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COJOEPXAHWE KOMMEHONYMA

TemaTuyeckuin nnaH 1 —ro cemecTpa.

Bbinncka 13 kaneHgapHoOro nnaHa nexkuun.
TeopeTnyeckun matepuman.

KoHTposbHbIe BONPOCHI NO TeopUu.

Bonpockl 4ns noaroToBKM K 9K3aMeHy.

Bbinucka 13 kaneHgapHOro nnaHa npakTMYecknx 3aHATUN.
TecT no Teme 4 «Teopus Npenenosy.

PekomeHngyemas nutepartypa.

OTBeThI K TECTY.



1. TEMATUYECKWM NNAH 1 - ro CEMECTPA

Ta6bnuuya 1. Temamu4eckul nnaH

PacnpegeneHue yacoB
AyanTopHble 3aHATUA
Ne TemblI HasBaHue Tembl U3 HUX CaMocTosTeNnLHas
Bcero Bcero 6
MpakTuyeckune pabora
ayaAUTOPHbIX Nekuun P
3aHATUA

1 OnemMeHTbl NMMHEHON anrebpsbl. 50 28 14 14 22

2 BekTopHas anrebpa. 18 8 4 4 10

3 AHanutnyeckas reomeTpus. 48 28 14 14 20

4 Teopusa npegenos. 48 28 14 14 20
OudpepeHuymnansHoe ncuymcneHve

5 dYHKUMI ogHOW nepeMeHHon. YacTb 1. 26 16 8 8 10

Bcero 3a 1 cemecTp 190 108 54 54 82




2. BbINMUCKA M3 KANEHOAPHOIO MNAHA NEKLMNA

4. Teopus npepenos (14 yacoB)

17.

18.

19.

20.

21.

22.

23.

BewectBeHHast yMcnoBas ocb. PaclmpeHHas yucrnoBas ocb. MHOXeCTBa Ha pacLUMPEHHOW YMCITOBON
ocn. OKPEeCTHOCTM Ha pacLUMPEHHOM u4mucroBol ocu. [lpokonoTtasi OKPEeCTHOCTb KOHEYHOW TOYKMW.
Knaccudwmkauns To4ek MHOXECTBA: BHYTPEHHSS, BHELLHSS Y rpaHnYHasi, N30nMpoBaHHas u npegenbHas.
OTKpbITbIE U 3aMKHYTble MHOXecCTBa. OnpegeneHne KOHeYHoro npegena yHKUMM B KOHEYHOW TOUKE.
OkpecTHOCTU BeckoHeuHbIX Toyek. OnpegeneHne GeckoHevyHoro npegena v npegena B 6eckOHeYHOM
Touke (2 vaca).

lMpaBass u neBas OKPECTHOCTM KOHeYHbIX Toudek. OAHOCTOpOHHME Mpefdenbl. TeopemMa O npegene
dyHKUUKN, TOXOECTBEHHO paBHOW MOCTOSAHHOW. EAMHCTBEHHOCTb npepena. lNpefenbHbld nepexos B
HepaBeHCTBe. TeopeMa 0 cXaTorn nepemeHHow. [NepBbi 3amedaTenbHbIv Npegen. (2 vaca).
OrpaHnyeHHble  yHKUMKU. DYHKLUUKW, OrpaHUYeHHble B HEKOTOPOW OKpeCTHOCTU. OrpaHWYeHHOCTb
YHKUMK, UMEIOWNIA KOHEeYHbI npegen. beckoHeyHo manbie (6. M.) n 6eckoHevHo 6onblimne (6. 6.)
dyHKuMM. HeobxoamMmoe M OOCTAaTOYHOE YCMOBME CyLLEeCTBOBaHUS KOHEYHOro npegena B KOHEYHOW
Touke. CBovictBa 6.M. 1 6. 6. (2 yaca).

ApucdbmeTnyeckme onepaumm  Hag YHKUMAMM, UMELWMMW  KOHeYHbl npefen. [enctBua Ha
pacLIMpEHHON YnCcrioBon ocu. Bugpl HeonpegeneHHocTen (2 yaca).

CpaBHeHue 6eckoHeYHO ManbiX U 6eCKOHEeYHO BonbLUNX DYHKUMIA. JKBMUBANEeHTHble 6eCKOHeYHO Marble
n 6eckoHeyHo 6onblumne. [NaBHble YacTu 6ecKoHeYHO Manbix OYHKLMIA U BECKOHEYHO BOMbLUNX (YHKLWIA.
maBHas vacTb npousBedeHWst GecKOHeYHO Marblx U GeckoHevyHo Gonblwmnx. Cymma n pasHOCTb
BGecKoHe4HO Manbix 1 6eckoHevHo Gonblmx. Tabnuua akBuBaneHTHoIx 6. M. n 6. 6. (2 yaca).

X X
e =1 . a -1 . In(x+1 . log, (x+1
Brtopoit 3amevatensHbii npegen. Mpegenst lim , lim , lim ( ) th),
x—>0 Xx x>0 X x—0 X x—0 X
(x+1 -1
lim~———— . Tabnuua akBMBaneHTHbIXx 6. M. U 6. 6. HeonpegeneHHOCTW, BO3HUKAKOLME MPU
x—0 X

BbluMcreHuy npegenos lim u(x)v(x). (2 vaca).
x—0

DyHKUMS, HenpepbiBHas B Todke. PyHKUMSA, HenpepbiBHAA Ha MpOMexyTke. Tepema O npuvpalleHun
HenpepbIBHON QYHKUMW. HenpepbIBHOCTb OCHOBHbLIX 3fIEMEHTapHbIX (PYHKUUMW M UX Cynepnosvummn.
CBONCTBO PYHKLWIA, HEMPEPLIBHLIX HA 3aMKHYTOM MHOXecTBe. Knaccndukauusa paspbiBoB (2 vaca).

3. TEOPETUYECKM MATEPWAT

Tabnuya 2. OznaeneHue

Teopusa npegenos

1.1.
1.2.
1.3.
1.4.
1.5.
1.6.
1.7.
1.8
1.9.

1.10.
1.11.
1.12.
1.13.
1.14.

MHoxecTBa Ha YncnoBon ocu

OnpegeneHue npegena yHKUMM

OpHocTtopoHHue npegenst. MNMpegen nocnegoBaTenbHOCTU
OcHoBHbIE CBONCTBA NpPeAenos

[NepBbI 3ameyaTenbHbIN Npeaen

OrpaHnyeHHble YHKLUMM

BeckoHe4yHO manble n beckoHeuHo Gonblume dyHKLuK (6.M. 1 6.6)
Ceonctea 6.M. 1 6.6. yHKUMI

ApudmeTnyeckme onepaumm Hag OYHKUUSIMU, UMEIOLLUMUN KOHEYHbIN Npegen. BeluncneHve npegenos.
CpaBHeHue 6.M. 1 6.6. hyHKuMA

naBHasi Yactb 6.M. 1 6.6. pyHKUMIA

BTopoi 3amevaTensHbIN Npeaen

MokazaTenbHble HeonpeaeneHHoCTH

HenpepbIBHOCTL (OyHKLMN



1. Teopusa npepenos

1.1. MHoXecTBa Ha YNCITOBOMW OCH

Onpepenenune 1. OkpecmHocmbko paduyca h > 0 koHeyHol mMoYKu X, WM h - OKPECTHOCTLIO TOYKU X,

Ha3blBAeTCSl MHOXECTBO YMCEN X, YAOBMNETBOPSIONX HEpaBeHCTBY Xo—h <X <X, +h, T. €. MHOXecTBo
(xg —h; xg +h) (puc. 1).

O6o3Havaemcesi: U, (x,) .

Covrrigrecsl)  ox
xu—}zL % un+}'z
Puc. 1.

Ecrm x €U, (xy), TO X ynoBneTBopsieT HEpaBEHCTBY

x—xo|<he —h<x—xg<hexg—h<x<xo+h.
PaCLUleVlM CnCTeMy BelleCTBEHHbIX 4ucen, ,U,OGaBMB K HMUM OBa cMMBOfla — 0 U + 00, KOTOpble Ha30BEM

becKkoHeYHO-ydanéHHbLIMU MoYKaMu YNCITIOBOM OCH. OI'Ipe,EI,eJ'IVIM ONA 3TUX TOYEK criegyruwine CBOWCTBA:

1) Ecnu X € R v SiBNSIeTCS KOHEYHBIM YUCIIOM, TO
X X
X+0o=+40;x—0=—0;—=—=0;
-0 40

2)Ecm x>0, 10 X (400) =400, X - (—00) = —00;

3)Ecrm x< 0,710 x:(+00)=-00, x-(—00) =+00;
Onpegenenune 2. Mycte h > 0. h-okpecmHocmbio moyku (+00) Ha3blBAETCA MHOXECTBO 4Mcen X,

YZOBNETBOPSIOLLMX HEPaBEeHCTBY X > /1, T. . MHOxecTBO (h; + ) (puc. 2). O6osHayeHue: U, (+©) .
r - X
] L + o
Puc.2.

Torga xeU,(+0) <> x> h.

Onpegenenune 3. MNyctb h >0 /h-okpecmHocmblo moyku (—o0) Ha3blBAETCS MHOXECTBO 4ucen X,

YAOBNETBOPSIIOLLMX HEpaBeHCTBY X < —/1, T. €. MHOXecTBO (—00; — /1) (puc. 3). O6osHayeHue: U, (—0) .

-,_I

Torga x e U, (—0) < x < —h.

Onpe,qeneHMe 4. nyCTb h>0. [1pokonomou h -OKPEeCmMHOCMbK IMOYKU X, Ha3blBae€TCA MHOXEeCTBO 4YUCeEJl

xeU,(x,) n x #x, (puc. 4). O6osHayeHve: Uh(XO) .

I'_f o & ] >
n— b Xn+h
Puc. 4.

Torga erh(x0)<:>|x—xo|<h,x¢xo <:>0<|x—x0|<h.

Onpepenexune 5. Touka X, HasblBaeTCs MOYkoU ceywieHus (unu npedesbHol moykol) mHoxecmea X ),

ecnu B ntobon I'IpOKOJ']OTOIZ OKPEeCTHOCTU TOYKMN X, HaAXOOUTCA XOTA Obl OQMH 3MNEMEHT AaHHOr0 MHOXECTBa X.

MoxHO mnokasaTb, 4TO B OGO OKPECTHOCTM TOUKM CryLUEHUs] HaxoauTCsi GEeCKOHEeYHOe MHOXECTBO
3reMeHToB MHoXecTBa X .

Touka cryLleHuUsi MOXeT MpuHaaNexaTb MHOXECTBY, HO MOXET eMy W He MpuHaanexatb. Hanpumep, ans
mHoxecTs (1;2) n [1; 2] Toukm 1 n 2 sasnsaoTtca Toukamu cryleHus.

2



Onpe,qeneHMe 6. Touka, npnHaanexawad MHOXeCTBY N He ABNALWaACA ero TOYKOMN CrylweHund, Ha3blBaeTCH
U3OI7UQ068HHOL7. Hanpl/lmep, BO MHOXeCTBe HaTypallbHbIX 4UcCen {l’l} KaXXgaa KOHe4YHaA TOo4Ka ABNAeTCA

I/I3OJ'II/IpOBaHHOIZ. MHoOXecTBO MMeeTt €dWNHCTBEHHYIO MpeferibHyl0 TOYKYy X, = +00. HencrteutensHo, B ntobon

OKPECTHOCTU TOYKU X, = +00, T.e. B okpecTHocTn U, (+00) = (h; +00) HaxoguTcsi GECKOHEUYHOE MHOXECTBO

HaTypanbHbIX Yncen (puc. 5).
#
4|_|_|_|_|_L%Z£ZZL. x
L 2534 5367 + oo

Puc. 5.

1.2. OnpepeneHue npeaena gyHKUUU
MycTtb 3agaHa pyHkumst ¥y = f(x), X - eé obnacTb onpeaeneHus, X, - Touka CrylleHust MHoxecTea X .

OnpepeneHune. KoHeuHoe unu GeckoHeuHoe uucrio A HasbiBaeTcs mpedenoM yHkuyuu y = f(Xx) npu

X —> X,, ecnv ans no6oin OKPecTHOCTU Toukn A HaaETcs Takas OKPEeCTHOCTb TOUKU X, , YTO AN BCEX X U3
obnactn onpegeneHvs X W HaWOeHHOW MPOKONOTOW OKPECTHOCTU TOYKM X, COOTBETCTBYHOLLUME 3HAYEHUS

dyHkun f(X) nonagaroT B 3a4aHHYH OKPECTHOCTb TOYKMU A .

ObosHauenme: lim f(x) =4 wm f(x) > 4.

X=X

3anuweM 3To onpedernieHve B Apyroi hopme, UCMonb3ys cumBonbl: V - Ana noGoi; d - cywecTteyeT
(HanpéTcs); - Takasa uYTo; = - CnegyeT; < - PaBHOCUITbHO.

lim £(x) = 4 < YU, (4) 3U; (x0) : Vx €Us (x0) N X = f(x) €U, ().

X=X,

Ecnu nssectHo, 4to Xo W A - KoHeuHble unu 6eckoHeYHble 4Yynucna, To MOXHO OaTb onpeaeneHune npeaena

L]
6e3 ncnonb3oBaHWs MOHATUS okpecTHOCTU. Mpu aTom 3anmeu x €Us (xp) u f(x) €U (A) cnenyeT 3ameHuTb
COOTBETCTBYIOLLMMMN HEPABEHCTBAMM.
PaccMOTpUM HekoTopble cryyam 3HadeHuin X, u A .

1). Myctb Xy, A- KoHeuHble uucna (puc. 6) = lim f(x)=4A < < Ve>030(e)>0:Vxe Xnu

0<|r—xo|<d=|f(x)—4|<e.

[ TR o

L F
Mo — & X Ao xn+ o
Puc. 6.
2). MycTb X, - koHeuHoe uncno, A =+ = lim f(x) =+ &
X—)XO

© Ve>038(e)>0:Vxe Xu 0<[x—x,

<d= f(x)>¢ (puc. 7).



Ko — & x Xn o+ G X
Puc. 7.

1.3. OpHocTopoHHMue npeaensl. Mpeaen nocnegoBaTenbHOCTU

Onpe,qeneHMe 1. nyCTb h>0. [pasocmopoHHel h -OKPEeCMmMHOCMbK MOYKU X, Ha3blBaeTCA MHOXECTBO

Touek x:x € (Xg;h+x,),rae h >0 (puc. 8).

|; FEE S -] >
L ]
Xn Xa + .33
Puc. 8.
JlesocmopoHHel h -oKpecmHoCcmb0 MOYKU X, Ha3blBAETCA MHOXECTBO Todek X :x € (x, —h;x,),rae

h >0 (puc. 9).

Puc. 9.

IMpasas u neeasi okpecmHocmu obosHavaromesi: U, (xy) n U, (x,) cooTBETCTBEHHO.
OnpepeneHue 2 (lMpaBoCTOPOHHErO Npeaena).

A= xiigaof(x) S VU (A) FUs(x0):VxeUg (x0) N X = f(x) eU(4).
OnpepeneHue 3 (JleBoCTOpOHHErO Npeaena).

A= lim Of(x) S VUL (A) JUg(x0):VxeUs (xo)NX = f(x)eU.(A).

x—)xO—

3AMEYAHUE

W3 onpepenexuin sicHo, Nnpefen B KOHEYHOW TOYKE CyLLLECTBYET TONbKO Toraa, koraa oba ofHOCTOPOHHMX Npeaena
B 3TOW TOYKE CYLLECTBYHOT U OHM paBHbl Mexay cobon.

X
I'Ipumep. BbIFICHVITe, nMmeetT nin q)yHKLI,VIFI f()C) = H = {_ 11’ ;z(()) npenen B TO4Ke X = 0
X s

Pewenue. lim f(x)=1u lim f(x)=-1 = lim f(x) He cywecTsyer.
x—0+0 x—0-0 x—0

3AMEYAHUE
[ns Toyek X, = 100 MOHSATUE OKPECTHOCTU COBMaAaeT C MOHATUEM MPaBOCTOPOHHEN WM NEBOCTOPOHHEN
okpecTHocTu. Moatomy lim  f(x) cosnagaet ¢ cooTBeTCTBYIOLMM NPABO-(MIU NIEBO) CTOPOHHUM MPEAEnoMm
xX—>to0

dyHKUMN.

MockonbKky nocnegoBaTenbHOCTb — 3TO (PYHKUMA HaTypanbHOro aprymeHta, TO €AMHCTBEHHOW TOYKOW
CryweHusi obnactu onpefeneHns 4YMCrnoBoOW MOcnefoBaTeflbHOCTM SBMsieTcs Todka +oo. [losTtomy npegen
nocrneaoBaTenbHOCTU MOXET ObITb OnpeaeneH TONbKO NPy apryMeHTe 1 —> 0.

OnpepeneHue 4 ([Mpegen YncnoBon NocrnegoBaTeENbHOCTH).
limx, =A< VU,(4) Tucno M e N:Vn>M = x, €U, (A).

n—®0

Mpun atoMm, ecnm A- KOHEYHOE uYWUCNO, TO OMpedeneHne npedena MOXHO 3anucatb B
Buge: Ve > 0 EIMeN:Vn>M:>|xn—A|<8.



1.4. OcHOBHbIe CBOWCTBa Npeaenos
Teopema 1. (EouHcTBEHHOCTL Npeaena).
Ecnu doyHkuma f(x) vmeet npegen npu X — X,, TO OH €AUHCTBEHHbIN.

DokasatenbcTBO. (OT NPOTUBHOrO).
Mycts lim f(x)=A4 w lim f(x) = B. Toraa no onpeaeneHunio KOHEYHOTO Npeaena
X*)XO X*)XO

‘v’s>OEIU5(x0):‘v’xel.]5(x0)mX:|f(x)—A|<§ " |f(x)—B|<§.
Hangém
|[A=B|=|4-B+ f(x)- f(x)|=|(4— f(x)+(f(x) - B)| <
£|A—f(x)|+|f(x)—B|=|f(x)—A|+|f(x)—B|<§+§=g

Monyyunu, 4To |A—B|<8 Ve >0. MNockonbky MOAyMb — YUCMO He oOTpuLaTenbHoe, TO HepaBeHCTBO

|A - B| <& Ve>0 moxeT 6bITb BbiNonHeHo Tonbko B cnyyae A—B =0 ,1.e. A=8B.

Teopewma 2. ([NpegenbHbIN Nepexos B HEPaBEHCTBE).
Ecnu B HEKOTOPOW OKPECTHOCTU TOYKM X, BbINOMHSIETCst HepaBeHcTBO f(X) < g(X) u CylecTBYOT KOHEYHble

npegensbl lim f(x)=A4 v limg(x)=B,10 A<B.

OokasatenbctBo. [yctb X — obwas obnactb onpegenewuss dyHkumin f(x) m g(x). Torga no
onpegeneHuto npegena yHKUMm

lim f(x)= A Ve>0 3Us (x0):Vx e Us (x) N X = |f(x)- 4 <k,

x—>x0

lim g(x)=B & Ve >0 3Us, (x0):VxeUs, (x0) N X = |g(x) - B|<e.

x—)xo

Ecnu B oBonx cryuasx B3siTb ofHO 1 T0 e € >0 n n3 HaipenHbix okpectHocTer Uy (X0) u Us (xo)

L
BbiGpaTh Haumenbwyio, T. e. Us(xy) =Us (x0) NU; (%), 10 Ana x € Us(x,) N X sbinonHsiotcs oba

HepaBeHCTBa OJHOBpPEMEHHO, T. €.
A-e< f(x)<A+e, B-e<g(x)<B+e¢.

Bobibepem € = , MPEANOrIoXMB NPOTUBHOE, T. €. nyctb 4 > B . Torga
A—A B<f(x)<A+A B A+B<f(x)<3A B
2 2 A+ B
= = gx) < < f(x).
A-B A-B 3B—4 A+ B 2
B - <gx)<B+ 5 5 <glx)< 5

13 nocrnegHero HepaseHcTBa criegyeT, 4to g(x) < f(X), YTO NPOTUBOPEYMT YCMOBUIO TEOPEMbI, 3HAYUT Halle

npegnonoxernne A > B HeBepHo. Toraa BepHbIM siBNseTca HepaBeHcTBo A < B..
Teopema 3. (Mpegen cynepnosvumu, T. €. CIIOKHOM yHKLMN).
Ecnu:

1) f(y)n g(x) TakoBbl, 4TO MOXHO 0BpasoBaTh ux cynepnoauumnio F(x) = f(g(x)),

2) cywecteyeT lim g(x)= A4, Touka A- siBNsieTCA TOYKOW CryLieHUst obnactv onpeaeneHust yHKLmm
X—)Xo

AGOR
3) cywecTtByeT limA f)=8,
y—

10 cywectsyet lim f(g(x))=B.



Doka3atenbcTtBo. lNycTb X - obnacte onpeaenexus dyHkuum g(x), Y - obnacte onpeaenexust dyHKUmUm
f(») . Mo onpenenexuio npeaena gyHKUMM

lim g(x)=4< VU, (A)EIUS(xO):‘v’er.S(xo)ﬁX:g(x)eUhl(A),

X—>X(

lim £(y)=B < VU, (B)3U}, (4):Vy € (.th (A NY = f(y)eU,(B).
y—

Boabmém A = min {h;; &, }. Toraa nonyunm

VU (B)3dUg(x,):VxeUs(x,)NX = f(g(x)eU.(B).
3HauuT, no onpepenenuio npegena pyHkuun B = lim f(g(x)).

Teopema 4. (O cxarton yHKUNM)
Ecnu B HEKOTOPOiI OKPECTHOCTM TOYKM X, TpWU (DYHKUMM CBsA3aHbl HepaseHcTBOM O(X) < f(x) < g(x) wu

CyLLECTBYIOT KOHeuHble npegens! lim @(x) = lim g(x) = 4, 1o cywecteyet lim f(x)= 4.
X=X, XX, X=X,
OokasaTtenbcTBo. [ycTb X - 06L1an obnacTb onpeaeneHns TpEX yHKUMWIA, Toraa

lim ¢(x) = A < YU, (4) 3Us, (x0): Vx € Us, (x0) N X = |o(x) — 4| <,

X=X,

lim g(x)= 4 & YU (4) 3Us, (x0): Vx e Us, (x0) N X = |g(x) 4 <.
Hainpém okpectHocts Ug(xg) = Us, (x0)M Us, (x0), Torpa ana Vx € Us(xg) N X BoinonHsiiotcs oba

HepaBeHCTBa OAHOBPEMEHHO!
A—e<p(x)<A+emn A-e<g(x)<A+e.

Ho Tak kak @(x)< f(x)<g(x), 10 A—e<@(x) < f(x)<g(x)< A+¢€, a aTo 03HAYaeT, YTO CyllecTByeT
lim f(x)=4.

X—>Xq

1.5. TepBbin 3ameyvaTenbHbIN Npeaen

T .
CHayvana pgokaxem, uto npu 0 < x < ) BbINOMHAETCA HEPaBEHCTBO (SIN X < X < tgx ‘

BosbméMm I uyeTBepTb TPMroHOMETPUYECKOro Kpyra 1 OTMNOXKUM yron X paawad (puc. 10).
F

igx

0 C
Puc. 10.

OueBnaHO, YT0 S, < Sk 0ac < Saopc » HAMAEM 3TV NNOLWAAN, 3HAA, YTO PaANYC OKPYXHOCTW paseH 1.



1 . A 1 .
SAOAC =§'OA‘OC'SIH(OA;OC):E'I'I'SH’I}C, SceK.OAC:%'RZ'x:%‘x’
1 1 1
SAOBC :EOCBC:EIthZEth

1 . 1 1 :
3HaumT, 5s1nx<—-x<5-tgx:>s1nx<x<tgx Vx €(0;7).

Tenepb OOKaXeMm, 41O

sin x 5 .
= 1| — nepebiti 3amevamensHbIt npeder.

lim
x>0 Xx

T T .
PaCCMOTpMM —5 <x<— x#0. Torpa B cuny He4YeTHOCTU CcnpaBsensiMmBo HeEPaBeHCTBO
3

X 1
<

sinx| |cosx

|sinx| <|x| <|tgx, (x#0), 1<

Takkak B I n IV 4eTBepTAX BCE BblpaXeHUdA nod 3HakKOM MOoAyIA MONOXUTElbHbIe (B 114 4YeTBeEPTU

) sin x .
x<0 un sinx<0), 0o 1<——< =1>——>cosx. Tak kak limcosx =1, To, no Teopeme o
sinx COSXx X x—0
y . sinx
cKaTon yHKUMK cyuecteyeT lim —— =1.
x>0 X

1.6. OrpaHuYeHHble (pyHKLUMN
Onpegenenne. OyHkuna  f(x)  HasbiBaeTca  ogpaHuyeHHol Ha  MHoxecmee X, ecnu

EIk>O:‘v’xeX:>|f(x)|£k.(Mnmcyu.l,eCTBerTqmcna M,N:Vxe X=>MZ< f(x)XN).

Hanpumep, f(x) = sin x - orpaHMyeHHas yHKUMA Ha (—00;+0) , T.K. |sin x| <1 npu nioBbIx X .

Ecnn gyHKUMA He ABNAETCA OorpaHWYeHHoi Ha MHoxecTBe X, TO €€ HasblBalT Heo2paHUYeHHOU.
CneposatenbHo, f(x) He orpaHuyeHa Ha X , ecnu ans mo6oro ckonb yrogHo 6Gonbworo k >0 cywecTteyert

xoTs 6bl oguH x* e X : |f(x*)| >k.
Teopema 1. Ecnin pyHKLMA MMEET KOHEYHbIN Npeaen npu x — X, TO PyHKUUS orpaHnyYeHa B OKPECTHOCTU

npeaensHOM TOYKN X, .

OokasaTtenbctBo. lim f(x)=A4 < ‘v’s>0EIUﬁ(xo):‘v’xeUs(xo)ﬂX2>|f(x)—A|<8

X=X

= A-e< f(x)<A+e.

O6osHaumm A—e=M wn A+e=N. Torpa ‘v’xel.fa(xo) BoinonHsietcs M < f(x) <N, 1. e. f(x) -
orpaHuyeHHas.
Teopema 2. Ecniu cyuiecTByeT KOHEYHbII HeHynesol npegen gyHkuun f(x) npu x — X,, TO yHKLMS

—L_ orpaHuueHa B OKpeCTHOCTU MPeenbHOIM TOUKN X, .

f(x)
OokasaTtenbcTio. [Myctb lim f(x) = A4, rne A # 0. Torga cnpaseanveo
X—)XO

Ve >03Us(xg): Vx e Us(xg) N X = |/ (x) - 4| < &, nm
A-e< f(x)<A+e.

Tak kak A # 0, To gnsa goctatouHo manoro € > 0 Bce YacTu NocnegHero HepaBeHCTBA UMEIOT OOVMHAKOBbIE
1 1 1
< < =
A+e  f(x) A-eg f(x)

3HaKn — - OrpaHn4yeHa B OKPEeCTHOCTU npe/:l,eanon TOYKHW.



Teopema 3. Ecnu dyHkumMa vmeeT OGeckoHeYHbIi Mpeden, TO OHa HeorpaHW4YeHHa B OKPECTHOCTM
npeaenbHON TOYKU.

AokasatenbctBo. lim f(x) =+ < Ve>03Ug(xy): Vx e (.]5(x0) = |f(x)| > €.

X—>Xg
MocrnegHee HepaBEHCTBO M O3Ha4aeT, 4YTO DYHKUMS B OKPECTHOCTU MpedenbHOW TOYKM X, SIBMsieTcs
HeorpaHU4YeHHOM.

1.7. BeckoHe4HO Manble u 6eckoHe4YHo 6onblimne hyHkuum (6.m. 1 6.6.)

Onpepenenue 1. dyHkuus ou(x) HasbiBaeTcst GeckoHeyHo maoli (6.M.) 8 moyke X, ecrm lim ou(x) =0.

X=X

Teopema. [Ins cylulecTBoBaHusi koHeuHoro npegena lim f(x) = A, HeoGxoQMMO M [OCTATOYHO, YTOGbI
X=X,

dyHkumio £ (x) MoxHo 6biio npeactaeute B Buage f(x)= A+ a(x), rae o(x)- 6.M. B Touke X, .

OokasaTtenbcteo. lim f(x)=4 < Va>03U5(x0):Vxel.fg(xo)mX:>|f(x)—A|<8

X=X

O6o3Haunm f(x)— A = o(x) = |OL(X)| < €, Haye rosops

Ve >03Us(x0): Vx e Us(xo) M X =|a(x)-0| <& < lima(x)=0.

CneposatenbHo o.(x) — 6. M. B Touke Xy, rae a(x)= f(x)— A= f(x)= A+ o(x).

Onpepgenenne 2. Oyukuma f(x) HasbiBaeTca GeckoHewyHo Gonmbwol (6.6.) 6 mouyke X,, €ecnw

lim f(x)=o00.

X—>X

3AMEYAHME.
B onpepneneruu 6.6. doyHkummn f(X) —> 00, 3T0 3HAUMT, YTO OXBaTbLIBAKTCA Criyyan cTpemnenus f(x) —> +oo

nnn f'(x) — —oo. OgHaKo MOXHO NpUBECTU NpuMep 6.6. yHKUMM, KOTOpast He CTPEMUTCS K + 00 Uin — 00 .

Hanpumep, f(x) =tgx -6.6. 8 Touke X =7, x0T lin}t f(x) He cywecTsyeT. JeicTBUTENBHO

X-)E

lim tgx=—-00 n lim tgx = +o0. OaHocTopoHHWe Npeaens He paBHbl. OgHako lim |tg x| =400, T. €.
T

x—I-0 x>7+0

2 2

Jf(x)=1tgx -6.6.8T0ouKE X =7

1.8. CpoiicTBa 6.M. U 6.6. byHKLUN

Teopema 1. Ecnin a(x) 6.m. B TOuke X, TO ﬁ -6.6. B Touke x, necrm f(x) 6.6. B Touke X,, TO ﬁ -
0.M. B TOUKE X, .
[loka3zaTenscTeo. MycTb o(x) 6.M. B TOUKe X,. OGo3Haumm —— = f(x) u X - obnactb onpeaeneHus

o(x)

dyHkumm a(x). Bosbmém E > 0- ckonb yrogHo 6onbluoe yucno, Torga E = £- CKOMb YrOAHO Manoe 4ucro.

1
Tak kak o(x) 6.M. B TOuKe X,, TO ANs € = Z >0

| 1

AU;s(x0):Vx e Us(xo) N X = |ax)| <& =|f(x)| = re ke E

_1
a(0)

Urtak, Ve>03Ug(xg):Vxe U.S(xo) NX = |f(x)| >FE, 1. e f(x) — 6.6. B Touke X,. AHAmNOrmyHo
[10Ka3bIBAETCS M BTOPOE YTBEPKAEHUE TEOPEMbI.

Teopema 2. [MpousseseHre yHKUMM, 6.M. B TOUKE X, , HA OrPaHUYEHHYIO (DYHKLIMIO B OKPECTHOCTU TOYKU X,
ecTb 6.M. PyHKLNSA B TON XKe TOYKE.



NokasatenbcTtBo. MycTb 0L(X) - 6.M. B Touke X, a Q(x) - orpaHudenHas B Ug(xp), T.e. |(p(x)| <k pna

Bcex 3HayeHun x € Uy (xo ) O6osHauum f(x) = a(x)-@(x). Myctb X - obnacTb onpeaeneHus Ans dyHKLmMi

.. - € -
o(x) n @(x). Bosbmém € >0 un Haipém ¢, =;. Tak kak o.(x) 6.M. B TOuke Xy, TO MO € =— Haaém
L[]

y €
Us(xp):VxeUs(xg)N X = |0L(x)| <g = P Torpa ans x € Us(xy) N X cnpaBeannso HepaBeHCTBO:

f ()] = |ou(x) - ()] = |ou(x)| - [op(x)| < % k=g¢= f(x) 6.M. B TouKe X,.

. sinx )
Mpumep. lim =0, 1.k SInXx - orpaHNyeHHas Ans Bcex X, a — - 6.M. B Touke oo .
xX—>Fo X X
CnencrBus:
1). MpousBegeHre KOHEYHOro Yncra 6GeCKOHEYHO ManbiX YHKUMIA eCTb 6.M. B TOM e Touke. [JeNCTBUTENbHO
0.M. OYHKUMSA ABNSETCS OrPAHNYEHHOWN, T. K. UMEEeT KOHEYHbIN npeaern.
2). [pousBegeHMe KOHEYHOro umcria OeckoHeyHo 6Gonblmnx GyHKUMAM ecTb 6.6. B TOM Xe Touke.
[enctButensHo, ecriv @,(x),...,0, (x)- 6.6., T
1 1 1
f(x):(pl(x)."q)n(x): 1 Teedt 1 = 1 1 ’

¢1(0) 0: () @(d) " 9;(0)

OTKyAa Criefyert, uto dyHKkumm f (x) npeacTaensieT cobot ——, To ecTb 6.6.
a.i.

Teopema 3. CyMMa KOHEYHOTO Yumcrna PyHKUUA, 6.M. B TOUKE X, , ABMSeTCA 6.M. yHKUMEN B TON e TOUKe.
OokasatenbctBo. Myctb o (x),0,(X) - 6.M. B Touke X,. Torga Bo3bMéM no6oe ckomb YrofgHO Marnoe

&) =5 >0, ana kotoporo
AU (x0): Vx e Us(xg) N X = oy ()| < £ u U5, (x0) : Vx € Us(xg) N X = oy (x)| < £.

(Xz(.X)| < %

Torpa Ve >0 EI(.Ja(xo)=(.Ja1 (xo)ﬂlofsz(xo):Vxel.]g(xo) :>|0c1(x)|<%,
= Joty () + ey (0) <oty ()] + oy (x)] < S + S =2

Takum obpasom, f(x) =, (x)+ o,(x) - 6.M. B TOUKe X, .

Cdbopmynumpyem eLe nBa CBONCTBA AN OECKOHEYHO GONbLUNX OYHKLNIA:
CymMa KoHe4YHOoro Yucna yHkumi, 6. 6. B OAHON TOYKe, N UMEIOLMX OOUHAKOBLIA 3HaK, aBnsieTcsa 6.6. Toro

Ke 3HaKa B TOW e TouKe.
Cymma dyHKumMK, 6.6. B TOUKE X, N OrpaHUYEHHON (DYHKLMIO B OKPECTHOCTU TOYKe X, ecTb 6.6. byHKuMs B

TOW XXe TOYKe.
1.9. ApudmeTnyeckune onepaumm Hag pyHKUUAMU, UMEOLWMMU KOHEYHbIX Npeaen. BbluncneHue
npegenos

Teopema 1. Ecrnu cyLLecTBYIOT KOHeuHble npefensl AByx dyHkumii lim f(x)=A4 v lim g(x)=B, 10 3
X—>X X—>X

lim (f(x)+g(x))=A4A+B

X—>Xq
HokasaTenbCcTBO.
3 lim f(x)=A4= f(x)=A4+0o(x), rae a(x)-6.M. B Touke X,.
X—>X(
3 lim g(x) =B = g(x) = B+P(x), roe B(x)-6.m. B Touke X, .
X—>X(



Torpa f(x)+g(x)= A+ B+ (a(x)+B(x)), rae (au(x)+P(x))- 6.m. B TOuKke X,. CnegosaTensHo,
lim (f(x)+g(x))=A4+B.

Teopema 2. Ecnu cyluecTsytoT KoHeuHble npegenst Asyx dyHkumin lim f(x) =4 n lim g(x)= B, 10 3

X—>X( X—>Xq
lim (/(x)- g(x)) = 4-B
X—>X
[okasaTenbCTBO.
3 lim f(x)=4= f(x)=A4+a(x), rae a(x)-6.M. B Touke X, .

X—>X

3 lim g(x) =B = g(x)=B+p(x), rae P(x)- 6.m. B TouKe X, .

Hangém f(x)-g(x)=(4+a(x))-(B+P(x))=A4-B+(A4-P(x)+ B-a(x)+a(x)-B(x)), rae B-a(x) wu
A-B(x), a TaKke o(x)-B(x) ABNSAOTCHA 6.M. B TOYKe X - 3Hauut
f(x)-gx)=4-B+(6.m)= xli)rl)} (f(x)-g(x))=4-B.

Teopema 3. Ecnu CyLLecTBYIOT KoHeuHble npegens AByx dyHkuuin lim f(x)=A4 u lim g(x) =B # 0,

X=X X—>X
x) A
103 lim —= S ) —.
X—>X g(x) B
Noka3aTenbCTBO. V13 onpeaeneHusi npegena crneayer, Y4To ClpaBeanvBbl YTBEPKAEHUS:
lim f(x)=4= f(x)=A4+a(x), rae o(x)-6.M. B TOuKE X .
X—>X
lim g(x) =B = g(x) = B+P(x), rae B(x)-6.m. B Touke X;.
X=X

Hangém pasHocTb
&_é: A+a(x)_£_ A-B+B-a(x)—A-B—A-B(x)  B-a(x)—A4-B(x) _

gx) B B+B(x) B B-(B+p(x)) ~ BY+B-B)
1
(B-a(x)—A4-B(x)) —————— = (6.m.) (02p.)=(6.m.)
B + B-B(x)
1 2
e ——————— - OTPaHNueHHas, T. K. 3HameHaTenb cTpemuTcsi k B~ # 0.
B” + B-B(x)
Takum o6pasom M 4 —+(6.m)= lim —— S(x) A.
g(x) B x—xy g(x) B

CnepcrtBue. [10CTOSAHHBIN MHOXMWTEIb MOXHO BbIHOCUTb 3a 3HaK npeaena.

lim C- f(x)= lim C- lim f(x)=C- lim f(x).

X=X X=X X=X X=X

PaccmoTpym BCe BO3MOXHbIE Cryvaun, KOTOPbl€ MOryT BCTPETUTLCHA MNPV BbIMUCIIEHWM MpPenenoB CyMMbl,
npou3segeHns U OTHOLLEHUS OYHKLMNA.

Bbluncnenue npegena cymmbl f(x)+ g(x)

Myctb lim f(x)=4 n lim g(x)=B. Toraa, ecnu:

X—>Xq X—>X

1. A, B - xoHeuHble uncna = lim (f(x)+ g(x))=A+B.
X—>X

2. A=+4w0,B =+ = lim (f(x)+ g(x)) =[+00 + 0] = +©.
3. A=—0,B =-w = lim (f(x)+ g(x)) =[-0—o0] =-

10



4. A =+0,B - xoHeuHoe = lim (f(x)+ g(x)) =[+o+ B]=
X—>Xx()

5. A=+w0,B=-mn = lim (f(x)+ g(x)) =[+% —©]| HeonpeaenéHHoCT.
X—>X(
Mpumepbl:
2
1). lim IR [oo oo]—hmx 1:—1=—oo.
-0 x2 x* x>0 x4 +0
2).lim L _2x = [0 - oo]—hmM=—limx—_l=
ollx—-1 x2 -1 ol x2 ] ol (x=1)-(x+1)

1).

BbluncneHue npegena npoussegerus f(x)- g(x).

Mycte lim f(x)=A4 v lim g(x)=B. Torga, ecnu:
X=X X=X

1. A, B - xoHeuHble uucna = lim (f(x)-g(x))=A4-B.

X—>X
224#0,B=0 = lim (f(x) -g(x))=[4-o]=
X—=>Xx(
3.A=0,B=w = lim (f(x)-g(x))=[0-x] HeonpeaenéHHOCTb.
X—>X
Mpumep: hmx ctgx =[0-00] = lim -cosx = lim —2>¥ l=1.
—0 x—0Sin x x—0 SIEX 1
BbluMcneHune npegena oTHOWEHUS M
g(x)
Myctb lim f(x)=A v lim g(x) = B . Toraa, ecnu:
1. A, B - koHeuHble uncna, B#0 = lim f(x) A
X—>Xo g(x) B
2. 4#0,B=0, — fim £ F}:[iJ:[A.L}:oo.
X—>Xx() g(x) 0 o.Mm. 0.M.
3. A-koHeuyHoe, B=o, = lim S )z[é}z .
x—x9 g(x) 0
4. A=, B-«KoHeuHoe, = lim —— DACY = {2} =00,
X—>X g(x) B
5. A=0,B=0, = lim f(x)z{z}zoo.
X—>X g(x) 0
6. 4=0,B =, = lim f():[g}:o.
xoxy g(x) oo
0
7.4=0,B=0, = lim ——= f( ) = [—} - HEOoMnpPeaenéHHOCTb.
xox g(x) [0
8. A=, B=00, = lim f(x) {2} - HeomnpeaenéHHoOCTb.
xoxy g(x) [

Mpumepbl.
[ x2-3.x+2 _P} (x-D-(x-2) _1
3 _4.424+3.x |0 x—>1x (x-1)-(x=3) 2

x—1 X

11



2 4.3 (-4
2) tim A 2] LDy

x>0 x° +3-x—Xx 0 X—>°0x3~(%+ 32 1)
X
3) lim«/4—x—«/4+x {0} lim —-2-x _ 1
x50 2-x 0 x202-x(V4—x ++/4+X) 4

1.10. CpaBHeHue 6GeCKOHeUYHO MarnbiX U 6eCKOHeUYHO 6onblnx pyHKuuM (6.M. n 6.6)
Onpegenenue 1. Mycte o(x) u B(x) — 6.m. B TouKe X, Toraa

. oolx
1). Ecrm  lim x) =0, 1o o(x) HasbiBaeTca 6.M. 6osiee 8bicCOKO20 ropsidka OomHocumesisHo  6.m.
X—>Xo B(x)
B(x).0O603HaueHue: o(x) = o(P(x)).
2). Ecrm lim —= o(x) =C,rme C#0,C#00,710 a(x) u B(x) Ha3biBaeTcs 6.M. 00uHako8020 nopsidka.
xX—>xg P(X
. o(x)
3). Ecrm lim He cywecTeyeT, To ol(x) u B(x) Ha3biBaOTCA HECPABHUMBIMU.
X—>X( B(x
Mpumep. Cpashutb a(x) =x> —1 u B(x) =x—1 B Touke x =1.

2

oxt =1 .
PeweHue. Tak kak lim =lim(x+1) =2 = o(x) n B(x) oaHoro nopsaka.
x—1 x—1 x—1

o(x
Onpepenexune 2. [1ee 6.M. (OYHKUMN Ha3bIBAIOTCSA 9KBUBATIEHMHLIMU NP X —> X,, ecnv  lim (x) =1.
X—>Xo B(x)
O6osHavaemcs : a(x) ~ PB(x).
X—>X(
. . sinx
Mpumepsbl. 1) sinx ~ x, Tak kak lim =1.
x—0 x=>0 X
. tgx . (sinx 1 . sinx . 1
2) tgx ~ x,Takkak lim —— = lim . = lim - lim =1.
x—0 x>0 Xx x>0\ X COS X x>0 x x->0cC0Sx
. ) . 2
x? . l—cosx . 2-s1n2(§) . sm2(§) . sm(%)
3) 1-cosx ~ —, Tak kak lim————=lim > = lim =lim| —=| =1.
x—0 2 x—0  x7 x—0 X x—0  x° x—=0 X
2 2 4 2
. ._arcsinx ..y
4) arcsinx ~ Xx,Tak kak lim = lim ——=1.
x—0 x>0 X y—>0smy
. arctgx .
5) arctgx ~ Xx,Tak Kak lim XY _ fim 2 =1,
x—0 x>0 X y—0tgy

CBoMcTBa 3KBMBANeHTHbIX 6.M.
Teopema 1. Cymma pyHKUMIA, 6.M. B TOUKE X, Pa3HOro Nopsiaka SKBMBaNeHTHa 6.M. MEHbLLEro NopsiaKka.
Doka3saTtenbcTBO.
Myctb B(x) - 6.m. B Touke X, Gonee Bbicokoro nopsiaka, yem o(x) . Paccmotpum y(x) = ou(x) + B(x).

Hangém lim ——= HCI = lim ————~ a(x) +Bx) _ = lim (1+@

X=X OL(X) X=X Ot(x) X=X (x(x)j =1+0=1,Toects Oc(x) + B(x) ~ OL(X).

X—>X

Teopema 2. lNpegen oTHoweHuss OByX 6.M. (OYHKUMIA B TOYKE X, HE W3MEHWUTCH, €Crnn 4YnCnuTenb U
3HameHaTesNb 3aMeHUTb Ha 3KBMBANeHTHble UM 6.M. dyHKUMK. MHave:

o a(x) ~ o, (x) w B) ~ By (x), x>, 70 lim L _ iy L1

X=X B(x) X—>Xq Bl (x)

12



[JokasaTenbcTBO.

lim 29 _ lim[ Ax) ar(x) Bl(x)}: lim 219
ar(x) Bi(x) Px) ) xox Pr(x)

Teopema 3. Ecrm al(x) ~ o, (x) u B(x) ~Bi(x), x— x5, 70 a(x)-P(x) ~ o (x)-Pi(x).
HokasaTtenbcTBO.

X—>X B(x ) X=X

m SOPE) e P
x=xp A1 (X) - Pr(x)  xoxy ap(x) x>x, P(x)

Teopema 4. Cymma 6.M. (hyHKUMI SKBMBANEHTHA CYMME 3KBMBANEHTHbIX UM 6.M., ecnn 3agaHHas cymma He
SIBNSAETCHA pa3HOCTbIO 3KBMBANEHTHbIX 6.M.
Mpumep.
tgx —sinx +0x—x, MOCKOIbKY HOMb SIBMSIETCS KOHEYHbIM 4YMCIIOM, a He 6eckoHe4yHo Manon dyHkumen. B
X—>

3TOM Chny4ae nocrapaemcs Pa3fioXnTb 3agaHHoe Bblpa*XeHne Ha MHOXUTEIN.
2
X
. . I-cosx 5 x>
tgx—sinx=sinx:| — | ~ x-=—=—.
cosx )x>0 ] 2

Onpegenenue 3. Mycte U(x) n V(x) - 6.6. B Touke X,. Toraa:

.U
1) ecrm  lim V(X) =00, 10 U(x) HasbiBaeTca 6.6. ebicwezo nopsidka omHocumesibHo V(x). B atom cnyyae
XX X
. V(x)
V(x) - 6.6. Huswero nopsigka otHocutensHo U(x) . OueBngHo lim =0.
X—>X U(x)
. U(x)
2)ecrm lim =C,rme C#0,C#o,10 U(x) n V(x) HasbiBatoTca 6.6. 00uHako8o20 nopsioka.
X—>Xg V(x)
. Ux)
3)ecrm A lim ,T0 U(x) n V(x) HasbiBatoTCA HECPABHUMbIMU.
X—)XO V(x)
. Ux)
4)ecrm lim ——==1,70 U(x) u V(x) HasbiBatotcs skeuganeHmubimu: U(x) ~ V(x).

X—>X V(x) X—>Xq

CBoWncTBa 3KBUBANEHTHbIX 6.6. pyHKLMA.

OTmMeTVM NnWb HEKOTOPbIE CBOMCTBA.
1) Cymma 6.6. dyHKUMIN pas3HOro nopsaka akBuBaneHTHa 6.6. BbICLLEro nopsiaka.
2) MNMpepgen oTHoweHusA 6.6. He U3MEHUTCS, eCnn YUCNUTENb N 3HaMeHaTerNb 3aMeHUTb Ha 3KBMBaneHTHble 6.6.

U
Whave: ecnu U(x) ~U(x) uV(x)~Vi(x), x—>xp,70 lim M: lim Lx)
X—>X V(x) X—>Xg Vl(x)

3) Cymma 6.6. doyHKUNIA MOXKHO 3aMEHUTb HA CYMMY 3KBUBANeHTHbIX 6.0., ecnn 3agaHHas cymma He aBnsieTcs
pa3HOCTbIO 3KBUBANEHTHbIX 6.6.

4)Ecrm U(x)~Ui(x) n V(x)~N(x), x—>xg, 10 U(x)-V(x)~Ui(x) - N(x).

1.11. NmaBHasa YacTb 6.M. 1 6.6. cpyHKLMN
Ons kaxgon 6.M. unn 6.6. yHKUMM CyLLecTBYeT BGECKOHEYHOE MHOXECTBO SKBUBANEHTHBIX (YHKLMIA.
Hanpumep, npy x — 0 6.M. pyHKUMs tg X ~ sin x;~ arcsinx;~ X WU T. A.
EcTecTBEHHO NpW BbIMMCIIEHUM MPEAENOB UCMOSb30BaTh 3aMeHy Ha MPOCTEMLLYIO IKBUBANEHTHYIO (PYHKLMIO.
Onpegenenue 1. Myctb o(x)- npocTeiiwas 6.M. B Todke X,, a P(x)- apyras 6.M. B TOW e TOYke X, .

Ecrm B(x) ~ C(oc(x))k, rae C, k- noctosHuble uncna, C #0, To GeckoHeyHo Marnyo C(a(x))k
X—>X0

Ha3blBaloT 2i1agHol Yyacmeto B(x). Yvcno k HasbiBatoT mopsdkom cyHkummn B(x) oTHocuTensHo ou(X).
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3AMEYAHUE
Bua rnasHOM YacTy 3aBUCUT OT TOTO, KOHEYHbIM MMM BECKOHEUHBIM SiBRsieTCs Yucno Xg . Mycts B(X) - 6.m. B

TOYKE X(, TO
— k
1) Ecnm X( = @ - KOHEYHOE YKCno, TO rmaBHas YacTb pyHkumn B(x) mmeetsug C-(x—a)" .

k
2) Ecrm Xx( = o0, To maeHas yacTb pyHkumm B(X) umeet Bug C-(—j :
X

Onpepgenenue 2. Myctb U(x) - npocTeiiwas 6eckoHeuHo Gonbluas B Touke X, V(x) - apyras 6eckoHe4YHo

Bonbliasi B ToW xe Touke X,. Ecrm V(x) ~ C(U(x))k, rae C,k - noctosiHHble uncna, C#0, k>0, T0
x—)xO

6eckoHeuHo Gonbwyio C(U (x))k Ha3bIBaOT 21a8HOl Yacmbto dyHkumm ¥ (x). Yncno k HasbiBaloT nopsidkom

cyHkumm V' (x) otHocutensHo U(X) .

3AMEYAHME.
Mycts V(x) - 6.6. B Touke X, . Torga:

k
1
1). €CU X, = A - KOHEYHOe YnCrIo, TO rnaBHas YacTb dyHkumn V' (x) umeet sug C ( .
xX—a

2). ecr X, = %0, To rnasHas Yactb dyHkumu V (x) uveet sug C - (x)k.
1.12. Brtopo# 3amevaTenbHbIl Nnpeaen

7
Teopema. [locnegoBaTesnibHOCTb (l—i-%), rae n=1,2,..., cTpemMuTCca K KOHEYHOMYy npegeny,

3aKMnYeHHOMY Mexay Yncnamm 2 n 3.
HokasaTtenbcTBO. Bocnonb3yemcsa popmynon 6uHoma HeloToHa

(1 +x)” =1+nx+ n(;’!—l) x2 4 n(n—13)!(n—2) ¥+ +x" Npn
1 % 1, 2= (1P, n=De=2) (1) 1Y
X:;2 (1+;) =1+7’l';+ o (;) + 3 (z) ++(;) =
_ 1. n- 1 (n-D)(n-2) l..(n=Dn 1 _
=24yttt s T
_h o dfj_1). 1 1Y;_ 2 1 (n=)..(+n-n) | _
=244 (=L H0-2i-2)+ = =
_ 1 1 1 1 2 1 -1 n— n—(n-1) | _
R P I (P () (—— )=
_ 1 1 1 1 2 1 1 2 -1
=244 (1- L)+ (- Lhi-2)+ o+ g - L= 2). (-1
H/_/ %/_J
>0 >0 >0

/1
Tak Kak cnaraemble NONIOXUTESNbHbIE, TO NOCNeL0BaTENBHOCTb (1 +%) MMeeT HanMeHbLLee 3Ha4YeHne 2, a

3aTeM pacTeT C YBeNnmyeHnem 7 .
C Opyroi CTOPOHbI, TaK KaK BblpaXeHUs (1 — %)< 1, (1 — %Xl — %) <lwuTna., 10

1h_1
7 2( "*1)
(1+l) 3R SIS TR L S R O D - S S [ S - 3
n 2123 23..m 2152 e I = g
3 ) -1
>2 >2:2...2

/1
Takum 06pa30M 2< (1 +%) <3 , TO €CTb nocneaoBaTesibHOCTb OorpaHn4YeHHaa BOo3pacTtaloulad. Torga oHa

o . 71
nMeeT npenen, 3akrni4YeHHbI Mexay 2 n 3. 9107 npenen 0003Ha4alT YMCcnom e, To ecTb lim (1 +%) =e.
n—»o0

BblsicHeHO, YTO ¢ — 3To nppaunoHarnbHO€Ee 4ucrno (OHO Ha3blBA€TCA 4YNCIIOM Henepa). OTO 4MCNO BbIYMCIIEHO

e=2,7182818284...
14



MonyyeHHOe NpeaenbHOe COOTHOLLIEHME MOXKHO 3anuncaTb B ApYroM Buge, 0603HauvB % =z = n= % :

1

lim (1 + z)Z = e|— emopol 3ameyameribHbIl npedes.
z—0

Onpe,qenel-me. HamyparbHbiMu HasbiBaOTCA ﬂOFapI/Id')MbI, 3a OCHOBaHME KOTOPbIX MPUHATO 4YMUCIIO €.
O6osHayerue: Inx =log, x.

|-|0ﬂb3yF|Cb BTOPbIM 3aMe4daTesibHbIM npegeriomM, JoKaxeM HECKOJ1bKO 3KBUBANEHTHOCTEN:

1
lim 2 i i+ ) =ne=1 = In(+x) ~ x.
x—0 X x—0 x—0

In(14x)
log, (1
fim 280040 _ iy g _ gy, I0AF0)

= log,(1+x) ~ .
x—0 X x—0 X x—0 X “ x—s0 In@
Ina Ina
y
X X _Z
.oa -1 . 1 a’ —1 . 1 .
lim = lim . . = lim . J =lim—1¢ _—1=
x—=0 xIna x—-0lna log,, (1 + (a _1)) y—0lna loga(l + y) y—0 loga(l +y)
a* -1 ~ xlna.
x—0
Kak yacTHblii cnyyait e —1 ~ x.
x—0
In(1+x)
o (x) =1 . e -1 . aln(l+x . ax
thzhm—:hmﬁzhm—:l = 1+x)-1 ~ ax.
x—0 ax x—0 ax x—0 ax x—0 ax x—0
Ta6nuua 3. Tabnuya 3KkeugasrieHMHbIX 6€CKOHEeYHO MaJlbIX
x—0 +—0 2
2 tgx ~ x 6 log,(1+x) ~ t= = In(l+x) ~ x
x—0 x—0 1 x—0
3 ; 7
aresmx ~ x a* -1 ~ xlna = " -1 ~ x
x>0 x—0 x—0
4 arctgx ~ x 8 a
g A+x)" -1 ~ ax
x—0 x—0
1
)\/7. . 5 l b
. Al+xsinx—-1_ . (l—xsmx) -1 .. pxsmmx ]
Mpumep. lim > = lim =lm&*¥—F—=—.
x—0 e~ —1 x—=0 x2 x—=0 x2 2

1.13. MNMokasaTenbHble HeonpeaeneHHOCTH

Onpepenenue. PyHKkUMS BUAA y = (u(x))v(x), rae u(x) > 0 HasbiBaeTca nokazamenbHO-cmeneHHou. Tak

kak (u(x))"™ = Plnw@)™ _ eV 1,

lim v(x)-lnu(x)
X—>X()

lim (u(x))v(x) = lim " ™M™ = 6 0 npedene - cynepnozuyuu = €
X—>x() X—>Xx()
BO3MOXHbI CriefytoLLye HeonpeaeneHHOCTy:
[le, ecnm u — 1, v — . Torga limu" = lle: elimvinu e[w'o],
[OOOJ, ecrm u —> o, v — 0. Toraa limu" = [ooojz e[o'w],

lOOJ, ecim u = 0,v—0.Toraa limu" = lOOJ: el0=],
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Mpumep. lim = gx—>® = p¥o® = g —e

X—>0

[x _ 1j2x _ [100] lim 2xln% lim 2x1n(1—%) lim 2x(—%) )

X

1.14. HenpepbIBHOCTbL OYHKLUMN

Onpegenenue 1. Myctb AaHa dyHkumsi ¥ = f(x). PaccMoTpuM [Ba 3HauyeHWsi ee aprymeHTa X u X -

PasHocTb X — Xy =Ax HasbiBaeTcs [pupawjeHueM _apeymeHma X B TOYKe X,. PasHoCTb
y—=yo = f(x)= f(xg) = Ay HasbiBaeTcsi npupauwieHuem epyHkuuu y = f(X) B Touke X .
Takkak x —Xxg =Ax,T0 x =Xxo +Ax n Ay = f(xy +Ax) — f(xg) .

Onpepenenune 2. ®yHkuua ¥ = f(Xx) Ha3blBaeTCH HENPEepbIBHOU 8 MOYKe X, ECIN OHa onpefereHa B

HEKOTOPOM OKPEeCTHOCTU Toukn X, M lim Ay =0, T.e. ecnu 6GeckoHeYHO MaroMmy npupaLLEHWo

Ax—0
Ax cootBeTcTBYET 6. M. NpupatleHne Ay .
Tak kak Ay = f(x)— f(xg), TO MOXHO nepenucatb hm Ay = lim (f(x) f(x )) =
X=X
lim f(x) = f(xo)-
x—)xO

Takum oGpa3om, NoryyYaem SKBMBArIEHTHOE ornpeaeneHue:
Onpenenenune 3. ®yHkums y = f(x) HasblBaeTCH HenpepbieHOU 8 MOYKe X, ECMA OHa onpenerneHa B

HEKOTOPOM OKpecTHOCTV Toukn Xy U lim f(x) = f(xy) wm lim f(x)= lim f(x)= f(xq).
X—>Xq x—>x0+ )C—))CO—

370 paBeHCTBO MOXHO nepenucatb B Buge lim f(x) = f( lim x), To ecTb noa 3HaKoM HenpepbIBHOW
X—>X X—>X

(byHKLI,MVI MOXHO nepexoanTb K npeneny.
anBeﬂeM AB€ BaXHble TEOPEMbI O HEMPEpPbIBHbIX (byHKLI,I/IﬂX.

Teopema 1. Ecnn doyHkumm f(x) n g(x) HenpepbiBHbI B TOYKE X, TO HEMPEPbIBHbLI B 3TOW KE TOUKE UX
cymma, npowvssefeHue v yactHoe (npu g(xq) #0).
[HokasaTtenbcTBO. Hangem

lim F(x)= lim (f (x) +g(x))= hm S )+ hm g(x) = f(xo) +g(xo) = F(xo)

x—)OO

= dyHkums F(x) = f(x)+g(x) — HenpepbiBHas B TOYKE X( . AHaNOrM4yHO [JOKa3blBalOTCA TEOPeMbl Ans
NPOU3BEAEHUSA U YaCTHOTO.
Teopema 2. Ecriu dyHkuMs g(X) HenpepbiBHa B Touke X, @ pyHkumnst f(u) — B Touke uy = g(xp), T0

cnoxHas yHkumst f(g(X)) HenpepbiBHa B TOuKe X, .

OokasaTtenbctBo. lim f(g(x)) = llm fW)=f(ug)=f(gugy)).

X—>X

Onpepenenue 4. Ecnu cyHkums y = f(x) HenpepbiBHA B KaXKOol TOYKe HEKOTOPOro MHTepBana (a; b), TO
(PYHKLMS Ha3blBaeTCs HEMpPepbLIBHOM Ha 3TOM UHTepBare.
Onpenenenune 5. OyHkums y = f(x) HasbiBaeTcs HempepbiBHOW crieBa (cripaBa) B TOYKE X(, €CNK OHa

onpeferneHa B Touke X, M lim f(x) f(xg) v lim f(x)= f(xp)).
x—xp—0 x—xp+0

Onpegenenune 6. dyHkuma y = f(Xx) Ha3bIBAeTCs HENpPepbIBHOWM HAa 3aMKHYTOM WHTEpBarne [a; b], ecnu

OHa HenpepbiBHAa B KaX4oW TOYKe MHTepBana (a; b), ¥ HempepblBHA CrpaBa B TOYKe @ U CrieBa B Touke b .
PaccmoTpymM HekoTopble CBOMCTBA (DYHKLUMI, HENPEPBLIBHbLIX HA OTPe3Ke.
1. HenpepbiBHas Ha [a; b] dyHKUMA JOCTMraeT Ha 3TOM OTpesKe Mo KpanHen Mepe oauH pa3 Hanbonbluero

3Hauenusi I 1 HauMeHbLUero 3Hauenust 0 , T.e. m < f(x) <M (puc. 11).
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M-

L

I

I

|

2 b
Puc. 11.

2. HenpepbiBHas Ha [a; b] hYHKLMSA 9BNAETCS OrPaHUYEHHOW Ha 3TOM OTpeske. JTO criegyeT U3 HepaBeHCcTBa

M < f(x)<m Vxe[a; b].
Knaccudukaumsa Touyek paspbiBa.

Ecnn B Touke x(; xoTA Gbl OOHO M3 YCMOBUI HENPEPLIBHOCTU HapyllaeTcs, TOYKa HasblBaeTca MmMoykou

paspbiga faHHOW yHKUUN.
1. TycTb CywlecTBYHOT OAHOCTOPOHHUE NMpeaensbi:

lim f(x)=/(xg=0) n lim f(x)=f(x+0).

x—)XO— x—)xO +

a) Ecnm f(xy—0) # f(xy +0), HO SIBNSIOTCA KOHEUHBIMW YMCIAMU. TO TOYKa X Ha3bIBAETCS MOYKOU
paspbisa nepsozo poda (puc. 12).
BenuuuHa o = |f(x0 +0)— f(xg— 0)| Ha3blBaeTCs ckaykoM yHKUMM f(x) B TOuKe X .

G x|:| L

Puc. 12.
6) Ecrm f(xg —0) = f(xq+0) # f(xy), To Touka X, Ha3bIBAeTCS MOYKOU pa3spbiea Nepso2o poda unm

MmOoYKOU ycmpaHUMozo pa3spbiea (puc. 13).
Ons Toro, 4To6bl YCTPaHUTL paspbiB, HYXXHO [00NPeaenuTh (Un NepeonpeaenuTb) YHKLMIO B CamMo TOYKe X,

f(x), ecru x # X0

T.€. BBECTU HOBYIO (DYHKLIMIO y:{A eciu X=X
s L =40-

Puc. 13.
2. Ecnn B Touke X XOTs Obl OONH M3 OOHOCTOPOHHMX NPESESIOB HE CYLLEeCTBYET UM PaBeH o0, TO To4Ka Xo

\

Ha3blBaeTCs TOYKOMW paspbiBa BTOporo poga (puc. 14).

|
|
I
|
T
E
I
I
I
1

Puc. 14.
Mpumepsbl. Viccnegosatb yHKLMM HA HENPEPbLIBHOCTb:

| x-1, ecrm 0<x<3,
1)f(x)_{3—x, ecrm 3<x<4.

N306pasunm rpadomk aToi dpyHKLMK (puc. 15). B Touke 0 =3 y dyHKUMM pasphbIB, Tak Kak
17



lim f(x)— lim (x-1)=2

—53-0
“Bm f(x)= hm (3 x)=0f = Paspeie | pona, cravok.
x—=3+0

Cnegyet otmeTuTb, 410 B Touke x=0  dyHKUMA HenpepblBHa chnpaBa, Tak  Kak

lim f(x)— hm (x )=—1=f(0). B Touke x=4 yHKUMS HeNpepbiBHa Ccresa, TaK Kak
x—>0+0

lim f(x)— hrn (3 xX)=-1=f(4).

x—>4-0
sin x
2) y=
. . sinx . sinx
Touka x =0 sBRNAETCA TOYKOW YCTPAHUMOrO paspbiBa, Tak kak  lim = lim =1 un £(0) ne
x—=>0+0 Xx x—>0-0 Xx
cywectsyeT. [oonpefenuts (OyHKUMIO MO HenpepbiBHOCTM — 3To 3HauuT 3agate f(0)=1, T.e. nonyuum

sin x , x# 0
dyHKUMIO BUAA y =4 X
I, x=0
—ainl
3) y=smn-.
Touka x = 0 aBnsetcsa Toukon paspbisa ll-ro poga, Tak kak lim s1nl He cywlecTtByeT. ["paduk pyHKUMK
x—>10

konebnetca mexay (— 1) 1, He NPUBAMXKAACH HY K KAKOMY 3HAYEHMIO.

4. KOHTPOIbHbIE BOMPOCHI M0 TEOPWMK

1. [Jante onpepneneHne oKpecTHOCTM paauyca /> () koHeuHoW ToukM X,. Kak oBosHavaeTcs Takas
OKPECTHOCTb?

2. [ante onpeneneHne /A - OKPECTHOCTM Todek T oo . Kak 0603Ha4YaeTcs Takas OKPeCTHOCTL?

3. Yem otnuuyaetcs /1 - OKPECTHOCTb M NPOKOSIOTasi /1 - OKPECTHOCTb KOHEYHOM TOYKU X, ?

4. [anTe onpegeneHue npegena yHKUMM Yepes OKPECTHOCTM.

5. Kak 3anucatb onpegeneHue npegena yHKUMK, HE MCNONb3YS NMOHATUS OKPECTHOCTMN?

6. B 4ém oTnnymne npaBOCTOPOHHErO M NEBOCTOPOHHErO Npeaena yHKUMn?

7. Ecnu B HEKOTOPOM OKPECTHOCTU TOYKM X, TPU (hyHKUMU cBsidaHbl HepaBeHcTBoM @(x) < f(x) < g(x) u
CyLLECTBYIOT KOHeuHble npegensl lim ¢@(x) = lim g(x)= A, To 4To MOXHO ckasaTb 0 lim f(x)?

X—)XO X—)XO x—)XO
8. Cdopmynupyiite nepBbii 3amedaTenbHbIv Npegen.
9. Kakas yHKUMS Ha3blBaeTCA OrpaHUyYeHHoON (HeorpaHMYeHHOM) Ha HEKOTOPOM MHOXEeCTBE?

10. Kak Ha3blBaeTcs (pyHKLWsI, ANst KOTOPOW B TOUKE X, CMpaBeaninBo cootHowenne lim f(x)=07?
X—>X

11. Kak Ha3blBaeTCcsi (hyHKLWMSI, ANs KOTOPOW B TOUKE X, CNpaBeasiMBo cooTHolweHne lim f(x) = ?
X—>X0
12. MNepeuncnuTe cBocTBa OECKOHEYHO MarbIX 1 BECKOHEYHO BONbLUNX OYHKLNA.

13. Ecnu CyLLecTBYIOT KOHeuHble npegdenbl asyx dyHkuun lim f(x)=4 v lim g(x)=B, 10 yemy
x—)xO x—)xO

pastul creaylouwte npegensi: lim (/(x)+ g(x)). lim (f(x)-g(x)), lim %?
X=X X—>Xg x—xy g(x
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14.

15.

16.

17.
18.

19.

20.
21.
22.

23.
24.
25.

26.
27.
. B 4ém oTnnume Touek paspbiBa NEPBOro 1 BTOPOro poaa?

13.
14.
15.
16.

17.

17.

Ecnu hrn f(x)=4 n llm g(x) =400, To yemy paBHbl criegytoLime npeaesnsb 11m(f(x)+g(x))

lim (/) g, lim £ 1o,
e

B kakom crnydyae GeckoHeyHO Marnble B Touke X, yHkumn o(x) n P(x) HasbiBaoTcs GECKOHEYHO
MarbiM1 OHOIO NOPSAKA; SKBMBASEHTHLIMWN 6ECKOHEYHO MarbiMn?
B kakoMm criyqae GeckoHeuHo Manasi B Touke X, dyHkumus ou(x) HasbiBaeTcs 6eckoHeuHo maroi 6onee

BbICOKOrO NMopsiika OTHOCUTENbHO BECKOHEYHO Maron B Touke X, dyHkummn B(x)?
Mepeyncnmte cBONCTBA SKBMBANEHTHbIX BECKOHEYHO MaribIX 1 6ECKOHEYHO BoNbLUNX DYHKLNNA.
[arite onpenenexHune rnaeHoi YacT 6eckoHeYHO Masiol B Touke X, dyHkummn S(x).

[aiite onpeaenexHune rnaeHoi YacT 6eCKOHEYHO BGOSbLLON B TOUke X, yHKUuM V' (X).

CdopmynumpyiiTe BTOpO 3aMeyaTenbHbIn npeaen.
3anuwunte Tabnuuy SKBMBaNEHTHLIX GECKOHEYHO MasbiX.
Kak packpblBaloTCa nokasaTternbHble HeonpeaenéHHocTn?

[anTe onpegeneHne yHKUMN, HENPEPLIBHOM B TOYKE X .
CdpopmynupyiiTe TeopeMbl O PyHKLMSIX, HENMPEPbIBHBLIX HA OTPEe3Ke.
YTo noHumaeTcs nog ckadkom dyHkumm f(x) B Touke X, ?

B kakoM crnyyae Touka pa3pbiBa pyHKUMM Ha3blBaeTCsl TOYKON YCTPaHUMOro paspbia?
Kaknm cnocobom MOXHO YCTpaHWTb paspbiB?

5. BOMNPOCHI AJ1A NOArOTOBKN K 3K3AMEHY

MHoxecTBa Ha 4ncnoson ocn. OKPeCTHOCTU Ha YncnoBon ocu. MNpokonoTast OKPECTHOCTb TOUKM.
Knaccudumkauusa Touek mHoxecTBa. OnpeaeneHve npegena yHKLUN B TOYUKE.

OpHocTopoHHUe npeaensl. [Npeaen nocrnenoBaTeNbHOCTY.

OcHoBHbIE CBONCTBa NpeaernoB (€ANMHCTBEHHOCTb Npeaena, NpeaerbHbIN Nepexos B HEPaBEHCTBE,
npegen CroXxHow yHKLMK, Teopema O CXXaTon yHKUMM).

lNepBbI 3amevaTenbHbIN Npeaen.

®DyHKLMSA, OrpaHMYEHHasi B HEKOTOPOW OKPECTHOCTU. TeopeMa 0 OYHKLUKN, NMEIOLLIEV KOHEYHbIN Npeaen

B TOYKe X, . Teopema o doyHKUMM, nmetoLeit 6eckoHeuHbI npeden. Teopema o npeaene gyHKuumn

——, ecnu yHKumMA f(x) UMeeT KOHeYHbIN npegen.

/(x)

BeckoHeyHo manble n 6eckoHeyHo Bonblune dyHkumKn. Mx ceoncTaa.
Teopema o npegene cyMmbl YHKUUA, UMEIOLLMX KOHEYHbIV npeaern.
Teopema o npeaene npousseaeHUst OYHKLUNA, MMEIOLLIMX KOHEYHBIN npeaen.
Teopema o0 npeaene YacTHOro (PyHKLMIA, UMEIOLLUX KOHEYHbIV npeaen.

. CpaBHeHue 6eckoHeYHO MarnbIx (PyHKUMIA. DKBUBANEHTHbIE 6ecKkoHeYHO Manble. CBoncTBa

3KBMBANEHTHbIX OECKOHEYHO ManbIX beHKLI,VIVI.

. Tabnvua 3kBMBaNEHTHbIX 6ECKOHEYHO ManbIX (YHKLWIA.
. CpaBHeHune 6eckoHeYHO H6onbLUMX YHKUUA. SKkBUBANEHTHblE 6eckoHeuHo Gonbline. CBoncTea

3KBMBANEHTHbLIX DECKOHEeYHO DOMbLUMX PYHKLMA.

MaBHble YacT 6eCKOHEYHO MarnbIX N 6ECKOHEUYHO BGonbLINX DYHKLNIA.

MokasaTenbHble HeonpedenéHHocTU. BTopol 3amevaTenbHbIn Npeaen.

®PyHKUMSA, HeNnpepbiBHas B ToUke. PyHKUMS, HENpepbIBHAs Ha NPoOMeXyTKe. TeopeMbl O HENPEPbIBHbIX

PYHKLMAX.

dDyHKLMSA, HEeNpepbiBHas Ha 3aMKHYTOM nHTepBane. CBoncTBa (PyHKLMIA, HENPepPbIBHbIX HA 3aMKHYTOM
WHTepBarne.

Toukn paspbiBa. Knaccudgukaums Todek paspbiBa.

6. BbIMACKA 13 KANEHOAPHOTO MIAHA MPAKTUYECKIX SAHATUN

Teopusa npepenos (14 yacoB)

OkKpecTHOCTU TO4YeK (KOHeYHbIX W OeCKOHeYHbIX) Ha 4mcnoBon ocu. [lpokornoTas OKPeCTHOCTb.
MpenenbHas Touka. OnpeaeneHve npedena: Ha A3blke OKPECTHOCTEW UM Ha si3blke &,0 . TUNOBOM
pacyéTt Ne2.
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