ypaBHEHUEM c:c(u), rae
M S <1,.
Mepexoas K MHTErpuMpoBaHUIO MO MEPEMEHHON II M y4uTbiBas,

= c(i)cos o
4YTO . , 3anmiemM KpuBoJIMHEUHbIN MHTEerpan B Buae
y =c(u)sin

[ £ eyl = [ flew)cosi, equysinu(e, F+ (v, Pl
l

S|

{x' = '(u)cosu c

[Nockonbky

(u)smu
y =c'(u )smu+c(u)cosu

(xl’l)z +(y£1)z =cz(u)cos 1 + sin u)+( (coszu+sin2u):
=c*(w)+fer P,

TO KPUBOIMHEWNHbLIN MHTErpan cBeaeTcs K onpeaeneHHoMy MHTerpany
crnepyoLlero Bmaa:

nun-yfu>mw»<mmu/ )+ (et P,

o

3apava 4

Bbluncnute Maccy KpuBow [, ecrnv nnoTHOCTb z[(x, y) B Kagowm

TOYKe paBHa pacCToAHUIO OT Hee OO0 Hadana KoopauHaTt, U ecnn

2+yZ=2x.

m= jn(x, y)dl ;Nxz +y2dl :
/ I

anBeﬂ,eM ypaBHeHune KpVIBOVI K KaHOHM4YEeCKOMY BMay

KpunBas [ 3afjaHa ypaBHEHNeM: X

PeweHue

_x2+y2:2x, x2—2x+1—1+y2=0, (x_1)2+y2:1'
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3TO ypaBHEHWE OKPYKHOCTM C LEHTPOM B TOYKE (1, 0) N paguycom

R =1 (puc. 21).
Mepengém Kk NonspHbIM KOOPAMHATaM:
X =CCOSII
y=csin

YpaBHeHme KpMBOVI B NMNONAPHbIX KOOpAUHaATax UMeeT Bna:

c? =2CCOSII unn ¢ = 2cos11, rae —%SHSB.

2

YA
1

-1

Puc. 21.

"
m :—;J/C 1/cz(u)vt(c’u)zdu =
P

- _1%2cosu\/(2cosu)2 - ((2cosu)’)zdu =

P) P)
= _[ZCOSH-\/40052H+4Sin2HdH=4 [cosudi =
B2 B2
P
=4sinu| =4(1+1)=8.

B2
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2.1.4. MexaHu4Yeckue npusloXXeHusi KPU8OJIUHelIHO20 UHmMezparna
1 poda

CraTuuyeckue MomeHTbl ayrn AB

CTaTu4eckmin MOMEHT OTHOCUTENTbHO Ha4vana KoopAauHat:

So = .[,u(x, v, z)\/x2 +y2 +z2dl.

AB
CraTtnyeckne MOMEHTbI OTHOCUTENbHO KOOpAOWHATHbIX ocen:

S, = JII(X,y,ZNy2+22dl. Sy: In(x,y,zh/x2+zzdl.

AB AB
S, = .[,u(x, v, z)\/xz +y2dl.
4B

CTaTyeckme MOMEHTbI OTHOCUTENBHO KOOPAMHATHBIX MIIOCKOCTEN:

SxOy = Jﬁ(x, ¥, Z)Zdl. S0. = jﬂ(x, Vv, z)ydl.

4B 4B
SyOZ = fz[(x, v, z)xdl.
AUB

KoopauHaTtbl ueHTpa Tspkectn ayru AB

fxz[(x; y;z)dl | ya(x; y;z)dl fzzl(x; y;z)dl

y = AB ., _ AB . . _A4B
C ) yc ) Zc 3
m m m

roe m - Macca ayru.

MomeHTbI uHepuumn ayru AB
MOMEHT MHepLIMN OTHOCUTENBHO Havana KoopauHarT:

Iy = _[z[(x, Vs z)(x2 +y2 +22)dl.
v
AB
MOMEHTbI MHEPLINN OTHOCUTENBHO KOOPAMHATHBIX OCeil:

I, = fIl(X, Vs Z)(y2 +Zz)dl. I, = III(x, v, Z)(x2 +22)dl.
AB AB
59



I, = _[I{(x, v, z)(x2 +y2)dl.
AB
MOMEHTbI MHEPLMM OTHOCUTENBHO KOOPAMHATHBIX MIIOCKOCTEMN:
2 2
[xOy = jn(x, v, Z)Z dl, .o, = f/:[(x, v, Z)y dl,
AB AB
2

Lo, = Jﬁ(x, y,z)x*dl.
V)
AB

2.2. NoBepXxHOCTHbIN UHTerpan 1 poaga

2.2.1. OnpedenieHue N08epxHOCMHO20 uHmMezpasna 1 poda.
Teopema cyu,ecmeoeaHusi

OnpegeneHune

MycTb Ha rnaakoi NMOBEPXHOCTM y 3afjaHa hyHKUUs f(x; y;z).
Pa3o6béM y npousBonbHbIM 06pa3oM Ha 71 3neMeHTapHbIX YacTen

Y1>Y 2 Y, NROWaan kotopbix paeHbl Sy, AS,,..., AS,. B
Ka)kgoW 4acTu BO3bMEM MPOU3BOMBLHYIO TOYKY Mi(oi,3l~,>1§)eyl~,
BbLIYMCIIUM f()lg, 3i,>1g)~I[Si (pyc. 22) 1 cocTaBUM UHTErpasbHyo

cymy 3 £(0;3,, % S;

i=1




BBegem paHr pgpobnenuss 1O =maxd;, rae d; - Ouametp
i

anemMeHTapHon obnactn y; v nepenaem K npegeny npu n —» o u
npu 01— 0.

Mpenen vHTerpansHoW cymmMbl Npu 7 —> oo u npu 1 —> 0, ecnu
OH CyLIeCcTBYeT, KOHEYEeH, He 3aBWCUMT OT cnocoba ApobreHus

MOBEPXHOCTU Y Ha 3rieMeHTapHble MOBEPXHOCTU Y1, Y 5,..., Y, W OT
Bblbopa Touek M ;, HasbiBaeTCs MOBEPXHOCTHBIM MHTerpanom 1 poaa

OT (hYHKLMK f(x;y;z) Mo noBepxHOCTVM V. [ns noBepxHOCTHOro

uHTerpana 1 poga ucnosnb3yeTcst 0603HaYeHme: I f f (x, v, z)dy .
y

n
.”f(x: Vs z)dy = lim Zf(0i9 31':)1?)‘)151' -
n—oo i=1
y 1—0
OyHkumna f (x; y;z) Ha3blBaeTCHA Npu 3TOM UHMe2pupyemMol Ha
noeepxHocmu y .
Teopema
Ecnu dyHkuma f(x;y;z) HenpepbIBHA UK KYCOYHO HENpepbiBHA
Ha NOBEPXHOCTU Y , TO OHa Ha 3TON MOBEPXHOCTU UHTErpMpyema.

2.2.2. leomempuyecKuli U MexaHU4YecKul CMbICJ1
nosepxHocmHoz20 uHmezpana 1 poda

Ecnv  dyHkums f(x;y;z)z 0 wn npeacraensetr  coboit
pacnpefeneHHylo no NMoBepxHOCTM Y MIMOTHOCTb, TO Npou3BeaeHvne

f(o;,3;,%)-JIS; nNpuBnMKeHHO paBHO Macce INEMEHTAPHOV
MOBEPXHOCTU Y ;, €CNN OHa HAaCTOMbKO Mana, YTo ee MOXHO cyMTaThb

onHopoaHoi ¢ nnotHocteio  f(0;,3;,%). Torma uHTerpansHas

CyMMa nNpuBAMmKEHHO paBHa Macce NOBEPXHOCTU Y .
TouHbIN pesynbTaT MNOMy4MTCs, €cnu nepenTn K npegeny npu
n—oo. [llpuyem KONMUYECTBO 3MEMEHTapHbIX MOBEPXHOCTEWN

Y1>Y2ss ¥, BOIKHO HEOTPAHUYEHHO YBEMUUMBATLCA (71 —> ), a
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camMum anemeHTaprle I'IOBerHOCTI/I AOOJDKHbl CTANMBATbCA B TOYKU
(n=maxd; — 0). CnegosatensHo,
i

m:”f(x,y,z)-dy.

Ecnn B nocnegHen dopmyne MoOMoXUTb f(x;y;z) =1, 710
nHTerpan OyaeT paBeH nnoLaan NoBepXHOCTN Y :
S = ” 1-dy.
y
2.2.3. Ceolicmea noeepxHOCMHO20 uHmMeezpasna 1 poda

1. Ecnu dyHKkumm fl(x, ¥, z) n fy (x, ¥, Z) WHTErpypyemsl Ha
NMOBEPXHOCTN Y , TO

”(lel(xa Y Z)+ sz(x, Y Z))dy =C ,Ufl(xa Vs Z)dy +

+C2”f2(x, v, z)dy.
y
2. Ecnn obnacte y pasbuBaeTrcs Ha [OBe HenepecekawoLlimecs

MOBEPXHOCTU Y| W Yo, N €cnin pyHKLMS f(x, V, z) WHTErpupyema
Ha Kaxgow u3 aTux obnacren, To cnpaBeafiMBO PaBEHCTBO

[1/Ce v, z)dy = [[ f(x, y, 2)dy +[[ f(x, y, z)dy .

y Y Y2
3. Ecnm dyHkumm  fi(x, y,z) un  f5(X,y,z) HenpepbiBHbI Ha
MOBEPXHOCTU y W ecnu Ans BCeX Touek (x, V, z)féy BbINOMHEHO

HEPaBEHCTBO [y, 2) < fHr(x, 0, 2), TO aHarnornyHoe

HepaBeHCTBO BbINOMHAETCA M ANA MOBEPXHOCTHLIX WHTErpanos OT
3TUX PYHKUMIA, TO €CTb

[[A(x, y. z)dy < [[ fo(x, y, z)dy .

y
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CnenctBue

Ecnu HenpepbiBHas dyHkums  f(x, ¥, z) >0 Bo Bcex Toukax
(x, y,z)ey,To _”f(x,y,z)dyZO.

y
4. Ecnu pyHKLMA f(x, ¥, z) HenpepbiBHa Ha NOBEPXHOCTU Y, TO Ans
NOBEPXHOCTHOIO MHTErpana crnpaseanMeo HEPaBEeHCTBO:
mSS”f(x,y,z)dySMS,
y

rae m - HauMeHbLUee 3HaYeHne yHKLUK f(x, v, z) Ha NOBEPXHOCTM

y, M - ee Haubonbluee 3HayeHWe Ha 3Toil noBepxHocTW, a S -
nnoLiagb NoBepXHOCTN Y .

5. Ecnu dyHkuusa f(x, ¥, z) HenpepblBHa Ha NOBEPXHOCTU Y, TO Ha
3TON MOBEPXHOCTU CyllecTByeT Takas Touka M (xo, o> zo)e y,
ONs KOTOpoW cnpaBeanmBeo:

[[£(x, v, 2)dy = f(xg, vo» 20)- S,
y

roe S - nnowagb MOBEPXHOCTM Y. OTO CBOMCTBO HasblBaeTCs
meopemoli o cpedHeM, a 3HauyeHue YHKLNN f(xo,yo,zo)
Ha3blBAeTCs CPEOHUM 3Ha4YeHUeM.

2.2.4. BblvyucreHue nogepxHoCmMHo20 uHmezpana 1 poda.

Puc. 23.
[TycTb noBepxHOCTb Yy OAHO3HAYHO MPOEKTUPYETCA Ha KaKyto-
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NGO KOOPAMHATHYH NIOCKOCTb, Hanpumep Ha Oxy, B obnacte D .

Toraa nnowagb anemeHTa nosepxHoctn JIS;, ecnn aTtoT anemeHT
[OCTaTO4YHO Man U ero MOXHO cYMTaTb NMOCKMM C HOPMarblo B TOYKe
M, cBasaHa ¢ nnowagbpio NPOeKUUN 3TOro 3rIeMeHTa B 1eKapTOBbIX

koopanHatax x;Jly; cooTHoweHnem

My
l |cosr(Ml-X’

roe r(Mi) - yron Mmexay HopMmarbio K NOBepXHOCTU B Touke M;u
ocbio Oz (puc. 23)
Ecnv noBepxHOCTb y 3ajaHa ypaBHEHUEM Z = z(x;y), TO
oz

ox

BEKTOp Hopmamu B Touke M, paseH ﬁ(Mi): 2 | y kocuHyc yrna

oy
-1

Mexay aToi HopmManbio 1 ocblo Oz BbluMCHIAETCS No hopmyne:

cosr(M~): —!

R R
Torpa

sy (o ¥ (200 P
i_|cosr(Ml.l_ (ax(M")j +(6y(Mi)J +1- Iy, .

|/]CI'IOJ'Ib3y$| onpeaeneHne NOBepxXHOCTHOro MHTerpana, 3anuiem

1/, ,2)-dy = lim 3 £(o,,3,,2) 15, =
y =

1—0
n
= lim Zf(oi’ 3 Z(Ois 31’))'
n—®;_j
1—0
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Oz 2 (o2 2
J(—()j H{Etous) +1: 700 -
ox ox

_ gf(x,y,z(x,y)).\/1+(%]2 +(2—ij dxdy .

Y

CnepoBaTenbHO, MOBEPXHOCTHbLIN MHTErpan nepBoro poja
CBOOUTCS K ABOMHOMY MHTerpany no gopmyne

fyff(x, y,z)-dy = gf(x, ¥, z(x,y))\/l + (%jz + (%T dxdy

Y

mnnm

1/ (x, v 2)-dy = ;fo(x,y,zu,y)m + (2 + (&) Pavay

roe z:z(x, y) - ypaBHEHMe MoBepxHoCTM Yy, obnacte D — ee

npoeKkuna B KOOpAMHATHYH MNOCKOCTb xOy .

3AMEYAHUE
Ecnn NOBEPXHOCTb y 3ajaHa HeABHbIM yYpaBHEHNEM
oF
0z

F(x, v,z )2 0, 10 |COSF| = . Torpa

JeF e f ey

NOBEPXHOCTHbIN MHTErpan cBefeTcsa K Ccreayllemy [OBONHOMY

[[f (e, p.2)dy = {)jf(x,y,z(x,y))\/(@c)Z i (aai)z (2

0z

dxdy .

3apava

BbluncnuTe maccy Yactv nnockoct x + y + z =1, pacnonoxeHHoi B
nepBom OKTaHTe, ecnu 3agaHa ee NAOTHOCTb

1

X, YV, X)=—""5 -
(7. (l+x+z)2
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PewweHue

dy
m=fj—
y (1+x+2)
r0e YypaBHEHWe MOBEPXHOCTM Y  MOXeT ObiTb 3anucaHo B
0z Oz
Buge:z=1—x—y. MNockonbky — = —1, —=-1, a npoekumen
Ox oy

MAOCKOCTU B KOOPAMHATHYH MIIOCKOCTb xOy ABMNSIETCSA TPEYroflbHWK
(puc. 24), T0o

i

”JH- CF

1+x+ x—y))2

1+x+z

Puc. 24.

2.2.5. MexaHu4eckue rnpuJioXeHusi N08epxXHOCMHO20 UHMezparna
1 pooda

CraTtn4yeckne MOMEHTbI ydyacTKa NOBEpXHOCTU Yy
CTaTnyeckun MOMEHT OTHOCUTENBbHO Havana KoopAauHaT:
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S =”/:[(x, y,sz2 +y2 +22dy.

y
CTaTnyeckme MOMEHTblI OTHOCUTENBHO KOOpAUHATHbIX ocen:

S, :jjn(x, y,zMy2 +zzdy;

y

S, :”z[(x, y, zZWx? +z%dy;
y

S = [[alx, v, 2x* + y2dy.
y

CraTtnyeckne MOMEHTbI OTHOCUTENbHO KOOpAOWUHATHbIX NSIOCKOCTEMN:

Sxoy = Hn(x, Vs Z)Zdy ;

y

SxOZ = J.J.'H(x’ Vs Z)ydy ;
y

SyOz = J.J.'H(x’ ya Z)Xdy .
y

KoopauHatbl LeHTpa TAXecTu C(xc, Ves ZC)nOBerHOCTVI y

[[n(x, y, z)xdy [[n(x, v, z)y dy
x=% " ; Y= - :

”z[(x, v, z)zdy

A
Z.= s
m

roe m - macca NnoBepxXHOCTU Y .
MoMeHTbI MHEPLMU NOBEPXHOCTU Y
MoOMEHT MHEepLUMM OTHOCUTENBHO Havyana KoopauHar:
2 2 2
I :”I{(x, ¥, z)(x +y 4z }Iy;

y
MoMeHTbI MHEPUNN OTHOCUTESIbHO KOOPAOUHATHbIX oceun:
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I = [[a(x, v, )% + 22 Jay

1, = [faCx, v, 2)(e? + 22y
1. = [fax. v, =) + 32 iy

MoMeHTbI NHEPUNN OTHOCUTESIbHO KOOPAUHATHbIX NSIOCKOCTEMN:

Loy =[[nlx, y, 2)2%dy; Lo = [[alx, y, 2)y?dy;

y y
2
Lo, = ﬂz[(x, V, Z)x dy .
y
3apava
Bblumcnute  kKoopauHaTbl  LEHTpa  TSKECTU  OAHOPOLHOM

MOBEPXHOCTU Z = x2 er2 npm 0 <z <1,

PewieHue

[.2 2
ypaBHeHme Z=4X"+Yy 3aaeT BEepXHKH MNOJI0CTb KOHYyCa.

MnockocTb z =1 Bbipe3aeT Ha Heil MOBEPXHOCTb Yy (puc. 25).
lMockonbKy MOBEPXHOCTb OAHOPOAHAs M SIBNSETCA MOBEPXHOCTbLIO
BpaLeHuna Bokpyr ocu Oz, 1o ueHTp Tshkectn C nexut Ha ocn Oz,

TO ecTb C(O; 0; z )

ZA

Puc. 25.
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AnnnukaTa LueHTpa TSXecTn Z, onpeaenseTcs hopMynon:

Zp = i” zdy
.y
roe m - macca noBepxHoCTU Y .
Tak Kak nNOBEPXHOCTb OAHOPOAHAs, TO MMOTHOCTb MOXHO
nonoXxutb pasHon 1. Torga

m= ﬂldy =S,
y
roe Sy - Nnowasb NOBEPXHOCTH Y .
Mnowanb MOBEPXHOCTM Y  MOXHO BbIMUCIUTL, WCMOMNb3Ys
hopmyny ansi GOKOBOWM MOBEPXHOCTM KOHyca C BbicoTom h =1 u
paauycom ocHoBaHus R =1 v obpasyiowen [ = \/m = \/5

=pRl=\/§p.

YuuTbiBas 3TO, BbIYNCINM Zp-

zo = f jjzdy f R ENEYCAEA Y

roe D - npoeKkuna y Ha KOOpAWHaTHYHO MITOCKOCTb )CO)/

MoBepxHOCTb y npoekTupyeTcs Ha nnockocte x(Oy B Kpyr C
paguycom 1 (puc. 26).




2 2

1 2. 2 X Y
=—|[yx" + 1+ + dxdy =
20 \/EPJ-DJ‘ x y 2 2 2 p Xay

+y X" +y

1 2x% +2y? 2
=—ﬂ\/x2+y2 x2+ )2; dxdy = V2 ”\/x2+y2dxdy.
\/EP D Xty \/EP D
B nocneaHeM uHTerpane nepenaemM K nonsipHbIM KoopamHaTam.
2p 1 31
Zy :lﬂc -cdudc :l j dujczdc =l2p-c— 22.
PD Po o p 30 3

CrnepoBaTeflbHO,  LEHTP  TSXKECTU  MMeeT  KoopAMHATbI:

C(O; 0; gj )
3

3. Teopusa nons

3.1. CkanapHoe none
MycTb B npocTpaHcTBe uMeeTcs obnacte D, B KoTopoii
3ajaHa yHKUMA u :u(x;y;z). Torga rosopsaT, 4to B obnactn D
3afaHo ckasispHoe nosie. [lpyn 3TOM  (PYHKUUIO u:u(x; y;z)
Ha3bIBalOT CKaJIsIPHLIM MOJIEM.
Ecnu, Hanpumep, u(x;y;z):t - TemnepaTypa B ToO4ke

M(x;y;z), TO cKansipHoe nore sABMNAeTcs rnoneM Temneparyp.

3.1.1. lMoeepxHOCMU U JITUHUU YPOBHS
OnpepgeneHune
Myctb B obractu D TpexmepHoro npocTpaHcTBa 3adaHo
cKkansipHoe norne u:u(x;y;z). Toukn obnactu D, B KOTOpbIX
ckansipHoe nore u(x;y;z) UMEET TOCTOSHHOE 3HadeHne ¢,

Ha3blBaeTCH MO8EPXHOCMSIMU YPOBHSI.
M3 onpegeneHna cnefyeTt, YTO ypaBHEHUSIMU MOBEPXHOCTEN

YPOBHA OJ14 CKanApHOro nons M()C, y,Z) 6y,CI,yT YpaBHEHUA
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u(x; y;z) =C,

rae C = const .
3apayva

MocTpoMTb NOBEPXHOCTW YPOBHSA ANs  CKansipHbIX none
u(x;y;z)z xr+yieziu V(x;y;z):x2 +y?—z.
PeweHue

Ons cKansipHoro nons u(x;y;z): X2+ y2 +z2
MOBEPXHOCTAMW  YPOBHs  OyayT  KOHUEHTpu4yeckme  caepbl:
x? +y2 +z2=Cc LEHTPOM B Hayane KoopavHar (puc. 27. a).

Ons cKansipHoro nons V(x;y; z): x?+ y2 -z
NMOBEPXHOCTAMW  ypoBHA  OyayT  napabonouabl  BpalleHus

z=C-x* —y2 (puc. 27. b).

Puc. 27. a Puc. 27. b
Ecrnm B obnactu D Ha nnockoctu Oxy 3afiaHa pyHKUMA OBYX

NnepemMeHHbIX Z :u(x;y), TO JINHUN HaA NJIOCKOCTU Oxy, 3afaHHble
ypaBHEeHNAMU u(x,y) = C, Ha3blBaeTCA JIUHUsIMU YPOBHHI.

JInHnAMNM YPOBHA NOBEPXHOCTU Z = M(X,y) Ha MJ10CKOCTU Oxy

6y,EI,yT npoekunn NNHUA, KOTOpble Nnony4arTCcAd npu nepecev4eHnmn aTON
NMOBEPXHOCTU MMNOCKOCTAMU Z = CONSt .
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Hanpumep, nuuuamu yposHsi B nnockoctm Ox) MNOBEPXHOCTU
_ 2_ .2 2, .2
z=1-x"—y” aABnaTCA OKPYXHOCTU X~ + ¥~ = (1 — c) C LEHTPOM
B Hayane koopauHar u ¢ paguycom: R =-/1—c .

3.1.2. [Ipou3eodHast No HanpaesiIeHulo.

Myctb B obnactm D TpexmepHOro npOCTpaHCTBa 3afdaHo
ckanspHoe mnone U(x;y;z) W 33adaH edVMHWYHBIA  BEKTOop
ZI{COS6;COSB;COSF} C HayanoMm B TOYKe M(x;y;z) n
COCTaBMAOLLMIA C KOOPAMHATHBIMU OCAMM Yrmbl 0, B, T .

Paccmotpum Touky M (x+ILx; v+ y; z +I[Z) Takylo, 4TO

Bektop MM =| [ly | coHanpaBneH ¢ BekTopom / 1 06o3Haunm

Il = \/I[xz +I[y2 +I[Z2 mMoayrnb BekTopa W
Mpun nepexone Toukn M B Touky M| B HanpaBneHun BekTopa
[ ckansipHoe none u = u(x;y;z) nonyymT npupaLleHme
Hu :u(x+I[x; v+ y; z+ILz)—u(x; V; z).
OnpepgeneHune
Mpegen OTHOWEHWS MPUPALLEHWUs CKansipHOro Momst  npwu

nepexofe Toukn M B Touky M| B HanpaeneHum Bektopa / K AnvHe
! sexktopa MM npn I/ — 0, ecnn oH cyllecTByeT M KOHEYEH,
Ha3blBAETCSA NPOU3BOAHON MOMS B TOYKE M(x;y;z) Mo HanpaseHuIo

l. Ons HpOMSBOﬂ,HOVI Nno HanpaseJieHU0 UCMOJIb3YOT 0603HaveHue

8_u: lim &
ol -0
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3.1.3. dopmyna Ans npou3eoOHOU NO HanpaesIeHuro

MpupallieHne ckanspHoOro nons u(x;y;z) B TOYKe M(x;y;z)
MOXXHO NPeACTaBUTL B BUAE:

T =2 e+ 91y e Jix + ey + ea L,
ox oy 0z
ou ou

u
rO€ YacTHble MPOM3BOAHbIE —, — W — BbLIYUCISAOTCH B
ox Oy oz

HavanbHoit Touke M (x;y;z), a €, €,, €3 SBAAIOTCH GECKOHEUHO

manbimu npn I/ — 0.

Pasgenum B 3TOM COOTHOLLUEHUU Kaxpaoe cnaraemoe Ha IU n
BOCMNOJ1Ib3yeMCA cbopmynaMM ana HanpaenAawLwmnx KOCMHYCoB

&20056;&: ad

COSB, — =COST .

B nony4YeHHOM COOTHOLUEHNN

Hu 8u ou ou
— S6+—COSB+—COSF+€1 cos0 + e, CosB + €5 coST

o oy 0z
nepenaém k npeaeny npu I/ —> 0.

—_

Tak kak HanpaBsnsioLe kocuHycbl Bektopa MM He 3aBUCST OT

Mogynsi atoro Bektopa,a €; >0, e, > 0une; >0 npn I/ - 0,
TO AISi NPOV3BOAHOA MO HAMPABMNEHWIO MNONY4MM hopMyy:

Oou Ou ou ou
— =—¢0S0+—COSB +—COST .

ol ox oy 0z
3apava
y 2, .2, 2
HaiiTn npounsBoaHyto ckansipHoro nonst # = x~ + y~ +z° B Touke
M(l; 1; 1) Mo HanpaBneHWo BekTopa [ =27 + ] +2k .

PeweHue

Oou Ou ou ou
— =—¢0S0+—COSB +—COST .

ol ox oy 0z
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BbIYMCNINM YaCTHblE NPOM3BOAHbIE MOSIS B TOUKE M(l; I; 1).

a—u=2)c;8—u=2y;8—u=2z.

ox oy oz
ou ou ou
—(LL)==(L1)=—(1;1)=2.
1) 2 0)- 241

Haigém HanpasnsioLme KOCUHyCbl Bektopa /

cosG—li——2 _E'COSB—ZL_l'COSF_IL—gM
m Ja+r1+4 3 m 3’ m 3
BbIYMCIIMM NPOU3BOAHYID — = 2-g+ 2 'l+2'£ =&.
3 3 3 3

3AMEYAHMUE 1
ou

[ponsBogHass No HanpasneHuo 5 paBHa CKOpPOCTU WU3MEHEHUA

nona B HanpaBJieHUN BEKTOpa l .

u
Ecrm — > 0, To none BospacTaeT B HanpasneHun Bektopa [ , a

u
ecnn — < 0, To none B 3ToM HanpasneHUn y6LiBaerT.

3AMEYAHUE 2
ou. Ou.  Ou

YacTHble  MpoM3BOAHbIE ; ; ABNSAOTCS
ox oy 0z
MPOM3BOAHBLIMU MO HAaMpPaBMEHWNIO KOOPAMHATHBLIX OCeill M 3agatoT

CKOPOCTb M3MeHeHUs yHKUMK B HanpaeneHusx ocen Ox ; Oy ; Oz .

3.1.4. F'padueHm
OnpepgeneHune

FpadueHmomM ckansapHoro mnons u(x; y;z) Ha3blBaeTcs
BEKTOp, KoopauHaTamMy KOTOPOro SABMSAOTCA YacTHble MPOW3BOAHbIE
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nonsi no nepemMeHHbIM X, ), z. [ns rpagneHTa WCNonb3yoT
ob603HaueHue:

Ou- Ou- Our
gradu=—i+—j+—k.
ox Oy 0z
3AMEYAHUE

pagneHT gasnsetcs CbYHKLI,I/IOHaJ'IbeIM BekTopoM. Ero Moaynb w”
HanpasfeHne 3aBUCUT OT TOYKM, B KOTOPOM OH paccmMaTpuBaeTCS.

Teopema

ou
Mpon3BogHas CKanspHOro nons 5 B Touke M (x; y;z) no

—

HanpaBleHunto / paBHa npoekunn rpagneHTa nomnda B TOYKEe M nHa

BekTop [ , TO ecTb
ou

ol IIp;grad u(M).

[JokasaTtenbcTBO

Hopmupyem BekTop i:

‘ ‘ ﬁ ‘IITZ‘E=COS6;+COSB}:+COSF/€.
Torpa %z(grad u, &)= gra‘di‘u, ! = Ilp; gradu .

3.1.5. Ceolicmea 2padueHma

1. Fpa/:u/leHT NnoKa3blBaeT HanpasneHne HanbonbLlero
BO3pacCTaHuA Nnosnd B OaHHOM TOYKe.

HokasatenbcTBO
ou
Tak Kak 5 = |grad u| -c0s0, roe O - yron mexay rpagvMeHToM U

BekTopom [ (puc. 28), To camoe Gonblloe 3HaYeHWe MPOU3BOAHON
nonyymm, ecnm cos6 =1, 1o ectb npu [ ™ gradu .
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~l

\/

- .
Ilp; grad u

Puc. 28.
2. Mogynb rpagueHTa paBeH HanbornbLlUen CKOPOCTU BO3pacTaHus
nonsi B JAHHOW TOYKe.

[Joka3aTenbcTBO
cnegyet M3 TOro, YTO CKOPOCTb B HarpaBfeHUuM rpagueHTa

u
NpUHMMaET HambornbLUee 3Ha4YeHNE 1 paBHa maxﬁ = |grad u| .

3. pagueHT HanpaBneH Mo HopMmanu K MOBEPXHOCTW YPOBHS,
npoxoasiien Yepes AaHHYH TOYKY.
HokasaTenbLcTBO

Puc. 29.
Yepes kaxagytlo Touky M (xo; yo;zo) MOXHO  MpPOBECTU
NMOBEPXHOCTb YPOBHS, 3a4aHHyI0 ypaBHEHUEM
u(x;y;z) = u(xo;yo;zo). Torga BekTop
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=

g_(XanOaZO)
%(xo, Yo» Zo) | = grad u(M,)

ou
g(xoa o> Zo)
HanpaeneH No HopManu K 3ToM NOBEPXHOCTU (puc. 29).

3AMEYAHUE
Mockonbky nobas NOBEPXHOCTb, 3apaHHas ypaBHeHuem

u(x;y;z)z C sBnseTca NOBEPXHOCTbIO YPOBHA CKAMAPHOTO MOMS

<

u(x;y;z), TO BEKTOp HOpManu K 3TOM MOBEPXHOCTU B TOYKE
Mo(xo;yo;zo) umeert Bua: 1 = grad u(MO)

3apava
Hantn HanpaBneHne HauCKOpeWuwero Bo3pacTaHus noss

u= nyrE B TOYKe M(l; 2; 1) M HauBomnblUyld CKOPOCTb
y

BO3pacTaHus B 3TON TOYKE.
PeweHue

HanpaBneHme HaMCKOpeVIUJeFO BO3pacCtaHnA nond B OaHHON
TOYKe NoKasbliBaeT rpagueHT, BbIYMCIEHHbIN B 9TOM TOYKE.

Ou~ Ou- Ous z |- 1>
grad u=—i+—j+—k =yi + x—— |j+—k.
ox Oy oz % y

. N 1- - 32 1-
rad ulM)=2i +|1—=|j+—k=2i + —k.
grad u(M)=2i ( 4jf k=204

Haunbonbluias CKOPOCTb BO3pacTaHuA nonsa B [aHHOMN To4ke paBHa
MOy rpagneHTa, BblHUCIIEHHOIO B 3TON TOYKeE.

L1 [64+9+4 _77
HaH6—|graduM)| \/ 6 1 \/ T R
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3.2. BekTopHOe none

3.2.1. BekmopHasi ¢pyHKyUsI CKaJIsipHO20 ap2ymMeHma

OnpepgeneHune
x(¢)
BekTop ?(l): y(t) , koopauHaTamu KOTOPOro sBMsSitOTCS
2(¢)

yHKUMNM X = x(t); y= y(t); z= z(t), Ha3blBAeTCA @EeKMOPHOU
¢byHKyuel nepeMeHHon [ .
MycTe nuuna [ 3ajaHa B NpOCTPaHCTBE NapameTpuyeckumm
ypaBHEHMsAIMU X = x(t); y= y(t); z= Z(t). Ecnu Havano BekTopa
x(t)
7(¢)=| ¥(¢) | npu Bcex aHauenmsix ¢ HaxoauTcs B TouKe O(O, 0, 0),

=(¢)

TO €ro KoHeL, Npu namMeHeHun ¢ asuxetcsi no kpuson [ (puc. 30).

ZA
2/
NI
N /&ﬁ_, l
A
x y
Puc. 30.

KpuBasi, KOTOpyl OMUCbIBAET BEKTOP F(t), Ha3blBaeTCcs
2odozpaghom.
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3.2.2. [lpou3eodHast eKMOPHOU hYHKUUU CKaIsipHO20
apa2ymMeHma

OnpepeneHue
[MponsBogHON BEKTOPHOW  (PYHKLMM sz(t) B Touke [
Ha3blBaeTCs Mpeden OTHOLIEeHWs BeKTopa MnpupaLlleHns gyHKLMK
I[F(t) k npupawieruio aprymenta [t npu It — 0, 1o ectb
#ig) = tim 2L = tim 2o+ 0)=-7t0)
-0 It t—0 e

Teopema 1
Ecnn  koopguHaTbl  BEKTOPHOW  (DYHKLMK F(t)z y(t)

andcepeHunpyemsl, ToO BEKTOP 17'(10) umeeT BUAa;

Flt)=| ¥'(t) |-

HokasatenbcTBO
Tix lim x(t0+I[t)—x(t0) .
. it Tt—0 A x'(to)
7o) = lim 2 = = lim | 2 |=| fim 200 8t0) || )]
Tt—0 JIt It—0 ﬁé_ It—0 g .
]| i 2er)-z) | (2(00)
Hr—0

Teopema 2
BekTop F'(to) HanpaBrieH No KacaTesrlbHOW K rogorpady B TO4YKe,

COOTBETCTBYIOLLEN 3HayeHWo ¢ =1;, B CTOPOHY BO3pacTaHus
nepemMeHHon .
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[okasaTenbcTBO

ZA
/@ >
Xb&\ !
BN
) v
Puc. 31.

Bekrop JIF = F(ty + [It) - 7(ty) = AB (pvc. 31) WanpaeneH B
CTOPOHY TOUYKM B, COOTBETCTBYIOLLEN 3HAYEHUIO | = to + [t . BexTop
I _ 7l + 1) -7(to)
il il

Jt>0. Npu JIt <0 aoTOT BEKTOp HanpaBneH B CTOPOHY Toukn A,

COOTBETCTBYIOLEN 3HadYeHno ! =1. CrnenoBaTesibHO, BEKTOP E
t

HanpaBneH B CTOpPOHY Toukn B npwu

HanpaeneH B CTOPOHY BO3pacTaHusl NepemMeHHon £ .
Ecrm [If — 0, 1o Touka B, aeurasick no rogorpady, ctpemmTcs

k Touke A , @ BEKTOp — 3alMeT NosioXeHue BEKTOpa, KacaTeslbHOro
4

K rogorpady B Touke A, COOTBETCTBYIOLLIEH 3HAUYEHMIO | = ty-

3.2.3. BekmopHoe noJsie. BekmopHbie JIUuHUU
OnpepgeneHune 1
Ecrm B kaxgon Ttouke M € D 3apgaH BekTop d = Ei(M), TO
roBopsAT, Yto B obnactu ) 3agaHo BekTopHoe none. O6nacte D
Ha3blBaeTCA BEeKMOPHbLIM mnosieM. BeKTOpHbIM MOMEM Ha3sbiBalOT

TaKxke 1 BeKTop d .
Ecnn B nMpocTpaHcTBe BBefeHa NPSMOYrofbHas [ekapToBa
cucTema KoopawHarT, To
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a(M)=a,(x;y;2)i + ay(x; yiz)j+a,(x;y;z)k -

BEKTOP-YHKUMSA MEPEeMEHHbIX X, ), Z , ABNSAIOWMUXCS KoopanHaTaMmu
TOYKM M(x, ¥, z). Mpn sTOoM npegnonaraeTcd, 4YTO YHKUMM
ax(x, Vv, z), a, (x, y, z) n a, (x, Vv, z) UMEIT HenpepbiBHbIE
YacTHble MPON3BOAHBIE MO BCEM MEPEMEHHbBIM.
OnpegeneHue 2

Touka P HasblBaeTcsa  ToykoM  guddepeHuUMpyemocTu
BEKTOPHOro nons d, ecnv dyHKUMK ax(x, y, z), a, (x, ¥, z) n
a. (x, ¥, z), ABMSIOLLMECS €ro KoopAMHaTaMu, aAndgepeHUnpyeMb! B
Toyke P.
OnpepeneHue 3

BeKmoprlMU JIUHUSIMU BEKTOPHOro nongd d HasblBalTCS

NUHUK, B KaXOoOW TOYKE KOTOPbIX BEKTOP MOMs d HanpasfieH no
KacaTenbHOMN.

Teopema
MycTb BekTOpHass nuHUs [ 3apgaHa  napameTpUHecKUMu
ypaBHEHUSAMM: x:x(t); y:y(t); z=z(t) N yHKUMK x:x(t);

y= y(t); z= z(t) - anddepeHumpyembl. Torga ypaBHeHue
BEKTOPHbIX NIMHUA AAHHOTO NOMsA UMeeT BUA!

dx dy dz
a, a, a,
HokasaTenbcTBO
MockonbKky MO KacaTenbHOW K BEKTOPHOW FIMHWW HanpasreH 1
a,(x, , z)
- — -
BeKTop nonsa a = ay(x, ¥, z) , TO BeKtopbl r (t) n a
a.(x, y, z)

KomnrnnHeapHble. VICﬂOﬂb3yﬂ ycnosue KOJIrMIMHeapHOCTU, Nofy4ynm
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ORI

a, a, a,

YMHOXasi Bce cooTHoweHus Ha /[If, sanuwem nocneaHee
COOTHOLLIEHNE B BMAE:
x'()-Je _ y'(e)-Be _ 2'(e)-Te
a, - a, B a,
n3 KoToporo crnegyeT OnddepeHumarnbHble YpaBHEHUS BEKTOPHbLIX

NVHWIA nons d .

& _dy _dz

a, a, a,

OnpegeneHne 4

nOBerHOCTI/I, O6pa3OBaHHbIe BEKTOPHbIMMN  NMNHUAMW  NOnNA,
Ha3blBalOTCA BEKTOPHbIMU pr6KaMVI.

3apauva
Hangute BEKTOPHbIE NUHUK BEKTOPHOrO nons
a=2yi +xj —2k.

PewweHue

2
dx dy dz xdx = 2ydy x__y2 =1
=— =" ym 9 .
2y x 0 dz=0

z=c¢
BeKTOprIMI/I NIMHNAMU ABIAKOTCA FI/II'IGpGOJ'IbI, pacnonoXXeHHble
B nnockoctn z = C'.
3.2.4. KpueonuHeliHbil uHmezpan 2 poda
Onpepgenexune 1
MycTb B HekoTopoi obnactu [) TpexmepHOro npocTpaHcTBa
3a[aHo BEKTOpHoe none d , U nycTb B obnactu D 3agaHa rmaakas
kpuBas [. PasobbeM npou3BonbHbIM 06pasom kpuBylo [ Mexay
TOYKaMu A " B Ha n yacren TOYKaMu
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A=My, M, M,,... M, |, M, =B. Ha kaxnom u3 nomny4yeHHbIx
y4acTKoB MeXay TouKamm Mi(xi,yi,zi) " Ml-+1(xl-+1,yl~+1,zl-+1)
BblGEpeM MpPon3BOSIbHO TOYKY P, 1 BLIYMCNNM 3HAYEHME BEKTOPHOTO

1

nonsi B Hen ZI(PZ-) (pwc. 32).

- z
ar)  *t
Mn—l
B
M}‘l
¥
X
Puc. 32.
i) X =X
Paccmotpum Bektop JI7i =| [y; |=| 41— ¥ | v Bbluuchum
i) \zin—2z

ckansipHoe npousseneqne (@(P),JI7). Mpomenaem ato ansi Bcex
y4YaCTKOB KPUBOW U COCTaBUM MHTErpasnbHy0 CyMMy
n-1
Z (a(Pl )’ I[ri ) :
i=0
Mpegen TakoW WHTErpanbHOW CYyMMbl MpU 71 —>00 U MpK

max|I[17l~|—>0, €CrM OH CyL|eCTBYeT, KOHEYEH, He 3aBWUCUT OT
i

cnocoba apobneHus yyactka AB kpusoit [ Ha Yactu u oT BbiGopa
Touek P, HasblBaeTCs KPUBOMMHEHBIM MHTErPanoM BTOPOro pofa ot

83



BEKTOPHOI byHKUMM @ BAONL KpuBoi [ oT Toukn A o Toukm B u

o6o3HavaeTcs f(ﬁ, dr).
/
W3 onpenenexuns cneayer, 4To:

n—1
@)= tm SaE)m).
Ji n—»0 i=0
rnax‘[{?i‘—)o
a,(x, y, z2)
YuuTbiBas KOOpaMHaTLl BEKTopa d = ay(x, v, z) 1 o6o3Havas
a.(x, y,2)
dx
KoopauHaTbl BekTopa dr  crnepywowum obpasom dr =|dy |,
dz

KPVBOMMHENHBIN NHTErpan BTOPOro poga MOXHO 3anvcaTb B BUAE:
j(&, dr)= [a.dx+ a,dy +a.dz vnu
I /
j(é, dr)= | a,(x, y, z)dx + ay(x, y,z)dy+a,(x, y, z)dz.
/ /
OnpepgenexHune 2
WHTerpan no 3amkHyTOM KpuBoW [ HasbiBaeTca LUPKyNALMEN
BEKTOpHOrO nonst @  o6osHavaetcs §(d, dr).
/
3.2.5. Paboma e 8eKmMOpPHOM rnoJsie
PaccMoTpyM MHTErpanbHyt cymmy

Sa(p). 1)

i=0
un 6ynem cumtaTtb, yto yyactku MM, |, Ha koTopble pa3buTa kpuBas
l, AOCTaTO4YHO Marlbl, YTOObI U NX MOXHO cYMTaTh OoTpe3KaMun NpAMbIX
Mexay Toukamn M, (xia Yis Zi) n Mi+1(xi+1= Yit1o Zi+1)7 a
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BEKTOPHOE fore cunTath Ha BceM yvactke M M, ; NOCTOAHHLIM K
pasrbm @(P).
Torga ckanspHoe npou3BeaeHne (Zz(f}),]lfl-) 6yner pasHO

paboTe BeKTOpHOro nons Zz(Pl-) Ha yvactke MM, ,, a
MHTerparnbHas cymma npubnmkeHHo OyaeTt paBHa paboTe BEKTOPHOro
nons d BOonb kpueoii [ oT Toukn A [o Toukn B

TouHbIn  pesynbTaT Mbl  MOMy4uM, ecnv  nepevgem B

MHTerpanbHOn cyMMe K npeaeny npu 7 —» o0 1 npu max|£[17;| —0.
i

MosTomy paboTa, KOTOPYI NPOM3BOAMT BEKTOpHOe none d

BOONMb kpuBoW [ OT Toukm A p[o Toukm B, BbluMcnsieTcs yepes
KPVBOMNWHENHBIN MHTErpan BTOPOro poaa:

A= .[(Zi, dr) = .[ax(x, y, z)dx + ay(x, v, z)dy +a,(x, y, z)dz.
AUB AUB

3.2.6. Ceolicmea kpueonuHeliHO20 UHMezpasia emopo2o poda
1. MMpu U3MEHEHUWN HanpaBfEeHUss WHTErPUPOBAHWUSI MHTerpan
MeHsieT CBOW 3HaK: _[(Zz, d?) =— j(ﬁ, a’?).
v

v

AB BA
2. ina uMpkynaumMmn no 3aMKHYTOW KpuBOW BbIGOp TOYKM Hadana
obxoaga 6e3pasnunyeH.

A\ A

Pwuc. 33.
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MonoxuteneHblIM HanpaefneHnem obxoda cuuTaeTcss TO, npu
KOTOpoM o6nactb, OrpaHu4eHHass 3TOM KPWBOW OCTaETcs creBsa
(pnc.33).

OcTtanbHble CBOWCTBA KPUBOJIMHEMHOIO MHTErpana BTOpPOro poaa
UMEIOT TaKoW Xe BUA, Kak U AN KPUBONMHENHOrO UHTEerpana nepBoro
poaa.

3.2.6. BbivucneHue KpueoJsluHeliIHo20 UHMezpasia emopo20 pooda

Ecrm kpuBass [ 3agaHa napamMeTpuyecKUMM YypaBHEHUAMM:
X = x(t); y= y(t); z= Z(t), U yHKUMKN X = x(t); y= y(t);
z=z(t) - audpcpepeHUmpyemMbl, Npuyém Touke A CooTBETCTBYeT

3HayeHue napameTpa t;, a Touke B - 3HauyeHue napametpa f, , TO

J (@ dr)= I a, (xle) y(e) 20)'0) a0, (o) 1) 20 (0)+
+a (x(0), (o) =)z ()]t

3apaua

Bbiumcnnte paboTy BekTopHoro noms @ = yi +xj + (x — y)lg
BOOJb OTpe3ka npamoit AB , ecnn A(l; I; 1), B(2; 4; 5).
PeweHne

PaGoTta B BEKTOPHOM MOJie BbIMUCHSETCS Yepe3 KPUBOMUHEWHLIN
WHTerpan BTOPOro pofa:

A= f(ﬁ, dr)= [ ydx + xdy + (x—y)dz.
AB AB
YpaBHeHue npsimoit AB 3anuiuem B napameTpuyeckoM BUAE:

x=t+1
y=3t+1
z=4t+1

1 BbIYMCINUM NPOU3BOAHBIE OT PYHKLMIA X = x(t); y= y(t); z= z(t)
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< o=

!
!
!

1
3.
4

N
Il

lMNpegensl vMHTErpypoBaHus ANS NepemMeHHOW [ onpegenvm,
yuuTbiBasA, 4TO Mpu nepexode OT Toukn A Kk Touke B dyHKUMS
x=1=1t=0

X = x(t) meHsieTcs ot 1 go 2. Torga .
x=2=1t=1

CnepoBatenbHo, A = jydx + xdy + (x - y)dz =
AB

[Ge+1)-1+(t+1)-3+(t+1-3t-1)-4]dt =

O —_

1
=3.

(=21 +4)dt :<— >+ 4t)

O —y—

0
3.2.7. KpusonuHeliHbili uHMe2pan emopo20o poda Ha niIocKocmu
MycTb BekTopHOe mnone d =ax(x, y)i +ay(x, y)j 3aaHo B

HekoTopol o6nactn D Ha nnockocTu, Ha KOTOPOV 3ajjaHa AekapToBa
cuctema koopamHat x(Oy . Toraa KpUBOMUHENHBIA MHTErpan BTOpOro
poda BOOSb KPUBOW [, pacnofioXeHHOW B KOOPAMHATHOWM MIIOCKOCTM
xOy , umeeT BuA

[@, dr)=[a,(x, y)dx+a,(x, y)dy.

l /

Ecnun KpUBONMUHENHBLIN MHTerpan BbluucnseTcss oT Toukm A fo
Toukm B u ecnu nnockas kpueas [ 3agaHa napameTpuyecKumMu

YpaBHEHNAMMU! {;ZJJC}((Z;%, roe 3HadeHue napameTpa t= tl

x4 =x(4)

, a 3HadveHune
va=xt)

cooTBeTcTByeT Todke A, TO ecTb {
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xp =x(1)
vp=y(t)
Toroa KpUBOMMHENHLINM WMHTerpan no kpusBon [ Ha yvactke AB

CBOOUTCS K ONpPeAenieHHOMY WHTerpany no MepemMeHHon [ Mo
cnepytowen opmyne:

[(@.dr)= tf (e, () (2) + a, (x(e), ()0

I 4

napametpa ¢ =17, COOTBeTCTByeT Touke B, TO ecTb {

3apaua

Bobluncnute j(xz + 2xy)a’x + (y2 - 2xy)dy, roe [ napaGona
/

y= x? oT Hauana koopauHat O(O, 0) [0 TOYKM A(l; 1).

PewieHue
x=t

3apanvm kpvBylo [ napameTpuYeckMmmn ypaBHEHUSMU: {y _p2

!

x' =1

Torpa { 'y Ha yuactke napa6onsl OA BbinonHseTca
y =41

HepaseHcTBo 0 < x <1, otkyna cnepgyet, uto 0<¢<1.

YuntbiBass 3TO, KPUBONWHEWHBLIA WHTErpan MOXHO CBECTU K
onpeaerieHHoMy MHTerparny.

| (x2 - 2xy)dx - (y2 - 2xy)dy = H(zz +2° ) 1+ (t4 -2¢ ) 2t]dt =
/ 0

I 11

0 30

1 3 4 6 5
=j(t2+2t3+2t5—4t4)dt= Ll L 42
0 3 2 3 5

3.2.8. dopmyna NpuHa
Teopema
Ecnn D - nnockas o6nactk, orpaHuyeHHas 3aMKHyTOM Kpueoin [
a KoopAauvHaTbl  BEKTOPHOM  (PYHKLUMUK ax(x;y) " ay(x;y)
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HenpepbiBHblI B obnactu [ BMecTe CO CBOUMU YacCTHbIMU
npon3BogHbIMUK, TO CcrnpaBeannea cbopmyna

fax(x;y)dx + ay(x;y)dy = Q[ag_xy —

KoTopasi Ha3biBaeTcsa ghopmynou MpuHa.

day

dxdy ,
aijy

[JokasaTtenbcTBO

0O603HaunM I, = H aaax

D
WHTErpan, ceegsd ero K NoBTOPHOMY MHTerpany M paccraBnss Ans
obnacth D npegenbl, cuyiTas X  NEPEMEHHOW BHELUHEro
WHTErpnpoBaHus (puc.34).

dxdy w BbluMCIMM 3TOT [BOWHOM

VA
y=nb) D
d 4
Na
=
U
AT I
X y=nx)
; —
Puc. 34.
{ a<x<b
y(x)<y<p(x)
oa b yz(x)aa b yz(x)
I = ||—*dxdy = | dx Ldy = ax(x;y dx =
=1 ] ylj(x y =] 7()

(e~ alsn (Dbt = | e~ fade=
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SISl

ax(x;y2(x))dx+zax(x;yl(x))dx: | audx+ {axdx:

v
ADB BCA

z—i;axdx, nockonibky Kpueasi [ 06xoauTcs B OTpULaATENbHOM
/

Hanpasnennm ADBCA .

a
0O60o3Haunm Izzjj—ydxdy MU BblYMCNIUM BTOT WHTerpan,
D Ox
3agaBas 06r1acTb MHTErPUPOBAHNA HEPaBEHCTBaAMU:

{ c<y<d
x(y)<x<n(y)
P d g
1, zjj&dxdyz [dy 2[ &dx:
b O ¢ only) &

d c
=Jay (e (v). v)dy +[a,(x(v), v}y = [a,dv~ [a,dy=
¢ d CED CZB
= Ja,dy+ [a,dy=fa,(x,y)dy.
CBD DAC !

BbluMcnvM  KPYBOMNWHENHLIA WMHTErpan, ckrnagblBas WHTerpansi
—1; n I, , v nony4um cpopmyny MpuHa.

oa, oa
S
A S (7 R
3apaua
Bblumcnnte KpUMBOMUHEWHbIM WHTErpan, wucnonb3yst opmyny
2 2
I'p|/|Ha§(x2+2y)dx+(y2—2x)dy, raoe [ annunc %+y7:1_
/
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PeweHue

Mo copmyne MpuHa ﬁf>(x2 + 2y)dx + (y2 — 2x)dy =
/

- g [8(3’ 26; 2x)_ a(x;; 2y )dedy = JDJ (— 4 )xdy =

= _4.” 1 dXdy =—4- Sammnca = _4pab .
D

MockosbKy nonyocu annunca paeHsl a =3, b=2, 10

ﬁf(xz +2y x+(y2 —2x)dy:—24p.
/

3.2.9. MoeepxHOCMHBIU uUHMezpan emopozo poda. [flomok
8EKMOPHOR20 10JIs1 Yepe3 Mo8epxHOCMmb

OnpepeneHue

Myctb D - obnacTb TPexXMepHOro MpPOCTPaHCTBa, B KOTOPOM
3a4aHO BEKTOpPHOE nore

a= ax(x;y;z)i +ay(x;y;z)j +az(x;y;z)k
M nyCcTtb y - Mmagkasa noBepxHOCTb B obnactu D , Ha KOT0p0|7| 3a4aHa
e[IMHNYHas Hopmarb 1 = {cos 6;COSB;cosr}.

zZ A

\

Puc. 35.
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Pasobbem MoBepxHOCTb y Ha 7 vactel y[,¥o,...Y¥,
(anemeHTapHbIX  MOBEPXHOCTEN) U BblbEpEM  Ha  Kaxgon
anemMeHTapHoN NMOBEPXHOCTU y; NpOM3BOSIbHO TOYKY

Ml-(ol-,:sl-,ng)eyi. Bblumcnum 3HaveHne BEKTOpHOW MYHKLUUM B
BblIBpaHHOW TOYKe
a(B)=a,(0;33;3%)i +a,(0533;3%) ] +a (073335 )k
n 3agagmm B aTon TOuKe €OUHUYHYIO Hopmarb
ﬁ(Mi): ﬁ{cos6i;cos3i;cosri} (pwc. 35).
BbluMcnum  ckansipHoe  npouv3BedeHue (a(Mi), n(Ml)) n,
o6o3Haums Yepes Jly; nnowanb y;, COCTaBUM UHTErparbHylo CyMMy
n
Z(a(Mi):”(Mi))'ﬂYi-
i=1
Mpeaen aToit cymmbl npn n—> o n max/ly, — 0, ecnn ow
1
CyLLleCTBYEeT, KOHEYEeH, He 3aBUCMT OT cnocoba pasbneHus
MOBEPXHOCTU Y Ha 3MieMeHTapHble y4acTku y,; 1 OT Bbibopa To4ek
M, HasblBaeTCsi MOBEPXHOCTHLIM WHTErpasioM BTOPOro pofa Wmu

MOTOKOM BEKTOPHOTO MoMnsi @ 4Yepes NoBEpXHOCTb Y B HarnpasneHuu
Hopmanu 71 . [lna noToka ncnonb3yoT 06o3HaueHmne

J@mdy=tim (@) a(,)- sy,
y ?n;:j"j[y,-—)Ol:l

3AMEYAHUME
ECNM  NOBEPXHOCTHBLIN  MHTErpan  BbIMUCISIETCS MO 3aMKHYTOM
MOBEPXHOCTH Y , TO AMNs HEro MCMOMb3ylT 0603HavYeH e ﬁ(ﬁ, ﬁ)dy .
y
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3.2.10. ®u3uyveckull cMbICJ1 MIOMOKa

MycTb d - Mone CKOPOCTeN ABWKYLLENCA XUOKOCTU. Bblrumcnnm
KONMMYECTBO KWMOKOCTW, MpOTEeKalolen Yepes MOBEepXHOCTb Y B

HanpaBneHUn HopManu 7 B eAUHULY BPEMEHM.

Ecnn yyacTok noBepxHOCTWM y;, BKMYalOWMA Touky M,
[OCTaTOYHO Marl, TO ero MOXHO CYMTaTb MIIOCKMM, a nosie d Ha Hem
U €AVHWYHYI0 HOopMarnb 7 - MOCTOSHHBIMU U PaBHbIMU Zz(Ml-) "

Puc. 36.
MNpn Takmx npennonoXeHusX KONMMYECTBO MpOTEKaloWen 4vepes

y4acToK MOBEPXHOCTW Y;, PaBHO OGbeMy LMIMHAPA C OCHOBAHWEM
Hy; v BbicoTot h = (Zz(Ml-), ﬁ(Ml)) TO ecTb (Ei(Mi ), ﬁ(Ml- ))I[yl
(puc. 36).

CrnepoBaTenbHO, KOMMYECTBO >MOKOCTWU, MNpoTekalolein vepes
BCIO MOBEPXHOCTb Y, B HanmpaBfeHWW HopMmanu 7 B eauHULY
BPEMEHM PaBHO

n

P=lim Y(a(M,),i(M,)) Ny, = [[(@,7i)dy.
n—0 i=1 y
max [ly; >0
1
B aTOM CcOCTOUT (pmn3N4eCcKnin CMbIC NOTOKa UM MOBEPXHOCTHOIO
WHTErpana BTOpOro poaa.

3.2.11. Ceolicmea noeepxHOCMHO20 UHMe2pasia emopoz2o poda

1. MoBepPXHOCTHLIA UHTErpan BTOPOro pofa MeHsieT 3HaK, ecrnu
MEHSIeTCSA HanpaBreHe HopMmarnu, To ecTb
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1@, m)dy =-[[(a,,)dy
y y
ecnu 1y = —,.
2. MoBEPXHOCTHbI WMHTErpan BTOPOro pona ”(ﬁ, ﬁ)dy paBeH

y
Konn4yecTBy BeLlecTBa, MpoxoAsdulero 4epe3 nNOBEPXHOCTb Y B

eanHnuy BpeMeHu B HanpasJfieHn Hopmaru .
Bce octanbHble cBoKcTBa NOBEPXHOCTHOINoO UMHTErpana nepsoro
poAaa BbIMOJTHAKTCA U ANA NOBEPXHOCTHOIo MHTEerpana BToporo poaa.

3.2.12. Bbi4vucneHue nogepxHOCMHO20 UHMezpasia mopo2o
poda
MycTb 3amaHO BeKTOpHoe none a U TpebyeTca BbIMUCIUTL
NOBEPXHOCTHBIN MHTErparn BTOPOro poaa ”(ﬁ, ﬁ)dy, B KOTOPOM

y
MHTErpmpoBaHne BeOETCA NO TMOBEPXHOCTW 'y B HanpaBlieHUU

3a[jaHHON €MHUYHOW HOpManu 71 .

MycTb ypaBHEHWE MOBEPXHOCTU Y UMEET BUi z = z(x;y) u aTa
MOBEPXHOCTb OAHO3HAYHO MNpPOEKTUpyeTcs Ha obnactb D B
nnockoctn xOy .

3anucbiBasi ypaBHeHWE MOBEPXHOCTV Y B BuAe Z(x;y)—z =0,
onpenenuM eaMHUYHYI HopMarb K MOBEPXHOCTH MO dhopmyne

PR grad F’ |
|grad F |
rae F(x, v, z)zz(x;y)—z, a 3Hak BblbupaeTcs no crepyoLemy
npasuny:
3Hak nnioc 6epetcs, ecrm grad F 17 77

aHak MuHyc — ecrm grad F T4 7 .
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&

Ox
Mockonbky grad F = g—; |gradF| \/< )2+(g;)2+1, TO
-1

I'IOBerHOCTHbIIZ WHTEerpan MoXHO 3arnncaTtb B BUae:

[y == G 2k

5.9.2) % (5,:2) 0, (5,50 s, 7. 2)-
(@, i)ay =+ =70
; ; JeF(zF

_az(x’y’z)dy_

[Mony4yeHHbI NOBEPXHOCTHBIA WMHTErpan nepeoro poja oT
oz Oz _
ay o tay P a,

hYHKLMM f(x, v, Z) =
l

no MOBEPXHOCTM Y
27
o) T & +1
cBEEM K [BOWHOMY WHTerpany no obnactu D — npoekuum y B
koopauMHaTHyto  mnockoctb  x(Oy. [Ona  3Toro  NpeacTaBum

dy = \/ (g—i)z + (g—;)z +1dxdy v cokpatum  nogbiHTErpansHoe

BbIpa)keHVe Ha MHOXUTEb \/(g )2 + (g;)z +1 . Nonyunm

H(a iiYdy = +H( ey z(e ) +a, (x.y.2(x.))E ~ a Jivdy

(@, i)y = ig(ﬁ, grad F )xdy .

y

95



Ecnv  noBepxHoCTb Yy  3adaHa  HesIBHO  ypaBHEHWEM
F(x,y,z) =0, To, NpoekTUpysi ee Ha koopaMHaTHY nnockocTb xOy

B obnacte D,,, nony4nm

(b == [ 0y

NPOEKTUpydA ee Ha KOOPAMHATHYH MJTIOCKOCTb xOz B obnacTb sz
nony4um

[[(G.ii)y = +gﬂddz

y ‘
NPOEKTNpyd ee Ha KOOPAUHATHYK MITOCKOCTb yOZ B obnacTtb Dyz

nony4nm

oF
ox

Bo Bcex aTux chopmynax cnegyrollee npasuno Bbibopa 3Haka:

[y = @ gradF) .

yz

aHak nnioc 6epercsi, ecrm grad F 1717,
snak muHyc —ecrm grad F TN 7 .

3apaua

BbluMcnuTe MOTOK BEKTOPHOrO Momnsi d = zi + x]’ + ylg yepes
3aMKHYTyl0 moBepxHocTb y: x—y+z=1, x=0, y=0, z=0 B
HanpaBneHUn BHeLWHen Hopmanu (puc. 37).

PeweHune

MoTok yepe3 3aMKHYTYlO MOBEPXHOCTb Y pa3genum Ha 4veTbipe
noToka 4epes ee rpaHuubl (puc. 37):

P=R+P+FB+F.
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Py

X P1

Pwuc. 37.

”(“ ”1)

YpaBHeHne mnosepxHocTM y;: z=0; eauHnuHas Hopmanb
0
jiy=—k =| 0 |; (@,7#)=-y. y, - obnacts 8 nnockoctn xOy
-1
SBMSIOLASICH TPEYTONbHUKOM, OrPaHNYEHHBIM KOOPAUHATHBIMI OCSIMM

nnpsimont x —y =1 (puc. 38).

yA

Y=

Pwuc. 38.
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Torpa

1 0
R =[[(a, i)dy =~ [ ydxdy =~ dx [ ydy =
Y1 D, 0 x-1
:_}dx y_2 ' Z}(x_lyabc:(x_l)3 1:l.
0 2 a1 o 2 6 | ©6
Pz—”(a 7iy )dy

YpaBHeHme MOBEPXHOCTN Y ,! x=0, edunHn4YHaa Hopmarlb

-1

iiy=—i =| 0 |; (@,7,)=—z.y, — nnockas o6nacts B NNOCKOCTY

0

yOZ, ABnAaLanca TpeyrofibHUMKOM, orpaHM4YeHHbIM KOoOpAMHATHLIMA

ocsimu n npsimoii z —y =1 (puc. 39).

4
Puc. 39.
Torpa
l+y Zz 1+y
132:”(5’”2) ——Idy jza’z——jdy7 _
Y2 -1 0
:_?Mdy:_ M 0 :_l
-1 2 6 4 6
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A A%

Puc. 40.
YpaBHeHme NOBEPXHOCTN Y3 ! y:O; eanHn4Haa HopMalib

0
1|; (@ 7;)=x. y; — nnockas obnacte B Mnockocti

0
xOz , sBnaLWanca TPeyrosibHUKOM, OrpaHNYeHHbIM KOOPAMHATHLIMU
ocaMu 1 npsimoit x + z =1 (puc. 40).

Torpa
1-x *l—x

B= H(a iy )dy = jxdx [dz = jxdx(

:ix(l—x)dﬁi(x—xz)d :[x_;_x;J

YpaBHeHVe NOBEPXHOCTU Y, i X — YV +z=1;
1

F(x,y,z):x—y+z, grad F =| -1
1
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I'IpoeKLl,Me|7| NOBEPXHOCTN Y, B KOOPAMHATHYHO MITOCKOCTb xOy

aBnsieTcs obnactb [ Ha pucyHke 38. Toraa

P, = [[(@, iy )dy = ”Mcz dy ”Mdmy

YuunTbiBas, 4YToO Ha NOBEPXHOCTN Y4 Z = l—x+ ¥y, nony4ynm

P :jj'l_x+JI_x+ydxdy:g(l—2x+2y)dxdy=

0 0
I( 2x+2y)dy jdx(y 2xy+y1 =

-Jas
;f)( ( —1—2xx 1) (x—l)z»v’x:jl'(xz—x)d =

0

_ ¥ x| 111
3 2, 32 6
CknagbiBas Bce MOTOKM, BbIMUCIIUM MOTOK 4epe3 3aMKHYTYHO
1 1 1
nosepxHocth P=———+———=0.
6 6 6 6
3.2.13. fJueepaeHyusi sekmopHo20 rnoJsisi. Teopema Naycca —
Ocmpozpadckozo.
OnpepgeneHne
HueepzeHyuet BEKTOPHOIO nons a 8 TOYKe

anddepeHumpyemoctm M HasbliBaeTCcA ckanspHasi BenuuuHa,
koTopasi o6o3HavaeTcs diV(_i(M ) M KoTopasi BblYMCNSIETCA MO

dopmyne

. o oa oa,
diva(M)= ;C(M)+8—;(M)+6L’Z(M).
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3apava 1

Bbluncnute OVBEpPreHumio BEKTOPHOI0O nons
i=x% - y*] +3zk BTouKe M(l,—2,0).
PeweHue

[MBepreHUMst BEKTOPHOTO MOMsi B MPOW3BOMLHOW  TOYKE
AnbepeHLMpyeMOCTI NOSIsi paBHa:
_ 0 0 0
diva = —<x2)+ —(— y2)+—(3z) =2x-2y+3.
Ox oy oz

BbluMcnvm 3HayeHve aMBepreHuun B TOUKe M(l,—2,0).
diva(M)=2+4+3=9.
Teopema MNaycca - OcTporpaackoro
Ecnu koopanHaTbl BEKTOPHOTO Nons d , T.e. yHKUMK ax(x;y;z);
ay(x;y;z) n az(x;y;z) - HenpepbiBHbI B 06nactn V', orpaHuyeHHoM

NMOBEPXHOCTbIO Y, BMECTe CO CBOMMW YacTHbIMU NPOWU3BOAHLIMU
nepBoro nopsiaka, TO MOTOK BEKTOPHOrO MONs 4Yepes 3aMKHYTYH
MOBEPXHOCTb Y paBEH TPOWMHOMY WHTErpany oT AVBEPreHUMU 3TOro

nons no oénactu V.
§(a, ii)dy =[[[diva dxdydz
y 14
roe y - rpadvua obnactv V' v Hopmarsb 71 — BHELUHSIS.
HokasaTenbcTBO

PaccmMoTpuM TPOWHOM MHTErpan OT AMBEpreHuun nonss d no
obnactu V'

[[[diva dxdydz = [[] ( oy 0y | O, jdxdydz
% ylox oy Oz
MycTb y - 3aMKHyTas NoBepXHOCTb, OrpaHnymsarolas obnactb
V. MpoBeném LUnMHAPUYECKYO NMOBEPXHOCTb, MPOEKTUpYtoLyo V

Ha obnacte D B nnockoctu xOy (puc. 41). MoBepxHOCTb Yy
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pa36V|BaeTc;| npu 3TOM Ha ABE NOBEPXHOCTU: Y|, ypaBHEHME KOTOpOVI

z=2z (x;y) N Y, , YyPaBHEHWE KOTOPOW Z = Z (x;y).

z=2(xy)

Puc. 41.
LimnuHapuyeckas MoBepxHOCTb nepecekaeT ob6nacte V' no
v [, Torpga, pasbusas TPOMHOW  WMHTerpan Ha  Tpu

oa oa oa
I = [([[—X dxdydz, I, = [[[— dxdyd I = [[[—=% dxdydz ,
: jijax xdydz, I, jijay xdydz w14 jgjaz xdydz

BbIYMCIIUM KaXXObIN U3 HUX OTOENbHO.

) (x;y)
oa, B oa, ,
I3 = jif . dxdydz = gdxdyZI (Ly) . dz =
22 (X;y)
:IIdXdy(az(x:y’Z) =
D 21 (x:y)
= H a, (x, V,2Zy (x, y))dxdy - ” a, (x, Y, 7 (x, y))dxdy )
D D

3ap0aguMM  eguHUYHYI0 HOpMarnb K MOBEPXHOCTM Y B BUAE:
n= {cos 0, CosB, cOS r}, roe O,B,T - yrMbl HopManu C
koopanHaTHbIMK ocsimm Ox , Oy n Oz .

[lBa nocneaHnx OBOWMHbLIX MHTEerpana aendarTCcA NOBEPXHOCTHbIMU
MHTErpanamu, BbIMUCIIEHHbIMW MPU NPOEKTUPOBaAHNN NOBEPXHOCTUN B
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nnockocte  x(Oy. [puyem nepBbii WMHTErpan — WHTerpan no
MoBepXHOCTU y,, Ha koTopoi cosT >(0. Btopon wuHTerpan -
MHTerpan no NoBepxHOCTW Yy, Ha koTopoit cosT < 0 . YuntbiBasi, 4o
dxdy:|cosr|dy, wHTerpan I3 MOXHO 3anucaTb B BWAE CyMMbl

NOBEPXHOCTHbLIX MHTErPaoB.

Iy = [[a.(x,y,z)cosrdydxdy — [[a.(x,y,z)~ cosr)dy =

Y2 Y1
= [[a.(x, ,z)cosrdydxdy + [[a.(x,y,z)cos rdy =
\p) M
=ffa. (x,y,z)cosrdy .
y

rAe WHTerpupoBaHue Bed€TCA MO BCEW MNOBEPXHOCTM Y B
HanpaBneHny BHELWHEW HopMmarnu, a yronl T' — Yron Mexay Hopmarbto

1 noceo Oz.
AHanorMyHo, npPOEeKTUpPys MOBEPXHOCTb Yy B KOOPAMHATHYIO
nnockocTe xOz (puc. 42), MOXHO MoKa3aThb, YTO

oa
y
I = fﬂ @—dxdydz = ﬁay (X, V, Z)COSde,
4 y
TA€ WHTerpMpoBaHue BeAETCA MO BCEM TMOBEPXHOCTM Y B

HanpasleHnn BHELLHEN HopmManu, a yronn B — yron mexay Hopmanbio

fi noceo Oy .

<Y

Puc. 42.
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Mpyn npoekTMpoBaHWM MNOBEPXHOCTU Yy B  KOOPAMHATHY!O
nnockocte yOz (puc. 43), NnokasbliBaeTCs, YTO

Oa
I = IH —-dxdydz = ﬁax(X,y,z)cos6dy,
y Ox
y
roe uHTerpypoBaHWe BefETCA MO BCell MOBEPXHOCTM Yy B

HanpaeneHnn BHELLHEeN Hopmanu, a yron 0 — yron mexay Hopmarsbio
1 noceio Ox .

Puc. 43.

Torga  TPOWMHOW  WHTerpan paBeH CymMmMe BCeX  Tpex
NOBEPXHOCTHbLIX NHTErpasros.

0
(v adasa: jgj(a;: + gyy + a{;’; jdxdydz -

=1 +1,+14 :ﬁ;(ax cos6 +a, cosB +a, cosr)fly =

y

y
= j-:f (a, n )dy ,
y
roe 71 - eQUHUYHANA BHELHSA HopMarlb K rpaHuue obnactn V.

3apgaua 2

Bblumcnute noTok BekTOpHOro nonsi d = zi +Xxj + vk  yepes
3aMKHYTYyl0 noBepxHocTb y: x—y+z=1, x=0, y=0, z=0 8

HanpaBrneHnn  BHeWHeW Hopmanu no  Teopeme  [aycca--
Octporpaackoro.
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PeweHue

OTa 3agaya Obina pelweHa B npeablgywem pasgene 6e3
ncnonb3oBaHusa TeopeMbl laycca — Octporpagckoro. Nockonbky
. . 0Oz oOx O
diva=2+2 19 20,
ox Oy oz

TO notok P = mdivddxdydz =0.
Vv

3apava 3
BblumcninTe MoToK BEKTOpHOro nonst @ =x°i + y° j —zk 4vepes

2 2
3aMKHYTYI0 MOBEPXHOCTb yV: X~ + )y~ =z, z=1 B HanpaBneHuu

BHelWHel HopManu no Teopeme [aycca - OcTporpagckoro u
HernocpeacTBEHHO.

PeweHue

[MoBepxHOCTL Yy MoOKasaHa Ha pucyHke 44. BblMucnvMm MNOTOK
BEKTOPHOrO Mons Yyepes Hee AByMs criocobamu.

Z A -

Puc. 44.

1. Ucnonb3yem Teopemy [aycca - Octporpagckoro. [na aToro
BbIYMCNNM AUBEPrEHLMIO MOSS.

diva=2x+2y-1.

Mo Teopeme laycca — OcTporpagckoro BblMMCNUM MOTOK P
yepes 3aMKHYTYH0 NOBEPXHOCTb Y .
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P= m'div?z dxdydz =I”(2x +2y— l)dxdydz )
v 14

TponHon uHTerpan ceegemM K ABOWHOMY MHTerparny, npoeKkTupys
obnactb V' B nnockocte xOy .
1

2 27

1
P=|[dxdy [(2x+2y—1)dz =[[dxdy(2x+2y 1)z N
x“+y

D x2+y2 D

- gdxdy(2x+2y_1)(1_x2 _yz)

PelwlB COBMECTHO YypaBHEHWS OrpaHudMBaloWmx obnactb V'
NoBepXHOCTEN
xz+y2 =z xz+y2 =1
z=1 z=1

BbISICHUM, 4YTO obnacTe [, Ha KOTopylo NpoekTupyeTcs obnacts V',

npeacraenaeTt cobol Kpyr paguyca 1, nexaiwmin B nnockoctn z =1
(pwc. 45).

by

Puc. 45.

Meperigem B MNONMyYeHHOM [BOWHOM MWHTErpane K MonsipHbIM
KoopaMHaTam.

P = [[(2ccosu + 2csinu —1)(1—(:2)cdcdu =
D

2p 1 2p 1
=2j (cosu+sinu)duf(c2 —c4)dc — j duj(c —c3)dc.
0 0 0 0
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B KkaxgomM ©3 OBYX MNOBTOPHbLIX WHTErpanoB MNepeMeHHble
pasgeneHbl. OHU SABRAKOTCA NPOM3BEAEHUSMU WHTErpanoB, U3
KOTOPbIX OOWH 3aBUCWUT TOSMbKO OT NMEpPEMEHHOW I, a ApYron — oT

nepemeHHoun C . [epBbii NOBTOPHbLIM MHTErpan paBeH HymM, TakK Kak B
HEeM BHELUHWA WHTerpan BblIYUCNSETCA OT CUMHyCa M KOCUHyca Mo

nepvogy. Moatomy notok P 3anucbiBaeTcs B BWAOE CEAyoLEro
uHTerpana.

2 4 1

2p 1
PR i A PR i L
e~ =] -5

2. Tenepb BbIMMCIIMM NOTOK, pa3genss ero Ha ABa notoka
P=R+Ph.
MoTok F BbMMCNSIETCS Yepe3 MOBEpPXHOCTb Y| B HanpasrieHWW
Hopmanu #;, a noTok P, BbluMCnsieTCs Yepe3 MOBEPXHOCTb Y, B

HanpaBneHun HopManu 7, (puc. 44).
P, = [[(a.7 )y, P, = [[(a.ii, dy .
M Y2

O6Ge NoBepXHOCTW MPOoeKTUpytoTea B nnockocte x(Oy B obnacTb
D (puc. 45).

0
yiiz=1;i=k=|0|; (d@,n;)=—z=~1.Torna
1

=S

e
Il
=
—_
L
5
Il

Kpyra — —Pp-

\ZE x2+y2=Z, x2+y2—Z:O, F(x,y,z)zO, roe
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_ _” (a gradF)

52
2x
Boivcrmm  grad F =| 2y |. Scho, uro grad F 11 7y, TaKk oba
-1

BekTopa o6pasytoT ¢ ocbio Oz yron, GonbLlunii, yem 90° . ‘%—I;‘ =1,a

(Zz,gradF)= 2x° +2y3 +z=2x" +2y3 +x° +y2.
BbiGupas 3Hak nnoc nepes MHTerpanomM B opmyrne Ans notoka
P, nonyunm

P, =”(2x3 —i-2y3 +x° +y2)dxdy.
D

B norfy4eHHoOM UHTerpane nepeﬁp,eM K MONApHbIM KOOpANnHaTaMm.

P = H(2c3(cos3u +sin3u)+ cz)cdcdu =

2 2 1
=2 jp(cos I + sin u)a’ujc“dc + jpdu_[c3dc =
0 0 0 0

2 1 2 1
=2 jp (1 —sin? u)d(sinu)jc4dc -2 jp (1 — cos? u)rl(cosu)jc4dc +
0 0 0 0

2p 1
+fdujc3dc:
0 0
inS 1 )12 Sh 2 |
=2 sinu—Slnu b — 2| cos1t — o pc_ +
3 0 510 3 0 510

4
¢l 1 1
+2p- S =2.00==2.0. -+ 2 =2
40 5 5 2 2
Cﬂeﬂ,OBaTeﬂbHO, NMOTOK 4Yepe3 BCH MOBEPXHOCTb onpenendeTcd

no dpopmyne

108



P P
p=-—p+2=-_P
P 2 2
3apaua 4
HaifTn noTok BekTopHoro nonsi @ = Xxi + yj +xyzk uepe3s

3aMKHYTYH NOBEPXHOCTb S ) o6pasoBaHHy+o umnnmnHapom x2 + 22 =9

n nnockoctamn ¥y =0 n y =3 B HanpaBneHUU BHELLHEN HOPMaTW.
PeweHue

1. Mo Teopeme laycca — OcTporpafckoro
P= ﬂf div a dxdydz .
vV

Takkak diva =1+1+xy=2+xy, 10 P=I”(2+xy)dxdydz.
4

O6nacTtb V' npoekTtupyetcs B KoopauHaTHyto nnockocte xOz

Ha obnacte D - kpyr paguyca 3 (puc. 47). Torga TporiHOWM MHTerpan
MOXHO CBECTW K ABOMHOMY MHTerparny.

z
A

~ n

D

- 3
/ﬁ'x C
X
Puc. 46.
P= jjdxdzj(Z + xy)dy = ”dxdz 2y +x—|| = jj[6 + —xJa'xdz :
D 0 D 2)0 D 2
Meperiném B STOM [OBOMHOM WHTerpane K MNONApHbIM
X =csinm
KoopauHaTam: { , dxdz =cdcdu (puc. 47).
Z =CCOSII
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Puc. 47.

2p 9 ¢ 9 ¢’
P=|d 6+—=csini dc = | du| 6-— + —sini -—
£ “{( 2 ujd I u( 2 2

3

0

2p

(27 3
3] 9+ —sinn |dug =27 4 —=cos =27-2p=54p.

2. Boluncnum noTok, pasbusasi ero Ha YeTbipe NoToka
P=R+PR+FA+F.

R = [[(a.7 dy .

0
Mockombky yy:y =3, 7 =j=|1], (ﬁ,le):y=3,To
0
P :H3dy:3jjdy:3-Sprra:3-9p:27p.
Y1 Y1
P2 = J-J‘(Zl’ﬁZ)ly
Y2

0
Mockonbky Yy iy =0, iy =—j =| =1|, (@, 7y)=-y =0, 710
0
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Y2

Motokn P n P, BbluMcnsioTcs Yepes NOBEPXHOCTb LMIUHAPA

2, .2
x“ +z° =9, kotopas pasgeneHa nnockocteto x =0 Ha gBe vacTu.
MoTok P; cooTBeTCTBYeT TOW YacTu LUMNMHApa, Ha kotopoit x >0, a

notok P, x<0.

P= jj(a My =+ ﬂMd dz

ox

1
roe F(x, v, Z)= x2 +z% - 9, gradF = 2xi +2zk obpasyeT c
ocbto Ox oCTpbIii yron, ‘aF‘ =2x, a obnactb D; nokasaHa Ha

pucyHke 48.
Torga P = H% dz = ”(x—i—yzz)flydz.
Dy Dy

B nonyyeHHOM [OBOWHOM WHTErpane Xx =\/9—22 . MNoatomy

Py = l.[)J' (\/9—7+ y22 )dydz :

ZA
3

Puc. 48.
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- a, grad I
P, = ”(a,n4)dy =+ %ydz
Ya Ox

D

roe F(x, v, z) =x? 22— 9, gradF = 2xi +2zk obpasyeT ¢ 0Cblo

Ox Tynon yron, ‘g—f‘ =—2x,aobnacte D; nokasaHa Ha pucyHke 48.
2x% + 2)cyz2 2
Torga P = ”—dydz = ” (— X—yz )dydz.
D, —2x D,

. / 2
B nonyyeHHoM ABoWHOM uHTerpane x = —\9 —z~ . Moatomy

Py = H(\l9—22 —yzz)dydz.
Dy
Cymma notokos P n P, paBHa

P+ P = H(\]9—z2 +y22+\/9—22 —yz2)dyd2=
D,
3 3 3
:2“\/9—22dde:2dejV9—z2dZ:2~3-2J 9—z2dz .
D, 0 -3 0

B nonyyeHHoM uHTerpane caenaem 3ameHy z =2sint,
dz =3costdt. Torna

D b

2 2
P+ P, =12[V9-9sin ¢ 3costdt =54 2cos’ tdt =

0 0

b

2 p D
=54j(1+cos2t)dt:54-5+27sin2t(2) =27p.
0

CKJ'Ia,D,bIBaFl BCe NOTOKU, nony4ynm
P=2Tp+27p=>54p.
3AMEYAHMUE 1

[MoTOK 4epe3 UMNUHOPUYECKYID MOBEPXHOCTb y,lJ,06HO BblHYNCNATD,
3anuckiBas ero B Buae NOBEPXHOCTHOro MHTerpana 1 poga v 3agasas
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3Ty NOBEPXHOCTb NapamMeTpnyeCKuMn ypaBHEHUAMU UITN BEKTOPHbLIM
ypaBHEHNEM.

ECr BEKTOpPHOE YpaBHEHME MOBEpXHOCTM Y  WMeeT  BuA
V= F(u, V), e a<u<b, ¢c<v<d, ToO nOBEPXHOCTHbIi
WHTErpan nepBoro poaa CBOAUTCS K ABOWHOMY MHTerpasny no o6nactu

a<u<b

D: no copmyne:
{c <v<d

[[.£(x, p, z)dy = gf(x(ua V) y(u, v), 2(u, v))-[[7, 7| dudv .

3apava 5

BbIUNCAMTL MOTOK BEKTOPHOro nons d = XI + Vj + xyzk uepes

2, .2
yacTb  MOBEPXHOCTM  uumMHApa X~ +z~ =9,  BbipesaHHyto
nnockoctamm y =0 n y=3.

PeweHue

P=[(a, i)y,
y
rae 7 - eAVHWYHas HopMarb, KOTOPYK MOXHO ONpedenuTb yepes
rpagueHT no gopmyne

grad F(x, y, z) 2, 2

7 = ’ F b b =
" |gradF(x, v, z] (3, 2) =27+ 2
P 2xi +2zk B 2xi +2zk _ 2xi +2zk _ xi +zk
\/4x2 +4z° \/4()62 +22) V49 3

YuyuTbiBasg 9TO, MOTOK yepel3 MNOBEPXHOCTb uunnHapa MOXHO
3anuncaTtb B BUAe NOBEPXHOCTHOIO MHTErpana nepeoro poaa.

P :%J‘j(xz +xyzz)dy.
y

2 2
y - UMnuHApuYeckas NoBepxXHOCTb X~ +z° =9, kOTopy MOXHO
3aJaTb NapameTPUYECKUMU YpaBHEHUAMU

x=3sinm, y=y, z=3cosII,
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B aTux ypaBHeHusix napametpamu GydyT nepemeHHbie I u ),
KOTOpbIE Ha 3aJaHHON NOBEPXHOCTU MEHSITCA B Npeaenax:
0<u<2p,0<y<3.
BekTopHoe ypaBHeHWe NoOBEPXHOCTM MMEET BUA;
7 =3sin1i + yj +3cosuk .
—r T . =Y A
Fy =3cosui —3sinuk, ry=1J.

Bbluncrnimm BEKTOPHOE Npou3BeaeHne

i k 3sin1
[r r] 3cosy 0 —3sinm|= 0
0 1 0 3cos1t

MO,U,yﬂb BEKTOPHOro npoun3seneHmna paBeH
S ) 2
‘[ru, ry” = \/9sm m+9cos“ 1 =3.
Torga MOTOK 4epe3 MOBEPXHOCTb Y, Y4MTbiBas 3aMevaHue,
MOXXHO 3anucaTb B BUae ,D,BOVlHOl'O MHTEerpana
- %ﬂ(9sin2 M+ 27sin1 cosuzy)3dudy ,

B KOTOPOM 06MacTb UHTErpupoBaHust D sBRsieTCs NPsIMOYroSIbHUKOM
0<up<2p,0<y<3.

Paccrasnsas npepgenbl nHTerpauunmn, Bbl4HNCITIMM [OBOWHOWN MHTErpan

2p 3
P=33 fduf(9sin2u +27sinuCOSZHy)dy -

2p
I9sm uduj dy + I 27sin1cos udujydy—

0 0 0 0

2pq 3 2p 203
j cos2u -y —27] cos®1id costy - 2| =
0 0 0 210
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1 .2p 9 cos 1 |2p
=9.—.3((1-cos2m)dy —27 - —- )
2 (I)( ) 2 3 |o

BTopoe cnaraemoe B nocrnegHen opMmyne paBHO  HYyMo,

uHTerpan oT COS2I MO MPOMEXYTKY [0, 2p] Takke paBeH Hyrto.
MoaTtomy
27
P=7-2p:27p.

3AMEYAHMUE 2

Mony4YeHHbIN pe3ynbTaT MOXHO CPaBHUTL C pe3ynbTaTom 3agayu 4, B
KOTOPOW BbIMUCASNCSH MOTOK AAHHOFO BEKTOPHOrO MOMs Yepes Takyto
e LUMNNHOPUYECKYIO NOBEPXHOCTb.

3.2.14. ®u3uyeckuli cMmbics1 dueep2eHyuUU

Myctb B o6Gnactu ) TpexmepHOro MpocTpaHCTBa 3agaHo
BEKTOPHOE norne d W nycTb TOYKa M(xo,yo,zo) eD.
Ecnun HekoTopas o6nacte V' < D comepxuT BHYTpU Touky M 1
y - 3aMKHyTasi MOBEPXHOCTb, SIBMSIOWASACH rpaHuLen obnactu
V < D, 10 no Teopeme Maycca — OcTporpaackoro
§(a,7i My = [[[diva dxdydz .
y 14

[No Teopeme 0 cpeaHeM TPOWMHOW MHTErpasn B NpaBol 4acTu 3TOro
paBeHCTBa MOXHO NpeacTaBuTb B BUAE

[[[diva dxdydz = divd(P)- IV,
V

roe Touka P eV ,a IV - o6bem obnactn V' .
YuntbiBasa 310, Teopemy [laycca — OcTporpagckoro ans obnactum
V' moxHo 3anucaTb B Buae

(a7 My = diva(P)- v,
y
§(a, i dy
oTKygda cnieayert, uto div Zz(P) =Y

hiv%
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Mepexoasa B nocrnegHem paeeHcTse k npegeny npu AV — 0 Tak,
4TOObI MOBEPXHOCTb Y CTsArMBanach B Touky M , nonyunm

§§(@,7i)dy

divEl(M): lim ¥———.

w—o AV
U3 NnoJfly4eHHOro paBeHCTBa MOXHO YCTaHOBUTb (bVI3I/I‘-IeCKI/IIZ
CMbICH aneepreHuun. ,U,VIBepFeHLI,VIFl paBHa MOLLIHOCTHU

(MHTEHCMBHOCTM) MOTOKA BEKTOPHOrO MOSs, OTHECEHHOM K efduHuue
obbema.
3.2.15. ConeHoudanbHoe nosne
Onpepgenexune 1
Ecrn diva(M)>0, 1o roopst, uto B Touke M UCMOYHUK.
Ecrm div E(M) <0, To roBopsT, 4TO B Touke M cmok.
3AMEYAHUME
W3 onpepenenns 1 cneayet, uto ecrm div 5(M)= 0, 1o B TOUKE
M HeT HU CTOKa, HN NCTOYHUKA.
OnpepgenexHune 2
Ecnm B obnactu D TpexmepHOro npocTpaHcTBa 3adaHo
BEKTOPHOE none d v ecnu B Kaxaon Touke M € D diVZi(M)I 0,
TO More HasbiBaeTCs COsTIeHOUBaNbHLIM.
CBoucTBa coneHoupanbHOro nons

1. B coneHoupanbHOM Mone MOTOK 4Yepe3 byl 3aMKHYTYHO
MOBEPXHOCTb PaBEH HYIH0.

Tak kak diva =0, To no Teopeme laycca — OcTporpagckoro
notok P = ﬁ(ﬁ,ﬁ)dy = mdivﬁdxdydz = ”Idedydz =0.
y 4 14

2. B coneHonpanbHOM none HeT UICTOYHMUKOB U HET CTOKOB.
Tak kak B Todke M BEKTOPHOro NOMs @ WCTOYHWK UMK CTOK, €Cn

diva(M)=0.
3. TloTok u4epe3 nomnepevyHoe ceyvyeHne BEKTOpPHOW TpyOku B
coneHounaarbHOM none NOCTOSIHHbIN.
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Puc. 49.

Ha puc. 49 noBepxHOCTb Y, - MOBEPXHOCTb BEKTOPHOW TPYOKM —

06paaoBaHa BEKTOPHbIMN JTTMHUAMN. BeKTop nonga HanpaseJieH no
KacaTeJ/ilbHbiIM K BEKTOPHbIM JIMHUAM, MO3TOMY TMNOTOK 4Yepe3d 3Ty

NOBEPXHOCTb pPaBEeH HYIO. HOBerHOCTM Y1 w y3 - paBHble

nornepeYHble CeYeHUst BEKTOpPHOW TpyOku. [MOTOKM 4epe3 3Tu
NMOBEPXHOCTU  MPOXOAAT B HanpaBfieHUM  NPOTUBOMOJSIOXKHbBIX
€ANHUYHBIX HOpManen.

Mo Teopeme [laycca — OcTporpagckoro MOTOK 4Yepe3 BCHO
3aMKHYTY NOBEPXHOCTb Ha puc. 49 paBeH Hynio.

[[(@. i)y + [[(a, i)y + [[(@, i)ty =0.
Tacwak [[(a, 7}y =0, 70 [[(a, iy =~][(a, i)y .

Ecnn nameHuTb HanpasneHne Hopmanu Ha MOBEPXHOCTU Y3 Ha

NPOTUBOMNOSIOXKHOE, TO MONYyYUM
[1(@, iy = [[(a, 7 ¥y
Y1 Y3

3apaua 1

BbisicHuTb, 6yaner nu none a = xy217 + xzyj - Z(x2 + yz)lz
coneHonganbHbIM.
PeweHue

Bbluncnnm gnBepreHumio 3agaHHoOro BEKTOPHOro Nossi.
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= Zloh 2l 2l )

diV(i:y2 +x? —x2—y2 =0.
CnefoBaTernbHo, Mone ConeHoMaasnsHoe.
3apava 2

BbluMCIIUTL  MOTOK BEKTOPHOTO nonst  d = yzi +2yj —2zk

y= x?+ 22

yepes 3aMKHYTYI0 NOBEPXHOCTb S : .
x> +z2 =1

PeweHue

Mockonbky
. . 02 O 0
diva =— +—2y)+—(-22)=0+2-2=0,
)

TO none coneHoupgaribHoe W, chnegoBaTesibHO, MNOTOK 4epe3
3aMKHYTYIO NOBEPXHOCTb paBeH HYyIIo.

3.2.16. Yupkynsiyusi eekmopa no 3aMKHymomy KoHmypy. Pomop.
Teopema Cmokca

Kak yxe roBopunocb, KpUBOMMHEVHbIV MHTErpan BTOporo poga no

3amkHyTOM KpuBoii [ oBo3HavaeTcs §(é,dr) M HasbiBaeTcs
/

LUMpKynsiuMern. 3aMKHYTYI0 KPUBYKO Yalle HasbiBaloT 3aMKHYTbIM
KOHTYpOM.

OnpegeneHune
MycTb 3agaHo BEKTOPHOE none

d=a.(x,y,z)i + ay(x, y,z)j+a,(x,y, z)lg .
PoTopoM BeKkTOpHOro noms B Todke AuddepeHumupyemoctn P
Ha3bIBAETCs BEKTOP, KOTOpbIi 0BO3HavaeTcss rotd (P) N KOTOpbIf
BblYMCNSETCA Yepes KoopaAuHaTLI BEKTOPHOro nons no dopmyne
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_ (6a, Oa,). [Gax 8azj~, da, oa, |-
rota = - i+ — Jj+ — k.
oy 0z 0z Ox ox Oy

dopmyny aOns  BblMMCIEHMS poTopa MOXHO 3anucatb B
CUMBOSNYECKOW, YAOOHOW Anst 3anoMuHaHusa hopme:

— — jnd

ik

o J 0
rota =

ox 8y oz

a, a, a,

roe onpepgenutenb cnegyeTt  BblHUCIATb, WCNONb3yA Teopemy

0 0
pasnoXeHWs Mo Nepeoil CTPOKe, a Moj CUMBOMaMU —, — U —
ox’ Oy az

NMOHMMAaKTCA onepaunn BbIHUCNEHNA YaACTHbIX MNPOU3BOAHbLIX MO
COOTBETCTBYHOLWKMM NepeMeHHbIM.

3apaua 1

BbIuMCnNTL POTOP BEKTOPHOTO Momnst d = 3yl7 - xzj + (xy + Z)]; B
TOYkKe M(2,—1, 2).
PeweHue

PoTtop nons B nponsBonbHOM Tovke anddepeHumnpyeMocTu

i k
rotd:% % ai (x4 x) —(y=0)f +(=z—3)F =

=2xi — Y] — (z +3)l€.
Potop noms B 3agaWHoit Touke M(2,-1,2)  pasen
rotd(M)=4i + j -5k .
Teopema CTokca

Mycte B o6nactu [ TpexmepHOro MpocTpaHCTBa 3agaHo
BEKTOPHOE norne
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a= ax(x, Vs Z)i +a, (x, Y, Z)j +a, (x, Y, Z)k
N yHKUMM ax(x;y;z), ay(x;y;z) 7 az(x;y;z) HenpepbIBHbI
BMeCTe CO CBOMMU HaCTHbIMK NMPON3BOAHbIMWU NEPBOro nopsaaka.
LinpKynsiuma BEKTOPHOro nomnst d BAOMb 3aMKHYTOro KoHTypa [,
nexatulero B obnactu D, paBHa MOTOKYy pOTOpa 3TOro nosna 4yepes

noGylo NOBEPXHOCTb Y , HATAHYTY Ha KOHTYp /, B HanpaBneHuu
HOpMaru, OTHOCMTENbHO KOTOPOI 06X0f KOHTYpa NOSIOXKUTENBHbIN.

§la,dr)= [[(rota,ii)dy
l y
[JokasaTtenbcTBO
Byaem cuutath, 4TO NOBEPXHOCTb Y TakoBa, YTO Nobas npsmas,
napannensHas ocn Oz , nepecekaeT eé B OQHON TOUKeE.
MonoXutenbHoe HamnpasneHne eauHUYHON HOpManu 7i BO3bMEM

A
Tak, 4tobbl cos| 7;0z | >0, 1o ectb cosy>0 u Yy - ocTpbn yron

(pwnc. 50).

A

<

_—

A A

<@

Puc. 50.

MycTb z:z(x;y) - ypaBHeHWe noBepxHocTM . EAuMHWUYHYIO
HOpManb K 3TOii MOBEPXHOCTU HaldeM, 3anucbiBas YypaBHeHue
NOBEPXHOCTU B BUE
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F(x,y,z):z—z(x,y)zo
1 BLIYUCNAS TPAAMEHT CKanspHON pyHKLUM F(x, y,z).

—Z

=T =R

gradF =| -z
1

MockonbKy TpeTbsi KoopauHaTa MNONOXUTEeNbHa, TO 3TOT BEKTOp
HanpaBneH Tak Xe, Kak U 3aJaHHasi Hopmarb. EQvHuyHyo HopMarnb
MoNy4nM, ecrii HOPMUPYEM ITOT BEKTOP

=z Z

\/1+ )Z \/1+ )2 \/1+

PaccMoTpyM KpUBOMMHENHbIN MHTErpar:

f(?l, E): j;ax(x, V, Z)dx +a, (x, v, z)dy +a, (x, v, z)dz .
l l

MycTb ¢ - Npoekumus 3aMKHYTOro KoHTypa / Ha nnockoctb xOy .

HanpaBnenne o6xoJa KOHTypa C COOTBETCTBYET HanpaBieHuio
obxopa koHTypa [ . Toraa

fla.dr)= fa 323l 0, (e

(xy,( e (v ) + 24, (v, )y )=

§5( (.20 y)+a, (. 2(x, )2, ( ,y))dx +
( Ly, z(xy))+a.(x, v,z L)y

B nocnegHem uHTerpane ncnonb3yem cpoplvlyny MpuHa. MNony4ymum

§(a dr) ”( "+ Oa, ), + 8az z), +a,zy, -

Ox oz XY
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= [[ (rota ﬁ\/l—i- )dedy ” rotd,ii)dy .

3apava 2
Hangute LMPKYNALMIO BEKTOPHOro nons
2 2
- o x“+y =1
a= (x2 - y)z + xj + k Bponb koHTypa I': Y )
z=1
PewweHue

‘A

Y<

\

Puc. 51.
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1. Bobuncnum umpkynauuio C = §(x2 —yx+xdy+1-dz ,
T

3apaBast koHTyp I (puc. 51) napameTpuyeckumy ypaBHEHUAMN

X =cost dx =—sintdt
I': Jy=sint ,<{dy=costdt ,0<t<2p.
dz=0

z=1
Toraa UMPKYMALMIO BEKTOPHOrO MOMsi MOXKHO 3anucaTb B Buae

onpeneneHHoro nHterpana
2p )
C=| ((cos t—sin tX— sint)+ costcost + O)dt =
0

2
jp (0052 t(—sinz)+ l)dt =

2p
= j(cos2 t(—sint)+ sinzt+coszt)dt:
0 0
2p 3.2
= | cosztd(cost)+ 2p= cos ! p+2p =2p.
0

0
2. BblMMCnUM LMpKYNSUmMio, ucrnosb3ys Teopemy CTokca:

C = [[(rotad,ii)dy,

y
rae 'y - NOBEPXHOCTb Kpyra paguyca 1, nexawliero B MNSIOCKOCTU

z=1.
i Jok
rotd = % % %=?(o-o)-j(o-o)+1€(1+1)=21€.
xz—y x 1
KoTopon obxopn

MoCKOMbKYy €eaVMHUYHOW HOpMarbio, CO CTOPOHBbI
KOHTYpa MOMOXUTErbHbIN, K MOBEPXHOCTM z =1 saBnseTca BeKTop k,
TO (rotﬁ,ﬁ) = (2E,E)= 2 . Moatomy

C = [[2dy =28 yra =2p.

y
123



2.3.17. dusu4deckuli cMmbics1 pomopa. besesuxpeesoe nosne
BbiicHUM chbusnyeckuini cmbic poTopa B HekoTopon Todke M,

anddepeHumpyeMocT nons d. [na 3Ttoro paccMotpum mo6oit
3aMKHYTbI KOHTYp [, BHyTpM KoToporo nexut Touka M. Ecrm y -

MOBEPXHOCTb, B KOTOPOW NEXUT KOHTYp [ u Touka M, TO MOXHO
ncnonb3oBaTth TeopeMy CTOKca, 3anvcbiBas ee B Buae

§(c7,a’r)= ” IIp; rotady .

l y
Wcnonb3yem TeopeMy 0 cpedHeM Ansi NOBEPXHOCTHOIO MHTerpana

§(ﬁ,cﬁ): Ip; rota(P)- S, ,
l
roe P - HekoTopas Touka BHYyTpU KOoHTypa [, a Sy - nnowagb
MOBEPXHOCTU Y . /13 NocnegHero COOTHOLLIEHMS MOMYYNM
$(a.n)
IIp;; rot Zz(P) Ty m—
Sy

Mepeiigem Kk npegdeny npu Sy—>0 Tak, 4Tobbl KOHTYp [

craruBancs B Touky M . Torga

— _ . ]
Ip; rota(MO)— lim S—
Sy -0 y
Mpoekuus poTopa BEKTOPHOro MOMs Ha eAUHUYHYIO HOpMarb B
Touke M, paBHa npeaeny OTHOLLEHWUS LIMPKYNALMUM BEKTOPHOTO Nors

BOOSb KOHTypa [, nexaiuero B nepreHauKymnsapHoi 3TON HopManu
nnowiaake K nnowaau obracTv, orpaHUYeHHOW KOHTypoM [ npwm
yCroBUK, YTO 06nacTb cTarvBaeTcs B Touky M, .

CnepoBaTencHo,  poTOp  XapakTepusayeT  BpallaTesibHyio
CNOCOGHOCTL Monst B AaHHOW Touke. Ero HanpaBneHue napannensHo
ocu BpalleHus. Ero mMoaynb paBeH YOBOEHHOW YrMOBOW CKOPOCTM
BpaLLeHus.

124



3AMEYAHUE

HanpaBneHne potopa — STO HanpaBlieHue, BOKPYr KOTOPOro
LMpKYNsSuMs umeeT Hanbonbluee 3Ha4YeHme.
OnpepeneHue

Ecnn Bo Bcex Todkax nons rota =0, To none HasbiBaeTcs

6e3euxpeebiM.
B ©e3BuxpeBOM nofe UuUMpKynsuus BOOMb JIHOOOrO 3aMKHYTOro
KOHTYpa paBHa HyIl.
2.3.18. [NlomeHyuanbHOe nosne

OnpepeneHue

BektopHoe none @ HasbiBaeTcs momeHuuanbHbIM, €CNnn
CyLLleCTBYeT cKansipHas (pyHKUuMS u(x; y;z), Takas, yto d = grad u .

PyHKUMA u(x; y;z) npu 3TOM Ha3sblBaeTCcs MomeHyuasaom
nons.
Teopema

Ona Toro, 4toGbl none BekTopa @ O6bINO MOTEHUMANbLHO,
HeobXxoaMMOo 1 JOCTaTouHO, YyTobbl rota = 0.
[JdokasaTtenbCcTBO

[okaxem Tonbko HeobxoammocTb. [NycTb none BekTopa d -
noteHumansHo. [Jokaxem, uto rotd =0 .

M3 noTeHumManbHOCTM nofs crnegyet, 4TO CyllecTByeT
ckansipHas yHKUmMA u(x,y,z), Takasi 4To:

o _ow

a, = a,=—, a .
Tl ooyt oz
i ]k
- 0 0 0 - aaz aay - aaz 8ax
rotd =— — —|=i|—F-——|—j| —F=—-——%1+
ox Oy oz oy Oz ox 0z
a, a, a,
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Tak kak

da, 0Oay, 3 (éu a(au o’u  d%u

oy e _5 0z) oz\ oy :azéy_éyaz:

da, Oa, _ 0 (0u 8(&1 _82u_82u_
Ox 0z ox\0z) 0z\0Ox) Ox0z Ozox
da, da, 0 (ou G(Ou_ﬁzu_azu_o
ox oy ox\oy) oy\ox) oOyox Oxoy

CneposatenbHo: rotd =0 u noTeHunanbHOe none Bceraa

Oe3BuxpeBoe.

OGpaTHoe yTBepxaeHne - Ge3BMxpeBoe Mnosfie MOoTeHUManbHO -
BEPHO TONbKO B TOM Cry4vae, ecnv obnacte gudpepeHumpyemocTu
nons siBNsieTcs 0AHOCBSA3HON.

CBoucTBa NnoTeHuManLHoOro nons

1. Lnpkynaumsi Bektopa nonsi no nobomy 3amMKHYTOMY KOHTYpY,
LenvkoM rnexaiiemy B 0o6nactu HemnpepbiBHOCTM MOTEHLUManbHOro
nons, paBHa HyIto, TaK Kak

§ld,dr)= [[(rota,ii)dy = 0.
l y
2. B o6nactv HenpepbIBHOCTM NOTEHLUMAna nonsi KpUBOJIMHENHBIN
MHTEerpan BTOpPOro poda He 3aBUCUT OT NyTU WUHTErpupoBaHuA, a
paBeH pa3HOCTM 3HA4YeHWI MNOTEeHUMana B KOHLE W Hayane nyTtu
WHTErpnpoBaHus, Tak Kak

i(a,d?) = i(gradu,d?) = idu =u(B)-u(4).

3. [MoTteHuman nonsa B MPOU3BOMbLHOW TOYUKE M(x,y,z)
BbIUMCNIAETCA MO hopMmyre
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M
u(M)=u(x,y,z)= f(d,d?)+C,
A
KoTopasa crniegyeT u3 npeabiayuiero ceonctsa npu C = u(A) ad-
nobas Touka, nexawas B 06nactun HENPepbIBHOCTYM MOIs.

4. Pa6ota noteHuUuansHoro nons Ha nyt AB paBHa pasHocTu
noTeHUMaroB B KOHEYHOW U Ha4YamnbHOM ToYKax MyTu:

A= Jaxdx +aydy+a.dz = u(B)—u(A).
(4B)

3apaua

MpoBepbTe MOTEHUMANLHOCTL Monst & = yzi + xzj + xvk .
Hangute ero noteHuman u Bbluucnute paboTy nons d npwu
nepemelleHum Toukn us M B N, ecnu M(l;—2;3); N(Z;—l;—Z).
PelwueHue

Mone noTeHUManbHoO, ECAN Ero POTOP PaBEH HYTIHO.

i j ok
mta:a_i % %:(x_x);_(y_y)j+(z_z);;:o.

Hanpém noteHuman nons

(x,7.2) (x.7.2)
u(M)= f(?l,d?)+C: [ yzdx + xzdy + xydz + C .
(0,0,0) (0,0,0)

lMyTe wHTerpupoBaHus Bblbepem B BuAE JIOMaHOW, OTPEe3Ku
KOTOpOW napannernbHbl KoopauHaTHbIM ocam (puc. 52). Torga

u(M): j yzdx + f xzdy + fxydz+C=
OP PQ oM

X y zZ z
:Jde+_[0dy+jxde+C:xyfdz+C=xyz+C.
0 0 0 0
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A
o1 \\\‘*\\ M(xa y:Z)
e
A
0 /y Y
X, > ]
xy)~ P 0

Puc. 52.

MoTeHuwan nonsa paseH u(x,y,z)zxyZ+C. Pa6oTa nons Ha

nytm MN paBHa pa3HOCTM MOTEHUMANOB B KOHEYHOW M HavanbHOM
TOuKe.

A=u(2,-1,-2)-u(1,-2,3)=2-(~1)-(-2)-1-(-2)-3=10.

3.2.19. Jlannacoeo none
OnpepgeneHune
BekTopHoe none d  HasbiBaeTCs  JlanaacoebiM  Unw
2apMOHUYeCKUM, €CIN B KaXa0W Touke ero avddepeHLnpyemocTu
diva=0wunrota=0.
JlannacoBo none saBnseTcsa oAHOBpPEeMEHHO noTeHunanbHbIM ”

coneHounaanbHbIM. Ons Hero BbIMOJTHAKTCA BCe CBOWCTBa
NOTEHLMansHOro 1 corieHonaanbHOro nosen.

NannacoBo none d — none HEKOTOPOro rpagueHTa, TO ecTb
a=gradu. Tak kak diva =0, To nmoTeHuman nannacoea mnons
YOOBNETBOPSET YPaBHEHMIO
o%u N o%u N o%u B
o Gyz oz?
KOTOpOe HasblBaeTcs ypagHeHueM Jlannaca. OyHKumMs, SBNSAIOLLAsACS
PELIEHNEM 3TOro YPaBHEHWS, HAa3blBAETCS 2aPMOHUYECKOLU.
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3.2.20. Onepamop NamunbmoHa

OnpepeneHue
Onepamopom [amunbmoHa uvnu
Ha3blBaeTCs onepaTop creayroLlero smaa:

§:f£+]£+1€i.
ox oy 0z

C nomoLlbto onepatopa amMunbToHa MOXHO B yaobHon dopme
3anucatb Bce AvddepeHumanbHble onepaumm Teopym Nons.

gradu =8_ul7+8_uj~,+8_ul€ =Vu.
ox Oy 0z

onepaTtopom «Habna»

diva=—2=+ + =
x o0y Oz
i j ok
i=lo o 2_[v.4]
rota = | I V,a
a, a, a,

C nomouwblo onepaTopa [aMunbToHa ferko [AoKasblBaloTcs
HeKoTopble TEOPEMbl TEOPUM MOSS.

Teopema 1
Mone rpagneHTa Bcerga noteHUManbHo.

[JdokasaTenbCcTBO
3anucbiBad onepauuio BblMUCREHMSI poTopa 4epes onepaTtop
MaMunbTOHa W yyuTbiBas CBOMCTBA BEKTOPHOrO MNpousBeaeHus,

nony4ynm

rotgradu = [@, ?u]: [@,6] u=0.

Teopema 2
Mone poTopa Bcerga coneHomgansHo.
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[okasaTenbcTBO

3anucblBas  onepaumio  BbIMUCMEHWUS  AMBEpreHuun  yepes
onepatop [amunbTOHa M  y4yuTbiBas CBOMCTBA CMELLUAHHOro
Npoun3BeAeHNst, NOMy4nUm

divrotd = (V.[V,d))=0.

4. KOHTPOIbHbIE BOMPOCHI MO TEOPUN

1. Kak onpegensietca OBOWHOW MWHTerpan no o6brnactn? B 4yem
COCTOUT rEeOMETPUYECKUN N MEXaHUYECKUA CMbICTT OBOWHOro
WHTerpana?

2. Kakas (pyHKUMs HasbliBaeTcsa MHTerpupyemon no obnactn? Kakve
YHKUUKN ABASIOTCS UHTErpUpyemMbIMn?

3. Kakumu cBoncTBamu obragaeT OBOVHOW MHTerpan?

4. Y710 Takoe MOBTOPHbLIN MHTErpanm W Kak CBA3aHbl npegenbl
WMHTErpauMm B HEeM C ypaBHEHUAMU rpaHuy, obnacTtu
WHTErpnpoBaHma?

5. UYrto Takoe skoGuaH npeobpas3oBaHWs M Kak OH BbIrMAgUT Mpu
nepexoge K NonsipHbIM U 3NAUNTUYECKM KOOpAMHaTam?

6. lo kakum dopmynam BbIMUCASKOTCA CTaTU4ECKME MOMEHTbI
TOHKOW MMOCKOW MMAacTWUHbI OTHOCUTENBbHO KOOPAWHATHBIX OCEn?
OTHOCUTENBLHO Havana koopanHaT?

7. Tlo kakuMm hopMynam BbIMUCASIOTCS KOOPAUHATBI LIeHTpa TSXeCTu
TOHKOW MSI0CKOW NIacThHbI?

8. Tlo kakMm chopmynam BbIMUCASIKOTCS MOMEHTbl UHEPLIMM TOHKON
NAOCKON  MNAaCTUHbl  OTHOCUTENMbHO  KOOPAWHATHBLIX  OCen?
OTHOCMKTENbHO Havyana koopavHaT?

9. Kak onpegensietcss TPOWHOW MWHTerpan no npoCTPaHCTBEHHON
obnactn? B 4em COCTOMT reoOMEeTPUYECKUA W MexaHU4eCKui
CMBbICIT TPOMHOrO MHTerpana?

10. Kaknmun cBonictBamn obnagaeTt TPOMHON UHTerpan?

11. Kak cBogUTCA TPOMHOW UHTErpan K 4BONHOMY?

12. Yto Takoe cdepuyeckue KoopaAMHATbl U Kak OHWU CBS3aHbl C
AeKkapToBbIMn?

13. Kak BbImMaguT skobuaH npeobpasoBaHusi Npyu  Mepexope K
chepuryeckum KoopanHatam?

14. Mo kakum cpopmMynamMm BbIYUCNAOTCA CTaTUYECKME MOMEHTHI
NPOCTPAHCTBEHHOIO Tena OTHOCMTENBbHO KOOPAMHATHBLIX OCEen?
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15.

16.

17.

18.
19.

20.

21.

22,

23.

24,
25.

26.
27.

28.

29.

30.

OTHOCUTENBHO Ha4ana KoopauHat? OTHoCcUTENbHO
KOOPAMHATHbIX NNOCKOCTEN?

Mo kakum doopmynam BbIMMCAAKTCH KOOPAMHATBI LIEHTPA TAXKECTU
NPOCTPAHCTBEHHOrO Tena?

Mo kakum dopmynam BbIYUCASKOTCA  MOMEHTbl  UHepLun
NMPOCTPAHCTBEHHOIO Tefa OTHOCUTENbHO KOOPAMHATHbLIX OCEn?
OTHOCUTENBHO Ha4yana KoopaunHat? OTHOCUTENBHO
KOOPAMHATHbIX NSIOCKOCTEN?

Kak onpegensieTcsi KpUBOMMHENHbIA UHTErpan nepeoro poga no
NPOCTPAHCTBEHHON KpMBON? M0 NITOCKON KPUBON?

KakoB ero reomeTpmyeckuin n MexaHn4eckmnii CmMbICcn?

Kakumn cBoiicTBamMu 00Onagaet KpPUBOJIMHEWHbIA  MHTerpan
nepsoro poga?

Kak cBoguMTCA KPWUBOSMIMHEWHbLIM WHTErpan nepBoro poga K
onpeaeneHHomy?

Mo kakum dopmynamMm BbIYUCASAOTCA CTATUYECKME MOMEHTHI
NPOCTPAHCTBEHHON KPUBOW OTHOCUTENIbHO KOOPAMHATHBIX OCen?
OTHOCUTENBHO Havana koopauHat? OTHoCcUTENbHO
KOOPAMHATHbIX NNOCKOCTEN?

Mo kakum doopmMmynam BbIMMCAAKTCH KOOPAMHATEI LIEHTPA TAXKECTU
NPOCTPaHCTBEHHON KPUBOMN?

Mo kakum dopmynam BbIMUCASKOTCA MOMEHTbl  UHepuun
NMPOCTPAHCTBEHHOIO Tena OTHOCUTENbHO KOOPAMHATHbLIX OCEn?
OTHOCUTENBHO Ha4yana KoopaunHat? OTHoCUTENbLHO
KOOPAMHATHbIX NSIOCKOCTEN?

Kakasi oopmyna HasbiBaeTcs coopmynon ['puHa?

Kak onpegenseTcs NOBEPXHOCTHbLIM MHTErpan nepsoro poga no
3a[aHHON NOBEPXHOCTU?

KakoB ero reomeTpuyeckuini 1 MeXaHU4EeCKUIN CMbICN?

Kakumn cBorictBamn obnagaeT MOBEPXHOCTHBIA — MHTerparn
nepeoro poga?

Kak cBOOMTCS MOBEPXHOCTHLIN WHTErpan nepBoro pojga K
OBONHOMY MHTerpany?

Urto Takoe ckanspHoe none? Kakme NoBEpPXHOCTU SABMNAKTCA €ro
NMOBEPXHOCTAMU YPOBHA?

Kak onpenensetcst npou3BoaHasi CKansipHoro nonsg no 3agaHHomy
HanpaBreHno?
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31.

32.
33.
34.
35.
36.

37.

38.
39.
40.
41.
42.
43.

44,

45.
46.
47.
48.
49.
50.
51.
52.

53.

54.

UTto Takoe rpagmMeHT cKansdpHOro mnoss U KakoB ero onusn4eckun
cMmbIcn?

Kak onpepensieTcsi npomM3BogHas BEKTOPHOW pyHKUUN?

YTto Takoe BEKTOpHOE none?

Kakvne nnHuM Ha3bIBalOTCS €ro BEKTOPHbIMU NUHUAMMU?

Kak onpepenseTcsi NOBEPXHOCTHbIV MHTErpan BToporo poaa?
Kakon msnyecknin cmbICil NOBEPXHOCTHOIO MHTErpana BTOPOro
pona?

Kakne obLime cBoncTBa y NOBEPXHOCTHOIO MHTErpana nepeoro u
BTOpOro poga? Kakue CBOMCTBA y HUX pa3nuyHblie?

Kak cbopmynupyetca Teopema Maycca — Octporpagckoro?

UTto Takoe AnBepreHUnsa BeKTOpHOro nons?

Kakow domanyeckumin cMbicn guBepreHumm?

Kakoe none HasbiBaeTcH coneHonaanbHbIM?

Kak onpegensieTca KpMBOMMHENHbIA MHTErpan BTOporo poaa?
Kako mexaHU4eckuid CMbICIT  KPUBOMWHEWHOro UWHTerpana
BTOpOro poga?

Kakne obwue cBoncTBa y KPUBOJNIMHEWHOTO MHTErpana nepsoro u
BTOpOro poaa? Kakne cBOMCTBA Y HUX pasfnyHble?

Kak chopmynupyetcsa Teopema Ctokca?

YTto Takoe poTop BEKTOPHOro nons?

Kakow cumaunyeckuii cmbicn potopa?

Kakoe none HasbiBaeTca 6e3BMXpeEBLIM?

Kakoe nomne HasbiBaeTCcs noTeHumanbHbIM?

Kakne cBorncTBa noteHUManbHOro nons?

Yemy paBHa paboTa B noTeHuuansHom none?

Kak 3anucbiBaloTCcs 4epe3 onepatop [aMunbTOHa rpagueHT,
AvBepreHuuns n potop?

UTO MOXHO ckasaTb MpO Mone rpagueHTa HEKOTOPOro CKansapHOro
nons?

UTO MOXHO cKasaTb MpO MOrie poTopa HEKOTOPOro BEKTOPHOrO
nonsa?

5. BOMPOCbI AnA NOAroTOBKM K SK3AMEHY

O6nacTtu B apudmMeTnyeckom npocTpaHcTee. [uameTp obnacTu.
Mepa obnacTu.
WHTerpan no obnactu u ero CBOMCTBA.
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No ok

i

10.

1.

12,

13.

14,

15.

16.

17.

18.

19.

20.

21,

OsonHon  wHTerpan. OnpegeneHve, reomMeTpuyeckun U
MeXaHUYeCKNIA CMbICTT.

BbluncneHve OBOMHOMO MHTErpana B 4eKapToBbIX KoopAuHaTax.
3ameHa nepemMeHHbIX B ABOVIHOM UHTErparne.

[BoVHON WHTerpan B NOMSIPHbLIX U ANNMNTUYECKMX KOOpAUHaTaXx.
TporiHO wuHTerpan. Ero reometpuyeckmin n MexaHUYECKUN
CMbICHI.

TporHon nHTerpan. BeluncneHve B gekapToBblX KOOpAMHATaX.
Cdhepnyeckas cuctema koopauHat. OnemMeHT obbema B
cpepudeckon cucteme KoopauvHat. TpPOWMHOW uMHTerpan B
chepmryeckor cucteme KoopamHar.

KpuBonuHerHbln nHTerpan nepsoro pogda. Ero csowcTga,
BblYMCIIEHME N MEXaHUYECKNE NMPUIOXKEHUS.

Kp1BOMMHENHbI UHTErpan nepBoro poga Ans MroCKOW KPUBOW.
dopmyna NpuHa.

[NoBepxHOCTHbIN UMHTerpan nepsoro poga. Ero cBoncTtea,
BblYMCIIEHME N MEXaHUYECKNE NMPUIOXKEHUS.

CkansipHoe none. [loBepxHOCTM U NHUKM YpOoBHS. NMponssogHas
no HanpaeneHuto. pagneHT ckanspHoro nonsi. Ero ceonctea u
M3nYECKnIA CMbICTT.

BekTtopHoe none. BektopHble nuHun.

[MoBEpPXHOCTHLIN MHTerpan BTOporo poga. [1oTOoK BEKTOPHOro
nonsi Yepes NOBEPXHOCTb.

[MoBEPXHOCTHBIA MHTErpan BTOPOro poga, €ero CBOWCTBA U
BblYMCIEHME.

Teopema [aycca-OcTtporpagckoro M ee UCnonb3oBaHWe [Arnis
BblYMCEeHMs NoToka. [AnBepreHuns BEKTOPHOro norsi.
[OunsepreHuus BEKTOPHOro nonsi. duamnyeckun CMbICI
ansepreHuun. ConeHovaanbHoe norne.

PaboTta cunoBoro nond. KpuBOMMHEWHbIN WHTErpan BTOPOro
poaa, ero CBOMCTBA M BbIYMCIEHUE.

Unpkynaums BektopHoro nond. ®opmyna Ctokca u ee
UCMOMNb30BaHNE  ANs  BbIYMCAEHUS  uMpkynsdumu.  Potop
BEKTOPHOrO Mons.

Potop BekTopHOro nons, ero gusnyeckun cmolicn. bessuxpesoe
none.
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22. [loTeHumanbHoe none, noteHuunan. Bbluncnexvne
KPVMBOMIMHENHOIO MHTErpana BTOPOro poga B MOTEHLMANbHOM
none. PaboTa, Kak pasHOCTb NOTEHLNAnoB.

23. Onepatop amunbTOHa, €ro MCNonb3oBaHWE ANS BblpaXeHUst
rpagveHTa, gusepreHummn, potopa. Onepaunm BTOPOro nopsiaka B
BEKTOPHOM aHarnmae.

6. BbINCKA N3 KANEHOAPHOT O MNAHA MPAKTUYECKKX
SAHATUN

16. [BonHOM wuHTerpan. Ero reomMeTpuyeckmn  CMbICH.
BbluncneHve B gekapToBbIX KoopauHaTtax. Beigaya TMnoBoro pacyeta
no teme: «MHTerpansHoe ncuncneHve ®HM n Teopus nonsy.

J1.4: 3496, 3498, 3504 (2,3), 3508, 3510.

17. 3ameHa nepemeHHbiX B [ABOWMHOM MWHTerpane. [lBowHoOM
WHTErpan B MOMASAPHbIX W 3MAMNTUYECKUMX  KOoopAuHaTax.
MexaHu4yeckne NpunNoxeHns ABONHOrO UHTerpana.

J1.4: 3532, 3535, 3538, 3540, 3542, 3650.

18. TponHoun uHterpan. BelumcneHne B 4ekapTOBbIX KOOpAMHATAX.

J.4: 3517, 3523, 3524, 3552, 3577.

19. Cdepunyeckas cuctembl KoopauHaT. 3ameHa NepeMeHHbIX B
TPOMHOM uHTerpane. MNpunoxeHns TPOMHOro MHTerpana.

J1.4: 3549, 3551, 3610, 3618, 3665, 3668.

20. KprBOnMHENHbIM 1 MOBEPXHOCTHbLIN MHTErparnsl NepBoro poaa.
VX BblUMCIIEHNE 1 NPUITOXKEHNS.

N.4: 3771, 3774, 3792, 3794.

J1.6: 2.1, 2.7, 2.9, 2.10.

21. CkangpHoe none. [loBEpXHOCTM W NWHUMU  YPOBHS.
lNpounssBogHaa no HanpasneHuto. [pagneHT ckanapHoro nons. Ero
cBoncTBa U PU3NYECKUIA CMbICH.

J1.4: 3440, 3442, 3451, 3456, 3455.

J1.6: 1.24, 1.35, 1.21.

22. BektopHoe none. BekTopHble NuHMK. MNOTOK BEKTOPHOro nons
yepes MNOBEpPXHOCTb. PUNYECKUA CMbICIT MOTOKa B MOSie CKOpOCTEN
XnakocTu. NoBEPXHOCTHLIN MHTErpan BTOPOro poAa, ero CBOMCTBA U
BblYMCIIEHME.

J1.6: 2.26, 2.27, 2.28, 2.32, 2.38.

23. [uBepreHums BeKTOpHOro nons. PU3NYEeCcKMn CMbICN
aveepreHuun. BbipaxeHne ee B [OekapTOBbIX  KOOpAMHATax.
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ConeHonpganbHoe none. dopmyna [aycca-Octporpagckoro n ee
MCnorb3oBaHue A BblYNCIIEHUS NOTOKA.

Nn.4: 3887, 3888, 3893.

n.e: 3.7, 3.8.

24. Pabota cunoBoro nons. LMpKynsuus BEKTOPHOro mnons.
KpMBOMMHENHbIN  MHTErpan BTOpPOro poga, ero CcBoWCTBa W
BblYMCNEHME.

Nn.4: 3819, 3820, 3822.

11.6: 217, 2.21, 2.22, 2.25.

25. PoTtop BektopHOro nonsi, €ero duU3M4YecKkuin CMbICN W
BblMMCNEHME B [eKkapToBbIX koopauHatax. dopmyna Crtokca u ee
MCnorb3oBaHue A1 BblMUCIIEHUS LUPKYNALNN.

n.e: 3.13, 3.14, 3.15.

26. KoHTponbHas paboTta.

¢ [lepemeHa nopsaka MHTErpMpoBaHusi B ABOMHOM MHTerpane.
o TPOMHOW MHTErpan u ero NPUNoXeHus:.

o BbluncneHve Nnotoka BEKTOPHOMO Mosisi.

e BbluncneHne LMpKynsumMm BEKTOPHOro Mnoss.

27. MNMoTeHumanbHoe none, noteHumnan. Bbluncnenune
KPUBOMMHENHOro MHTerpana BTOporo poga B NoTeHumansHoM
none. PaboTa, kak pa3HOCTb noTeHumanos. NMpuem Tunosoro
pacyeta no Tteme: «WHTerpanbHoe wucducnenne OHMM u
Teopus nong».

N.6:41,4.2,43.

7. TECT NO TEME 10: «MHTEIPAITbHE MCYUCIIEHUE
OYHKLIM HECKONbKMX NEPEMEHHbIX M TEOPKSA

MOonaA»
1. Mo kakon nepemMeHHOM B3AT BHELUHMIK WHTErpan B NOBTOPHOM
2 x?
WHTerpane j J' f (x, y)dxdy ? YKkaxunTe HoMep BepHOro oTeseTa B
1-Vx
Tabnuue 3.
Ta6bnuuya 3
1 2
o nepemeHHON X . Mo nepemeHHON Y .
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2.

Kakon n3 MNOBTOPHLIX WHTErpanoB COOTBETCTBYET OBOMHOMY

WHTerpany ” f(x,y)dxdy no obnactu: y = x? u y<x?
D
YKaxuTe HOMep BEpHOro oTBeTa B Tabnuue 4.

Tabnuya 4
1 2 3
1 X2 \/7 1 x
[dx [ f(x,y)dy }dy ny (2, y)dx Jdy | f (. y)ax
0 x 0 y 0 2

3.

KakoBa obnactb MHTErpupoBaHnAa B MNOBTOPHOM WHTErpane

1 x 2 2—x

Idx[ f(x,y)dy + jdx If(x,y)dy? YKaxuTe HOMEp BEpPHOro
0 0 1 0

oTseTa B Tabnuue 5.

Ta6bnuuya 5

1 2 3 4

{

0<y<l 0<x<2 0<x<2 0<x<1
y<x<2-y| (x<y<2-x 0<y<x 0<y<x

4,

Kak npeobpasyeTtcsi anemeHT dxdy B ABOWHOM WHTerpane npu

nepexofie K NonspHbLIM KoopauHaTam? YKaxute HOMep BEepHOro
oTBeTa B Tabnuue 6.

Ta6bnuuya 6

1 2 3 4

dudc cdudc c2dude ndudc

5.

Kakon n3 MOBTOPHbIX MHTerpanoB B Tabnuue 7 B MOMSPHbIX

D
i 2

KoopavHaTax uMeeT BUA: fdu jf(c, u)cdc? YKaxute Homep
0 0

BEpHOro B Tabnuue 7 oTeeTa.
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Tabnuuya 7

1 2 3
1ox? 1 Y22 1 22
[dx [ f(x, y)dy fac [floy)dy | Jdy [f(ey)x
0 X 0 X 0 ¥
6. Kak B nonspHbIX KoopauHaTtax BbIrsaguT 4BOMHOM UHTerpan no
x+y=>1
obnactu ) ) ? YkaxuTe HOMEp BepHOro oTBeTa B
x“+y° <1
Tabnuue 8.
Tabnuya 8
1 2 3
o 5 1 5 1
[duffe.mpede | Jduw [flew)de | [du [ f(c,ujede
o — 1 0 -
0 0 COS I +Sin 11 COS I+Sin 11
7. Kakon 13 noBTOPHbIX UHTErpanoB B Tabnuue 9 paBeH o6bemy
Tena, orpaHNYeHHOro MOBEPXHOCTAMM: X = y2, x=1, z=0,
z = X. YKaxuTe HoMep BEpPHOro oTeeTa.
Tabnuya 9
1 2 3
1 2 5 1 1 X 1 1 X
Idxfdyjdz jdyjdxjdz Idxjdyjdz
0 0 0 -1oy2 0 0 > 0
8. Kakoln 13 TPOMHbIX MHTErpanoB B chepuyecknx KoopanHaTax B

Tabnuue 10 3agaH no obnactu, OrpaHNYEHHON MOBEPXHOCTAMMU

z:\/x2+y2, x=0, y=0, x2+y2+22:1. YkaxuTe

HOMep BEpPHOro OTBeTa.
Ta6bnuya 10

1 2

P
1

duj‘[sin I/Idnjf(r,u,ﬂ)rzdr
0 0

O — s

2 41
| du [ du| f(r,u,n)rzdr
0 0 0
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9. Mo «kakon wn3 opMyn BbIYUCASETCA MOMEHT UHepLuMu
oTHocutensHo ocu Oy kpueon [, ecnu 3agaHa MMOTHOCTb

C(x,y,z)? Ykaxnte HoMep BepHOro oTeeTa B Tabnuue 11.

Ta6bnuuya 11

1 2 3

{c(x,y,z}il {c(x, y,z)y2dl {c(x,y,z)(x2 +z° )dl

10. Kak npeobpasyeTcs aneMeHT NoOBEPXHOCTU B UHTerpane 1 poga
”f(x.y.z)dy , €eCnn MOBEPXHOCTb 3ajaHa YpaBHEHWEM

y

z= x2 + y2 ? Ykaxute Homep BepHOro otTeseTa B Tabnuue 12.

Ta6bnuuya 12

1 2

1
dy = dxdy _ 2 2
\/4x2+4y2+1 dy =4/4x" +4y” +1dxdy

11. Kak npeobpa3syeTcd anemMeHT OyrM B  KPUBONMHENHOM

uHTerpane 1 poga ff(x, V, z)dl, ecnuM Kpueas 3ajaHa
/

ypaBHEeHNsMHA {xz— . ) ? YKkaxuTe HOMep BepHoro oTeeta
yo+z" =2
B Tabnuue 13.
Tabnuuya 13
1 2 3

dl =+9+4y> +4z%dr | dl=+2dt dl =2ydy +2zdz

12. B KakoMm HanpasieHUn OT TOYKM M(l, 2,—1) cKkanspHoe none

zZ
u= 2z Bo3pacTaeT bbicTpee Bcero? Ykaxute Homep BEPHOro B
X

Tabnuue 14 oteeTa.
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Ta6bnuya 14

1 2 3

1,1} {~2:1;2} {2;-1;2}

13.

[ 2 2
Bospacrtaet unu y6biBaeT ckansipHoe none u = y\Vx~ —z~ oT

toukn A(1, —1,0) k Touke B(3,1,1)? YkaxuTe Homep BepHOrO B
Tabnuue 15 otseTa.

Ta6bnuuya 15
1 2 3
Bospacraer. YObiBaerT. He meHsieTcs.

14.

— 27 = "
fABnsetcs M BekTopHoe none a =)y i —xzj +3k

coneHovnganbHelM? YKaXxuTe HOMep BepHOro B Tabnuue 16
oTBeTa.

Tabnuuya 16
1 2
Ha. Her.
15. TloTeHUManbHO N BEKTOpHOe nonme & = yi —2zj + xk ?
Ykaxute Homep BepHoro B Tabnuue 17 oteeTa.
Tabnuya 17
1 2
[a. Her.

16.

[nsa Kakoro BEeKTOpPHOro nons yHKUMa U = x2y + x22 +1

SABMSIeTCA NOTEHUManoM? Ykaxute Homep BepHoro B Tabnuvue 18
oTBeTa.

Ta6bnuya 18

1 2

a=2xyi +x° ] +2xzk Zz=(2xy+zz}7+x 7 +2xzk

17.

- - - 27 - T
BektopHoe none d=rotb, roe b=y"i -2y +xzk .
ABnsgeTca nu 31O none noteHumanbHbIM? ConeHomaanbHbIM?

Hu tem HuM gpyrum? YkaxuTe HOmep BepHoro B Ttabnuue 19
oTBeTa.
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Ta6bnuuya 19

1 2 3

ConeHounpgansHoe. MNoTeHuunanbHoe. Hun Tem, Hu Opyrum.

18. Yemy paBeH NMOTOK BEKTOPHOTO nonst a = xi — yj + zk depes

|2 2
3aMKHYTYH MOBEpPXHOCTb S : X=NY Az ? Ykaxute Homep
x=1
BepHoro B Tabnuue 20 oTeeTa.
Ta6bnuuya 20
1 2 3 4
p
p - 2 0
3 P
2 2
—+ =
19. Yemy paBHa UMpKyNAUMA BAOMb KOHTypa F:{x z Y
y=4

BEKTOpHOro nons d@ = grad u , ecnn u = ? YkaxuTte Homep

z
BepHoro B Tabnuue 21 oteera.
Ta6bnuuya 21
1 2 3 4
1 -1 0 2p
20. Yewmy paBeH NOTOK BEKTOPHOro nons
a :y3f—2x222j+(x2 —2y2)1; yepes 3aMKHYTYO

z=4-x*
z=0

Tabnuue 22 oTeeTa.

2
NoBEPXHOCTb S : { Y ? YKaxuTe HoMep BEPHOro B

Tabnuuya 22
1 2 3 4
p
2 0 = -p
P 2
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