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COAEPXAHME KOMNEHANYMA

TemaTtuyeckun nnaH 1 —ro cemecTpa.

Bbinucka 13 kaneHgapHoOro nnaHa nekunn.
TeopeTnyeckun matepumarn.

KoHTpornbHble BONPOCKHI NO TEOPUU.

Bonpockl 4ns noAroToBKM K 9K3aMeHy.

Bbinncka n3 kaneHgapHoOro nnaHa npakTuyeckux 3aHATUN.
TecT no Teme 3. «KAHanNUTN4YeCKas reoMeTpusi».
PekomeHayemas nutepaTtypa.

OTBeTHI K TECTY.



1. TEMATUYECKWM NNAH 1 - ro CEMECTPA

Tabnuuya 1. Temamud4eckul nnaH

Pacnpe,qeneHMe yacoB
AyaunTtopHble 3aHATUSA
Ne Tembl HasBaHue Tembl
Bcero Bcero M3 Hux CaMOCTOgITeanaSI
MpakTnyeckue pabora
ayANTOPHbIX Nekunm P
3aHATUSA
1 OnemMeHTbl NMHeNnHON anredpbl. 50 28 14 14 22
2 BekTopHas anrebpa. 18 8 4 4 10
3 AHanutnyeckas reomeTpus. 48 28 14 14 20
4 Teopwusi npegenos. 48 28 14 14 20
5 ﬂmq)u(bepeHuumaanoe ) ncuncrneHune 26 16 8 8 10
dyHKUUI oaHOW nepeMeHHon. YacTb 1.
Bcero 3a 1 cemecTp 190 108 54 54 82




2. BbIMWCKA 13 KANEHOAPHOIO MNAHA NEKLIAA

3. AHanutuyeckasi reomeTtpua (14 yacos).

10. HOBerHOCTVI B NPOCTPaHCTBE U UX YPaBHEHUA. YpaBHeHme NJIOCKOCTU C HOpMarJibHbIM

BEKTOPOM. Yron Mexgy  MNIOCKOCTAMM. YcnoBne  napannensHOCTU n
nepneHauKynapHOCTM NNOCKOCTEN. YpaBHEHUEe MIOCKOCTU, 3a4aHHOM TOYKOM U ABYMS
KOnnuHeapHbIMW BeKTopamu (2 yaca).

11. YpaBHeHue nnockoctu B oTpeskax. MccnegosaHne obwero ypaBHEHMSI MIOCKOCTWU.

YpaBHeHVs KOOpAMHATHLIX nnockocten. JlnHum B npoctpaHcTBe. OBwne ypaBHEHUS
npsmoi. KaHoHMYeckne 1 napameTpudeckme ypaBHeHUs Npsamont (2 yaca).

12. MNpuBegeHe oOLWMX YpaBHEHUA MPSAMOM K KaHOHWYeckoMy Buay. BsaumHoe

pacrnofnioxeHve npsiMbiX B MPOCTPaHCTBe. Yron Mexay npsmbiMu. B3avmHoe
pacnonoxeHue NpsiMOM U MIIOCKOCTU B MPOCTpaHCTBe. Touka nepeceyeHusi NpsmMon u
nnockocTu (2 yaca).

13. Buapbl ypaBHEHUIN NPAMON Ha NNOCKOCTU. Yron Mexay npsiMbiMy Ha nrnockocTu. Kpneble

BTOpPOro nopsigka, obliee ypaBHeHWe. Annunc: onpeaeneHue, BblBOA KAHOHUYECKOrO
ypaBHeHUs, hopma KpuBOWM, OKYChbl U SKCLIEHTPUCUTET (2 yaca).

14. N'vnepbona: onpegenenne, BbIBO4 KAHOHMYECKOrO ypaBHEHUd, ¢opma KpuBow,

ypaBHEeHUa acumnToT, dhOKyCbl U 3KcueHTpucuteT. [Napabona: onpegeneHue, BbIBOA
KaHOHMYECKOro ypaBHeHus1, hopma KpuBOK, (POoKyC 1 ypaBHEHWE ONPEKTPUCHI (2 Yaca).

15. MNonsipHas cuctema koopauHaT. [locTpoeHne KpyBbIX B MOMSPHON CUCTEME KoopauHaT

N KPUBbIX, 3a4aHHbIX NapaMmeTpUYecknMmn ypaBHeHUAMU. (2 Yaca).

16. MNoBepxHOCTM BTOPOro nopsigka. dnnuncoua. Mmnepbononabl (04HOMOMOCTHLIN U

ABYNonocTHbIN). MNapabononabl (annmnTudeckin n runepbonuyueckuin). KoHnueckas
noBepxHoCTb. LinnmHapnyeckmne noBepxHOCTH (2 yaca).

3. TEOPETUYECKM MATEPWAN

Ta6bnuuya 2. OznaeneHue

1.

[MnockocTb 1 NpsiMasi B NpOCTPaHCTBeE.

1.1

[MoBepPXHOCTN B NPOCTPaAHCTBE U UX YpaBHEHUS. YpaBHEHUE NNOCKOCTH.

1.2. MnockocTb, 3a4aHHas TOYKON U HOPMarbHbIM BEKTOPOM. YTOn Mexady NioCKOCTAMM.
Ycnosuve napannenbHOCTU 1 NePNeHANKYNSPHOCTM MITOCKOCTEW. .

1.3. lMnockocTb, 3agaHHas TOYKON U ABYMS KONNMHEapHbIMU BEKTOPAMU.

1.4. YpaBHeHVe NnockocTn B OTpesKax.

1.5. WccnepnosaHmne obLuero ypaBHeHNs NMNOCKOCTY.

1.6. JInHum B npoctpaHcTee. ObLwme ypaBHEHUS NPSMOWN.

1.7. MapameTpuyeckne n kKaHOHNYeCckue ypaBHeHus npsimon. BaammHoe pacnonoxeHve npambiX.

1.8. B3avmMHoe pacnonoxeHne NpsAMomn 1 NNOCKOCTU.

2. AHanutuyeckasi reoMeTpus Ha NNOCKOCTH.

21. reomeTpuueckoe n3obpaxeHne BEKTOPOB U3 NPOCTPaAHCTBA R2 . MpsamoyronbHas gekapToBa
cucTemMa KoopAnHaT Ha NIIoCKOCTY.

2.2. JInHnM Ha nnockocTu. MNMpsiMast Ha NITOCKOCTU.

2.3. KpvBble BTOporo nopsaka.

2.4. KpvBble B NONApHOM CMCTEME KOOpAMHaT.

3. [loBepxHOCTW BTOpPOro nopsigka.

1. MnockKocTb U NpsiMasi B NPOCTPaHCTBe

1.1. nOBerHOCTVI B NPOCTpPaHCTBEe U UX YPpaBHEHMUA. YPaBHeHMe NIOCKOCTU

Beegem B NPOCTpaHCTBE MPAMOYrOJfibHYyHO [OEeKapToBy CUCTeMy KoopaAuHaT Xx,),Z C

Havyanom B HekoTopoit Touke O . MponssonbHyto Touky M B aTON cucTeMe koopavHat Gyaem

X

->

3afjaBaTb €e KoopauHaTamu M(x,y,z). Bektop a =| y | usobpaxaTb HanpaBieHHbIM

z



_—

otpeskom OM , Ha4yano KOTOPOro MOXeT OblTb MepeHeceHo B MGy TOYKY NPOCTpaHCTBa
(pnc.1).

X
—
Puc.1.
OnpepeneHue 1

Ecnn B npocTpaHcTBe 3adaHa npaAMOYronbHas [ekapToBa CUCTeMa KoOpAuHar, TO
anrebpaunyeckoe ypaBHeHue f(x, y,z) =0 HasbiBaeTcst ypaBHeHneM nosepxHoctn O B 3TOiA

cucTemMe KoopauHaT, ecrnu:
1. KoopauHathbl nobon Toukn M (x 00> zo)e ® cBA3aHbl ypaBHEHNEM f (x 0 Y0 > 20 ): 0.

2. 0na moboro pelueHus (xo,yo,zo) ypaBHeHus! f(x,y,z)zO crnpaBeanuBo

Mo(xo,yo,zo)e @ (puc. 2).

Puc. 2.

3AMEYAHUE

MHaue roeops, YypaBHeHNE NOBEPXHOCTU CBA3bIBAET KOOPAOMHATbI TeX U TOJIbKO Te€X TOYeK, KOTOpble
npuHagnexaT 3TOM NOBEPXHOCTU.

B panbHenwem 6yﬂ,8T OaHa KJ'IaCCI/I(bI/IKaLI,VIFl OCHOBHBbIX ﬂOBerHOCTePI, a B [JaHHOM
pasgerne Mbl MOoKa)XXeM, KaK MnoNyyYnTb YypaBHEHME NOoBEepXHOCTU, ecnn 3adaHo obuee
reomeTpuyeckoe CBOWCTBO ee TOMEK.

3apava
HanucaTtk anrebpanyeckoe ypaBHEHNE MHOXECTBA TOYEK, PACMONOXEHHbIX HAa PACCTOAHMM
r OT 3apaHHou Toukn M (xo, Yo» 29 )

PeweHune
M3 anemeHTapHOW reomMeTpum U3BECTHO, YTO MHOXECTBO TOYEK C TaKuM reoMeTpuyecKnM
cBoiicTBOM obpasyeT cdpepy (MOBEpXHOCTb Wapa) ¢ LeHTpoM B Touke M, u paguycom r .

MokaxeMm, YTo ee ypaBHeHWe uMmeeT Bua (x - X, )2 +(y -V, )2 +(z -z, )2 =r.
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MMyctb Touka M(x,y,z) npuHagnexuT adaHHon cdepe. PaccmoTpym  BekTop

X=X, 2

W: Y=y, Tak Kak ‘W‘=r n ‘]\4_0]\4> =r’, TO
z-2z,
(o=, )" +{y =3, P +lz =2, =1
Ecnu xe Touka M(x,y,z) He npuHaanexut cdepe, To W > 7 unm AI()—M <r,mnm,

cnepgoBarteribHO, ee KoopauHaTthbl X, yV,Z He yOoBJ1e€TBOPAOT 3TOMY YpaBHEHWUIO.

Teopema 1
NuHeiHoe ypaBHeHne c Tpemsi nepemeHHbiMu Ax+ By+Cz+ D =0 3apaet B

NPOCTPaHCTBE MMOCKOCTb.

[okasaTenbCcTBO
A

N
1. MycTb 3apaHa Touka M, (xo yo,zo), npuHagnexatliaa nnockocTu, u Bektop n=| B |,
C

nepneHaunKyNsapHbIA MIOCKOCTU. FCHO, YTO Yepe3 AaHHYK TOYKY MEPneHaUKYNSPHO AaHHOMY
BEKTOPY MOXHO NPOBECTU TOMBbKO OAHY NIMOCKOCTb (pUc.3).

i

/M

M,

Puc. 3

X=X

Ecnu Touka M(x, y,z) NPUHaANEXMT NCKOMOW nockocTu, To Bektop M M =| y—y,
Z—Zy
>

KornunHeapeH 3TON NNOCKOCTU U OpTOroHarnieH BEKTOopy n. U3 OpPTOroHasribHOCT BEKTOPOB

cnepyet (MOM, n)= 0. BeolpasauB ckanspHoe npousBefeHMe Yepe3  KOOpAWHATbI
nepemHox)aeMbix BekTopos, nomyuum A(x —x, )—i— B(y-y,)+C(z-z, ) =0. B nocnegHem
ypaBHeHWUM packpoem ckobku u o6osHaumm D =—A x, — By, —Cz,. MNony4um ypaBHeHune

Ax+By+Cz+D=0. 310 nuHeiiHoe ypaBHeHWe, NpUYEM  KOIPPULMEHTLI  MpU

—

nepeMeHHbIX X, ), Z - KoopAuHaTbl HOpMaribHOro BEKTopa 7 .

2. Nyeb ( Xy, Vg, Zg) - KAKOE-TO PELLEHNE YPaBHEHNS

Ax+By+Cz+D=0. (1)
OT0 03HavaeT, YTo cnpaBennmMBo
Axy+By,+Cz,+D=0. 2)
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Bbluntas ns ypasHeHus (1) ypaBHeHue (2), nonyymm
Ax—Axy+By—-By,+Cz—-Cz,=0,um A(x—x(,)+B(y—y0)+C(z—z(,):O.

Monyynnu ypaBHeHWE, KOTOpOe, SIBMSIETCS ypaBHEHWEM MIIOCKOCTH, MpoXoAsiuei yepes

->

Touky M, (xo,yo,zo) 1 NepneHanKynsipHON BEKTOPY 7 .

1.2. TlnockocTb, 3afaHHasA TOYKOW U HOPMasibHbIM BEKTOPOM. Yron Mmexay
NSIOCKOCTAMU. YcrnoBue napannenbHOCTU U NepneHanKynapHoOCTH
NIOCKOCTEeMN.

YpaBHeHMe NI0CKOCTU C HOPMalibHbIM BEKTOPOM
YpaBHeHue

A(x—x0)+B(y—y0)+C(z—Zo):0,

roe  Xg, Vg, Zo - KoopauHaTbl mio6oit Toukw, npuHagnexaiwlen nnockoct, A,B,C -

->

KkoopaMHaTbl ftoboro BekTopa #, NMeprneHOMKyNsSiPHOro MiOCKOCTW, HasblBaeTCcs ypasHeHueMm

->

ry10CKoCcmu ¢ HopMalsibHbIM 8EKIMOPOM. BeKTOp n Ha3blBaA€TCA HOpMaJslbHbIM 8EKIMOPOM.

Teopema

Ecnmu pBe nnockocT  3apaHbl  ypaBHeHusmu A x+ B, y+C ,z+D; =0 n

A
— 1
A, x+B,y+C,z+D, =0, To 3apaHbl uX HOpmarbHble Bektopbl 7, =B | n
Cl
= |4
n,=| B,
C

2

Yron oL Mexay NiocKoCTAMM OnpeaenseTcs Kak yron Mexay nx HopmMarnbHbIMU BEKTOpaMU.
Torpa ons KOCUHyca 3Toro yrina cnpaeegnvea gpopmyna:

n.,n
oo = ( 1 2) _ A1A2+Ble+ClC2

> >

il n, ‘/A12+B12+C12 ~‘/A22+B22+C22

Ycnosue napanneribHOCTUn NI0CKOCTEN UMEET BMA;
- Al Bl Cl

n,,umm —=——=

AZ BZ C2 -

Ycnosue nepneHankynapHoOCTu NIIoCKocTen onpenenaeTca N3 COOTHOLLEeHUA:

—

n,

(nl,nZ):O,VlﬂM A1A2 +BIBZ +C1C2 :0.

3apava 1

Kakne 3 3agaHHbIX Touek A(2,—2,—1), B(l,O,—Z), C(—l,—1,4), D(4,5,0)
npuHagnexat NnockocTH, 3aaHHoN ypaBHeHneM x — Y +5z+1=07

PeweHue

YTo6bl BbIACHUTb, NEXUT NN TOYKA B MNNOCKOCTU, HAAO B ypaBHEeHUe niioCKOCT NoACTaBUTb
€e KoopaunHaThbl. nOCKOJ'Ibe

8



2—(-2)+5-(-1)+1=0, 1-0+5-(-2)+1%0,

—1-(=1)+5-4+1%0, 4-5+5-0+1=0,
TO 3a[aHHOW NMOCKOCTM NpUHaAnexaTt Tonbko Toukn A n D .
OtBet: AunD.
3apaua 2

HanucaTe  ypaBHeHME  MINOCKOCTW,  MPOXOAsLiei  4Yepe3  TOuKY A(l,—l,—2)

nepneHankynsapHo sektopy AB , ecniun B(—1,2,3).
PeweHune
-2

Bektop AB=| 3 ABNSAETCA HOpMarnbHbIM BEKTOPOM MNMOCKOCTW. B ypaBHeHue

5
A(x - X, )+ B(y -V )+ C(z -z, ) =0 noacrasum Bmecto A,B,C koopauHaTthl BekTopa

AB , aBMmecTO X,,Y,,Z, - KoopanHaThl Touku A . Monyunm

~2-(x=1)+3(y+1)+5-(2+2)=0,mm —2x+3y+5z+15=0.
OmBet: —2x+3y+5z+15=0.

3apava 3
HanuwunTte ypaBHeHME NMOCKOCTW, TMPOXOASLWENn 4Yepe3  TOUKy MO(—I,Z,—3),

napanneribHoO NMOCKOCTM, 3afaHHo ypaBHeHem 4x+ y—2z+2=0.

PeweHwne
YpaBHeHue nnockoct Gygem uckaTb B BUAE: A(x—x0)+ B(y—y0)+ C(z—zo):O.
BmecTto X,,),,Z, NOACTaBAM B 3TO ypaBHeHWe koopauHaTbl Toukn M. W3 ypaBHeHus
4
-
3a[jaHHOI NMOCKOCTM HaiaeM KoopauHaTbl ee HopmanbHoro Bektopa n=| 1 |. Tak kak
-2

NMOCKOCTW MapaniernbHbl, TO 3TOT BEKTOP ABMSETCA HOPMarbHbIM U ANS UCKOMOWM MITOCKOCTW.
MoacTaBmB ero koOpauHaTLl B ypaBHEHWNE, MOSNYYUM

4-(x+1D)+(y-2)-2-(2+3)=0,um 4x+y-2z-4=0.
OtBet: 4x+y—-2z—-4=0.

3apava 4

HaiiTu yron mexgy nnockocTsiMu, 3afaHHbIMU ypaBHEHMSMU X —+/2y+z—1=0 wu

x+\/5y—z+3:0.

PeweHue

1
HopmarbHble BeKTOpbl 3adaHHbiX nnockocten 71 =| —+/2 |, n2 =|~2|. Ecnu
1

0003Ha4nTb yepeld O - yron mexay niocKoCTAMU, TO

9



(”w”z) 1-2-1 -2 1

T+ 2+1 11241 427

>
| N2

CnepoBatenbHo, yron o =120,
Oteet: 120°.

3apava 5

Mpu Kkakmx 3HayeHussx [ W m  3apgaHHble nnockoctm mx+3y—2z—-1=0,

2x -5y —Iz—1=0 napannensHbI?

PeweHune
m 2
HopmarnbHble BekTopbl 3adaHHbIX nnockocten ni =| 3 |, n2 =|—5|. W3 ycnosus
-2 -1
m 3 - 10
napannensHocTu cregyeT: —=——=——_Torga m=—— 1 [=——.
2 =5 -1 5 3

6 10
omer: m=——, [ =——.
5 3

1.3. TnockocTb, 3agaHHasA TOYKON U ABYMSA KOJNNIMHeapPHbIMU BeKTOpaMu

Teopema
-> ->

Ecnu 3apaHa Touka M (xo, Yo, zo), npuHaanexatlas ninockocTu, Asa Bektopa a un b,
KONMUHeapHble MfOCKOCTU M He KOMMUHeapHble Mexay cobour, TO Ansi 9TOW NMOCKOCTU
“cnonb3yeTcst ypaBHeHWe A(x— x,))—i- B(y - y0)+ C(z - z,))z 0, roe HopmanbHbI BEKTOp

; = F,ZZ} (puc.4).

la.5]4

Puc. 4

3apava 1

Hanuwwnte ypaBHeHMe  MMOCKOCTW, MNpoxofsilerdn 4epe3  TOYKU M1(1,2,—3),
M,(4,-1,-4) n M4(-1,-5,2).

10



PewweHue

lM1M27M1M3J
A
n
[
M,
Puc. 5.
M3 pucyHka 5 ACHO, 4YTO HOPMAanbHbLI  BEKTOP MAOCKOCTM - 3TO  BEKTOp
. 3 . -2
n= [Mle’M1M3] Bbluncninm koopauMHaThl BEKTOPOB MlM2 =|-3|mu M1M3 =|-7],
-1 5
a TaKke UX BEKTOPHOE Npou3BeaeHne
B e —— J k > -> ->
[MIMZ,M1M3}= 3 -3 —-1=-22i-13;-27k.
-2 =7 5
. 22
CnepoBsaTenbHo, B KayecTBe HOPMAarnbHOTO BEKTOpa MOXHO B3ATb Bektop n =] 13
27

nOﬂ,CTaBVIB €ero KoopauHaTtbl, a TaKkKe KoopauHaTbl nodon u3 TO4YEeK, HanpuMmep M1 B
ypaBHeHMne nNiioCKOCTU C HOpMalibHbIM BEKTOPOM, MOJy4HUM
22(x—=1)+13(y—2)+27(z+3)=0,nm 22x+13y+272+33=0.

OortBet: 22x+13y+27z+33=0.

3apava 2

HanuwwnTe ypaBHeHWe NnockocTy npoxoasiuei Yepes ocb OX 1 Yepes TOUKy M(l,l,l).

PewieHue
[ns “cKoMOM NMOCKOCTU W3BECTHbI KOOPAWHATbl TOYKW, Nexalwenh Ha MNOoCKOCTWU, 3TO

 ——

O(0,0,0) unm M(l,l,l). Mockonbky Bektopbl i U OM , konnuHeapHbl NAOCKOCTU, TO
i 0

0;+}—%= 1 |, a Torma, noactaBnss
-1

HOPMarbHbIA BEKTOP n= OM,;']= 1
1

(=
S = X
Il

KOOpAWHATbI TOYKM 0 " KOOpAMHATHI BeKTopa n B ypaBHeHve
A(x—x0)+ B(y—y(,)+ C(Z—Z())I 0, nonyyum

0-(x—0)+1-(y—0)—1~(z—0):O, wm y—z=0.
Oteet: y—z=0.
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1.4. YpaBHeHMe NNIOCKOCTU B OTpe3Kax

Teopema
Ecnu nnockocTb nepecekaeT Bce Tpy KOOpPAMHATHblIE OCYM M 3agaHbl abcuucca a TOYKU
nepeceyeHust NrnockocTn ¢ ocbto Ox , opanHata b ToukM nepecedeHms NockocTu ¢ ocbio Oy

M annnukaTta ¢ TOYKU nepecevyeHnd nioCKOCTU C OCbH OZ, TO ypaBHEHWUE NMIOCKOCTU MOXeT

ObITb 3anucaHo B Buae
x 'y z
—F—+—=1.
a b ¢

OTO ypaBHEHVE Ha3blBAETCA ypaBHEHWEM MfIOCKOCTW B OTpeskax, a uucna a,b wn ¢ -
«OTpEe3KaMm».

[oka3aTenbcTBO
[lna nokasaTenbCTBa BOCMOMNb3yeMCS TEM, YTO 3a[aHHas NIOCKOCTb NPOXOAUT Yepes TOUKU
A(a,0,0), B(O,b,O) " C(0,0,c) (puc. 6). HopmarnbHbIM BEKTOPOM MIOCKOCTM ABMAETCA

BEKTOp ;=[E,E}

X
Puc. 6
_. [—a _. [—a . i j k . . L [be
Mockonbky AB=| b |n AC=| 0 |,ton=|-a b O|=bci+acj+abk=|ac
0 c -a 0 ¢ ab

—

MoactaBum koopanHaTbl Toukn A W BekTopa 7 B YpaBHEHUE MIOCKOCTU C HOPMarbHbIM
BEKTOPOM A(x—x0)+ B(y—y0)+ C(z —ZO): 0. Monyyum

be(x—a)+ac(y—0)+ab(z—-0)=0 wwm bcx+acy+abz = abc.
Kaxpoe crnaraemoe nocnefHero ypaBHeHUs pasfeniM Ha npowsBeaeHue abc u nonyunm

X z
ypaBHeHVne — + b4 +— =1, yTo 1 TpeGosanock AokasaTb.

a b c¢

3apava

HanuwuTe ypaBHeHMe NockocTu, Npoxoasilei Yepes ToUKy A(l,—l,3) 1 oTceKaloLen Ha
KOOPAMHATHBIX OCAX OTPE3KW, PaBHON AMUHbI.

PewieHue

X z
YpaBHeHWe NnockocTy Gyaem uckaTb B BuAe —+Z+— =1. U3 ycnosus |a| =|b| = | c|

a b ¢
BO3MOXHbI CriefytoLLme Criyyau:
12



1.a=b=c, Torga umeem X+ y+z =aw, NOACTaBUB B ITO ypaBHEHWE KOOpPAMHATbI
Toukn A, Hagem a: 1—1+3=a, vwnn a =3; Torga ypaBHeHWe MNOCKOCTM 3anuLLETCH
X+y+z=3.

2.a=b=—-c, Torpa x+y—z=a v ana a nonyuvm 1—-1-3=a, vim a=-3;
ypaBHEHWe NIoCcKoCTU NpUMeT Bug X+ y+z = —3.

3. —a=b=c, —x+y+z=a; noactasnsieM B 3T0 ypaBHEHWE KOOPAMHATbI TOUKU A :
—1-14+3=a,vwwm a=1; Torga ypaBHeHue nnockoctn —x+ y+z =1.

4. a=—-b=c, x—y+z=a, 1+1+3=a, vim a=15; Toraa ypaBHeHWEe MNIOCKOCTM
3anvwetcsiBBuae x—y+z=95.

OmBer: x+y+z-3=0, wwm x+y—z+3=0, wm —-x+y+z—-1=0, wm
x—y+z-5=0.

1.5. WccnepoBaHue obuero ypaBHeHUs NIIOCKOCTW.

OnpepgeneHue

YpaBHeHne Ax+By+Cz+ D=0, rne 4, B n C - KoopauHaTbl HOpMarnbHOro

>
BEKTOpa 7, Ha3blBaeTcsl 06WUM ypagHEeHUeM MiocKocmu.

PaccmoTpyM  pasnuuHble crydau pacronoXeHus MNIMOCKOCTM B 3aBUCMMOCTU  OT
Ko3abhnUMEeHTOB B ee obLLeM ypaBHEHNN.

—

> >
1 A =0; 3 atoro crneayer, YTo ckanApHoOe NpousseaeHve (n s i] =0, To ecTb BekTop 7
nepneHaukynapeH ocu Ox , a nnockocTb napannensHa ocn Ox .
> — >
2. B=0; (n, j)zO, TO ecTb BeKTop 7 nepneHavkynsipeH ocu (Jy, a NnockocTb
napannensHa ocu Oy .
> — >
3.C=0; (n, kJ:O, TO ecTb BekTop # nepneHaukynsped ocu (Jz, a MMNOCKOCTb

napannensHa ocn Oz .

4. D=0; B aTOM cnyyae ypaBHeHWe MockocTu umeeT peweHne x =y =z=0, um
Touka 0(0,0,0) npurapnexuT nnockocTy.

5. A=0 n B =0; nnockocTb napannensHa koopamHaTtHeiM ocsim Ox n Oy, a Torga oHa
napannesibHa KoopauHatHou nnockoctn xOy .

6. A=0 n C =0; nnockoctb napannensHa koopanHatHeiM ocam Ox n Oz, a Torga oHa
napannensHa koopamHaTHon nnockoctn xOz .

7. B=0 n C =0; nnockocTb napannensHa koopamHaTtHbiM ocsim Oy n Oz, a Torga oHa
napannesbHa koopauHaTHou nnockoctn YOz .

8. A=0 u D =0; nnockocTb napannernsHa koopauHatHon ocn OX U NPOXoauT yepes
Hayarno KoopauHaT, TO eCTb NMPOXOAMT Yepe3 KoopauHaTHyo ock Ox .

9. B=0 un D=0; nnockoctb napannesnbHa koopauHaTHoi ocu Oy U NpoxoauT Yepes
Ha4ano KOopAMHAT, TO eCTb NPOXOAMT Yepe3d koopauHaTHyw ock Oy .

10. C=0 n D =0; nnockoctb napannensbHa koopauHatHoi ocn Oz U NPOXOAUT Yepes
Hayarno KoopauHaT, TO eCTb NPOXOAMT Yepes KoopauHaTHyo ock Oz .

3apava
HanuwwuTe ypaBHEHUSI KOOPAMHATHBLIX NIIOCKOCTEN.
13



PelwieHne

B ypaBHenun Ax+By+Cz+ D=0 pgna koopauHaTHoi nnockoctn — xOy
A=B=D=0, cneposatencHo, ee ypaBHeHue umeetr Bug Cz=0, wm z=0.
AHanormyHo, ypaBHeHWe KoopauHaTHou nnockoct xO0z: By =0, wwm y=0 u
koopanHaTHow nnockoct yOz: Ax =0, unm x =0.

Omeet: x=0, y=0, z=0.

1.6. JluHum B npocTtpaHcTBe. O6LMe ypaBHEHUSA NPAMON

Teopema 1
Ecrm  f (x,y,z) =0 un f, (x,y,z) =0 - ypaBHeHMA [OBYyX TMOBEPXHOCTEN B
] ] fix,y.,2)=0
NPsIMOYTONIbHOW [EeKapTOBOW CUCTEME KOOpAMHAT, TO cucTema 3ajaeT B
/s (x ) Z) =0

NPOCTPaAHCTBE MHOXECTBO TOYEK, NPUHAAEXaLLMX KaK OLHON MOBEPXHOCTU, TaK U OPYrow, To
€CTb VX NTMHUN NepeceyeHust.

CnepoBaTtenbHO, NMHMSA B MPOCTPaAHCTBE 3a0aeTCsl CUCTEMOW ABYX YpaBHEHWNA C Tpems
nepemMeHHbIMU.
Mpumep 1

2 2 2
X“+y +z°=9
Cucrema 3ag0aeT B MPOCTPAHCTBE JMHUIO MepeceyeHns cgepbl C
z=0

LLEeHTPOM B Hauvarne KoopauHaT u ¢ paguycom 3 u koopamHaTHoW nnockoctv x(Oy, To ecTb

OKPY>XHOCTb C paguycom 3, pacronoxeHHyto B nnockoct xOy .

Mpumep 2
x=3 5 3
Cuctema ) 3afjaeT NIMHUIO NepeceyeHns NMOCKOCTKW, NapannenbHon KoopaMHaTHOM
z =
nnockoct yOz , 1 NNOCKOCTM, NapannensHon koopanHaTHow nnockoctn x(Oy . AcHO, YTo 3TO

npsiMasi, napannensHas koopamHaTtHoi ocu Oy (puc.7).

Z A
e
»y
¥ 3
Puc. 7

nOCKOJ'Ibe TINHWEN nepece4vyeHmna OByXx MNOCKOCTEN SABNSAETCS npamaa, 1o crnpasennea
cneaywollas Teopema.

Teopema 2

Mpamasa B npocTpaHCTBe 3adaeTcd CUCTEMOM [OBYX JIMHEMHbIX YPaBHEHUN C Tpems
nepeMeHHbIMU.

14



Ax+By+Cz+D =0

A,x+B,y+Cyz+D, =0
o1n YpaBHEHNA Ha3bIBAKTCA oowummn YpPaBHEHUAMUA I'IpFIMoVI.
3AMEYAHVE

Cne,u,yeT MMeTb B BuUAOY, YTO NMpU 3TOM Mexay ABYyMA YypaBHEHUAMU CUCTEMbl HE OOJIKHO ObITb
NIMHENHOW 3aBMCMMOCTU, TO ECTb paHr MmaTpulbl CACTEMbI OOJTKEH ObITb paBeH 2.

1.7. TapameTpuyeckue n KaHOHM4YeCcKkne ypaBHeHUA npsimon. BzammHoe
pacnonoxeHue NpAmMbIX

MapameTpuyeckue ypaBHEHUSA NPSAMOWN

MpaAmMasa NMHUA OQHO3HAYHO OMpedeNieHa, ecnv Ha Hel 3afjaHa Touka Mo(xo,yo,zo) 7
HEHYNeBOW BEKTOP, MapansnenbHbil 3TONM npsiMon. B panbHeriwem Takol BekTop Oyaem
m

>

Ha3blBaTb HanpasnswuM eekmopom. Ecnn s =| n | - HanpaBnNSOLWMIA BEKTOP, TO AN nobon

p

-

TOYKM M(x,y,z), npuHaanexallein npsiMoi crnpasBeanuBo: S

R ———

MOM. M3 onpeneneHus

—_— >

KONMIMHEapHbIX  BEKTOPOB  CrieQyeT  COOTHOLLEHUWe MOM:tS. Tak Kkak BekTop

R —

X—x,
M M =| y—y, |, T0nocneaHee paBeHCTBO PaBHOCUILHO CUCTEME
z-z,

X—Xx, =mt X =Xx,+mt
Yy—Yy,=nt,unmyy=y,+nt.
z—z,=pt z=2z,+ pt

MornyyeHHble TpW ypaBHEHMUSI HA3bIBAKOTCA MapaMempuyecKuMU ypasHeHUsIMu npsimod, a t
- napamempom.

KaHoHU4eckue ypaBHeHUs1 NPsIMON

Ecnn wncnonb3oBaTb YyCrnoBME KOMNMHEAPHOCTUM BEKTOPOB, BbIpaXeHHOE 4epe3 UX
KOOpAMHATbl, TO MOMy4YMM YpaBHEHWsI, KOTOPblE HA3bIBAOTCA KaHOHUYECKUMU YpasHEeHUsIMU
npsiModu:

3apava 1

HanuwwuTe kaHoHW4Yeckne ypaBHeHUsI NPsSIMONA, NpoxoasaLlen yepes Toukn M (— 2,—3,4) "
N(2,-3,-1).

15



PewweHue

4
e
Bektop MN =| 0 | napanneneH npsiMol, crnefoBaTernbHO, Mbl MOXEM BbiGpaTb ero B
-5

KayecTBe Hampaenswowero Bektopa. [logcTaBnas B KaHOHMYECKUE YpaBHEHWS MNPSIMON
KoopauHaThl NoBoN M3 3afaHHbIX Todek, Hanpumep M , MONyy4Mm CUCTEMY KaHOHWUYECKMX
ypaBHEHUIN NPAMOW

x+2 y+3 z-4
4 0 -5

3AMEYAHUE
CrnepnyeT 3aMeTUTb, YTO KAHOHUYECKUE U NapamMeTpuieckne ypaBHEHUsI NPSIMON BbIMMSAST pasnnyHo,

B 3aBMCMMOCTW OT TOrO, KOOPAMHATbl KaKOM TOYKM B HMX NOACTaBEHbI BMECTO Yncen XO , yO n ZO'

Kpome TOro, B gaHHoOW 3agadve ofHa M3 KOOPAMHAT HanpaBnsALLEro BEKTOpa paBHa Hynko, a 3To
O3HayaeT, YTO OOUH M3 3HaMeHaTernen B KAHOHNYECKNX YPaBHEHUSAX paBeH Hym. Takas 3anucb ons
KaHOHWYECKNX YpaBHEHWI MPSIMOW CYMTAETCst BMOSIHE AOMYCTUMOW. YTOObI NOHATb, Kak B AaHHOM
cny4ae pacrnorfioeHa B MPOCTpPaHCTBE MnpsiMasl, nepengem K napameTpuyeckum ypaBHeHusm. [Ons
3TOro Kakgoe M3 Tpex paBHbIX OTHOLIEHWUA 0603HaYMM Yepes3 [ 1 NoNy4um

x+2=4-1 x=41t-2
y+3=0-1,vnm y=-3 . V3 nocneaHux ypaBHeHUin ICHO, Y4TO 3aAaHHas NpsiMast NExuT
z—4=-5-¢1 z=-5t+4

B niockocT ) = —3.

3apayva 2
CocTaBbTe MNapaMeTpuyeckne ypaBHEHWUs MeauaHbl, NPOBEAeHHOM U3 BeplumHbl A B
TpeyronbHuke ABC, ecnu 3agaHbl KOOpAMHATLI €70 BEPLLIWH A(l,4,—1), B(—2,—2,5) n

C(3,1,-2).

PeweHune

Ha meonaHe AM 3apaHa Touka A (puc.8). HanpaBnsiowmm BEKTOPOM Afsi HEE MOXEeT

-3
ABNATLCH BEKTOP A—Ij = /Té +A_C" (puc. 8). Beluncnum koopamHaTbl BEKTOPOB E =|—-6]|wu
6
2 -1
AC=|-3 , @ TakKe BekTopa AD=|-9]. MoactaBum B napameTpuyeckue ypasHEHUs!
-1 5

X =Xx,+mt
npsiMon < ¥ =y, +nt BMecCTo m,n, p KOOpAMHATbLI BeKkTopa s=AD, a BmecTo Xo> V020 -
z=2z,+pt
x=1-t
koopauHaTbl Toukn A . Monyunm § y =4-9¢ .
z=—1+5¢
OmBet: x=1—-¢, y=4-9¢, z=—-1+5¢.
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Yron mexgy npAMbIMU

> ml > mZ
rlyCTb S1 = ”ll n S = n2 - Hanpaendawuwmne BeKTOpbl ABYX NPAMbIX. Yron o mMexay
p, p,

NpsIMbIMUK ONpeaenseTcs Kak yron Mmexay Ux HanpasnsowuMm BekTopamu. [Ins KoCMHyca 3Toro
yrna cnpaseanuea oopmyna:

> >
S1 Szj
( ’ m1m2+nln2+p1p2

> - 2 2 2 2 2 2
S1 ‘/m] -I-I’l1 +p1 '\/I’I’ll -i-l’l1 +p]

cosa =

>

S2

Ycnoeue nepneHAUKYNAPHOCTU NPAMbIX

[sl,sZ):O wnn mym, +nn, + p,p, =0.

YcnoBue napannenbHOCTU NPAMbIX

-

S

>

m_ n, p
s> mim — =L =L1L

m, n, p,

Ycnosus nepece4vyeHusa NpsAMbIX B NPOCTPaHCTBE

my my
Ecrm 51 =| n n s, =\|ny - HanpasndAwolne BEKTOpbl ABYX MpAMbIX, a
P1 P>

Ml(xl,yl,zl) " Mz(xz,yz,zz) - TOYKM Ha 3TUX NPSMbIX, TO MPsSIMblE NepecekaloTcs Unm

CKpewuBarotc4A B 3aBMCUMMOCTM OT TOro, KOMMJ1aHapHbl WX HET BeKTopbl S, S2VI

Mle (puc.9).
MpsiMble CKpeLLMBAIOTCS, CNU CMelaHHoe npousseaenne s s, M M #0 (puc.9 a).

—_——

MpsiMble NepeceKatoTCs, ECNM CMELLAHHOE NPOU3BEAEHNE S, S, MIM2 =0 (pnc.9 b).

17
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i

Puc. 9 a. Puc.9.b
3apava 3
x+2 y  z-1 x=-3 y-1 z-7
Mpn Kakom 3HadeHun [ npsamble =——= " = =
2 -3 4 l 4 2
nepecekaroTcs?
PeweHue
2
Ansi nepBoit MpsIMOW: HANPaBNSIOLUNA BEKTOP §, = =3 | v Touka Ml(—2,0,1). Onsa
4
_ [
BTOPOM NPSAMON: HanpasnsAwLMIA BEKTOP s, = 4 M TouKa M2(3,1,7). Bblumcnum
2
5
_—
KoopAuHaTbl BekTopa MIM2 =| 1 | n yytem, 4To NpAIMbIE NEpPECeKaloTCs, ecrnv CMeLLaHHoe
6
npousBefeHne BEKTOpPoB S1,52 U MM, paBHO Hynio.
2 -3 4

> > —

sisaMM =|1 4 2|=48-30+4/-80-4+18/=22/-66.
5 1 6
Mockonbky 22/ —66=0,10 [ =3.
Oteet: [ =3.

MpuBeaeHne 06X ypaBHEHU NPSAMOI K KAHOHUYECKOMY BuAy
Ax+By+Cz+D =0

MycTb NpsiMasi 3aaaHa o6LLMMM ypaBHEHUSIMU :
A,x+B,y+C,z+D, =0

18
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i A5
ny \\

—

ny

I

Puc. 10.

Ecnu Hy>XHO NpMBECTU ee YpaBHEHUSA K KAHOHUYECKUM UMK napameTpuyecknm, To cnegyeT
BbIOpaTb Ha 3TOM MPSMON KaKylo-TO TOYKY M HaWTU BEKTOp, NapannenbHein en. KoopanHatamm
TOYKM, NpUHaANexalen npsaMon, aensetca noboe U3 peLleHnn 3agaHHO NIMHENHOW CUCTEMBI.

> —_ — —_ —_
Hanpaenstowmm BeKTOPOM MpsiMOV  SIBMSIETCS  BEKTOP Sz[nl,nz] raoe n. w on, -

HOpMaribHble BEKTOPbLI MIIOCKOCTEN, 3adatowmx npsamyto (puc. 10).

3apava 4
| 2x-y-z=0
MpuBeanTe ypaBHEHUS NPSIMOWA K KAHOHWYECKOMY BUAY.
x+y+z-3=0
PewieHue

BbiGepem Ha npsamoit Touky ¢ annnukaton z = 0. Moacrasum z = 0 B 0buime ypaBHeHUN
3 3 2x—y=0
NPAMOM M HanaeMm OcCTaslbHble KOOpPOMHATHI TOYKM M3 CUCTEMbI. . CknagblBast
x+y=3
ypaBHeHusi cuctemsbl, nonyunum 3x =3, unn x =1. MNoactaenas ato B nioboe ypaBHeHue,
Hangem y =2, Wtak, Touka MO(I,Z,O) NpUHaanNeXnT npamon. HopmanbHble BEKTOpbI
2 1
— —
nnockocTert, sapawolwmx npsmyo: 1, =\ —1| n n =|1|. Torsa HanpasnstoWwmii BEKTOP
-1 1

NPsSIMO PaBeH VX BEKTOPHOMY MPOU3BEAEHUNIO

> —_— — ; ‘] k > >
S:[nl,nz}: 2 -1 -1|=-3j+3k=|-3
1 1 1 3

x-1 y-2 =z
CnefoBaTenbHO, KAHOHUYECKWE YPaBHEHUS NPSIMOV UMEIOT BUA =—=—

0 -3 3

x-1 y-2 =z

0 -3 3

OTBer:

19



1.8. B3ammHoe pacnonoxeHue NPAMON U NSIOCKOCTU B NPOCTPaHCTBEe
xX=Xx,+mt
MMycTe npsimas 3agaHa napameTpuyeckKuMu ypaBHEHUAMMU y=y,+nt, a nnockocTb
z=2z,+pt
ypaBHeHuem Ax+By+Cz+D=0.
Yron mMexay npﬂMOﬁ U NNOCKOCTbIO

N3 pucyHka 11 dAcHo, 4YTO AnA yrna ¢ Mexay npsMOM U MAOCKOCTbIO Crpaseanvsa
dopmyna:

(Z,E) _ Am+Bn+Cp
M \/AZ+BZ+C2-\/m2+nz+p2

sin@ = cosa =

-

N

Puc. 11.

Ycnoeue napannenbHOCTU NPAMON U NSIOCKOCTH.

nls,unm (n,s):O,va Am+Bn+Cp=0.

Ycnosue nepneHAUKynaApHoOCTU HpHMOﬁ N NNOCKOCTMN.

> A B C
S, U — = — =—
m n p

->

n

3apava 1
HanuwunTte ypaBHeHME MNNOCKOCTW, MNPOXOAALLEN Yepe3 TOYKY MO(—1,2,—3) "

y . y X y+2 z+2
neprneHAVKYNsipHON NpsiMoun, 3aaHHOW ypaBHEHUAMU —— = = .

-5 2 -3
PeweHune
. -5
M3 pucyHka 12 BUAHO, YTO HaNpPaBNSAOLWMIA BeKTOop nNpamon s =| 2 | nepneHAuKynapeH
-3

NJTOCKOCTU, N ero MOXXHO B34ATb B Ka4eCTBe ee HOpMaJibHOIro BeKTopa.
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M
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I

|
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T

|

I

|

Puc. 12.
Moacrasnss B ypaBHeHue MNOCKOCTH c HOpMarnbHbIM BEKTOPOM

>

A(x—x0)+B(y—y0)+ C(z—zo):O koopauHaTbl Toukn M 1 koopavHaTbl BekTopa s,
nonyyunm

—5(x+1)+2(y-2)-3(z+3)=0,um —5x+2y-3z-18=0.
OtBet: —5x+2y—-3z-18=0.

Touka nepeceyeHUs1 MPSIMON U NITIOCKOCTH
Touka nepeceyeHUss MPSAMOA W MMOCKOCTM HAXOAUTCA W3 pPEeLleHUss CUCTEMbI

X =Xxy+mt
X =Xxg+mt
y=yot+nt y
, Toe Yy =Yyo+nt - napameTpuyeckne ypaBHEHUA MPSAMOWN,
z=2zy+ pt
z=2zy+ pt

Ax+By+Cz+D=0
Ax+ By +Cz+ D =0 - ypaBHeHWe NIIOCKOCTU.

3apaua 2
Hangute TOuKy, cCuUMMeTpuyHylo Touke M, (— 1;-2; 2,5) OTHOCUTEMBHO  MPSAMOW,
3aQaHHOW KAHOHNYECKUMMN YpaBHEHUAMM
x—4 y z+2

1 2 -2

PewieHue

Touka M , cuMMeTpuyHas Touke M0 OTHOCUTENbLHO 3aA4aHHOM NpsiMo [, nexuT Ha
npsimoin M (M , nepneHgukynsipHon npsivort /. Mpu 3Tom Touka nepecevexusi npsimbix O
nenut otpesok M M nononam (puc.13).

Ecnu npoBectu 4yepes Touky M0 MIOCKOCTb O, NepreHAMKyNspHyo Npsamon /, To npsimas
M M 6yneT nexaTb B 3TON NMOCKOCTW. [ MNOCKOCTM O HOPMarnbHbIM BEKTOPOM SIBMAETCA

1
>
HanpaBnsAoLWWIA BEKTOP NpAMOii [, To ecTb BekTop s =| 2 |. YpaBHeHue nnockoctn o :
-2
1(x+1)+2(y+2)-2(2-2,5)=0, x+2y-2z+10=0.
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/
1 ¢
5
"
/
=
— O
M,e®
Puc. 13.
x=4+t
3anuiuem ypaBHeHus NpsMon [ B napaMeTpuyeckom Buae y=2t .Touka O - Touka
z==-2-2t
nepecedeHns npamon [ w nnockoctm o.. Ee KoopauHaTbl HangeM U3 CUCTEMBb
x=4+t
y=2t
z=-2-2¢

xX+2y—-2z+10=0
MoactaBnsas X,y W Z W3 MepBbiX TPeX YypaBHEHWA B YeTBepToe, MOoMyymm
44t+4t-2(-2-2)+10=0,um 9 +18=0, otkyna t = 2.
KoopauHatbl Toukm (O MOXHO HaWTW, MOACTaBMAS 3TO 3Ha4YeHMe ¢ B nepsble Tpw
ypaBHEHUA CUCTeMbl, Torga Touka 0(2,—4, 2). Onpegenym  KoopavHaTbl  BekTopa

2+1 3
]\Zé: -44+2|=| -2 |. BekTop MM=2-M,0, noaTomy
2-25 -0,5
3 6
W =2 =2 |=|—-4|. KoopgnHaTtbl Toukn M Haingem, npuGasnss K koopauHaTam
-0,5 -1

[

Toukm M, koopauHatel Bektopa M (M . Monyunm M(S;— 6;1,5).
OTBeT: M(S ;—6;1,5).

2. AHanunTnyeckas reomeTpusa Ha NIOCKOCTU

2.1. TeomeTpuyeckoe n3obpaxeHMe BEKTOPOB U3 NpocTpaHCcTBa R’.
MpamoyronbHasa fgekapToBa cUCTeMa KOOpAMHAT Ha NITOCKOCTH

Beegem Ha nnockocTtu NPAMOYTronbHYO AEeKapTOBYy CUMCTEMY KOopAuHAT X,y C HayYanom B

HekoTopol Touke O . MpoussorbHyo Touky M B 3TOM cucTeme KoopavHaTt Gyaem 3adaBaTh

- (x
ee KoopauHaTamu M(x,y ) Bektop a :( j u3 npocTpatctea R Gyaem npeactaensith B
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BUOE @ =Xi+ Yy j rAe X,y - ero KoopauHaTbl B CTaHAApPTHOM OPTOHOPMUPOBaHHOM Gasuce

- Iy - 0 -
i= ol j= | 1 n3obpaxaTb HanpasneHHbIM oTpedkom OM , Hayano KOTOPOro MOXeT
ObITb NepeHeceHo B MOBYI0 TOYUKY NNOcKoCcTH (puc.14).

vA

M
Y
JA
P >
ol X X
Puc.14.

PacctosHne 7 mexay Toukamm Ml(xl,yl) " Mz(xz,yz) onpegensietca no dopmyne

r=\/(x2 —x1)2 +(1, —J/1)2 :

MM
KoopauHatsl Touku Mo(xo, yo), nensiwein otpesok MM, B oTHoweHun A =—1—0C
MM,
OTbICKMBAIOTCS MO hopMyram:
X1+ Ax
Xo = 1 2
1+A .
Vo = Y1 +Ay,
1+A

2.2. JIvHnu Ha nnockocTtu. MNMpsimas Ha NNOCKOCTH

OnpepgeneHue

Anrebpaunyeckoe ypaBHeHue f(x,y) =0 sBnsetca ypasHeHnem nuHum O Ha nnockocTy,
ecnu:

1. [Ina no6oi To4km Mo(xo,yo)e o= f(xoa)’o): 0.
2. [insa nio6oro peLlenus X, Vo YPaBHEHUS f(x,y) =0 Touka Mo(xo,yo) ed.

3AMEYAHUE 1

M3 onpegeneHus cnegyet, 4TO NMHWA Ha MNIIOCKOCTUM 3ajaeTcs anre6pamquKMM ypaBHEHNeM,
CBA3bIBAOLLMM KOOPAMHATLI TEX U TONbKO TEX TOYEK, KOTOPbIE NPUHAANEeXaT 3TON JIMHUK.

Teopema
NuHeiiHoe ypaBHeHue ¢ aByms nepemeHHbiMn Ax + By + C =0 3agaeT Ha nnockoctu

npsimyto.

HokasaTenbcTBo
NuHeitHoe ypaBHeHWe C ABYMA HEU3BECTHLIMI MMeeT BECKOHEYHO MHOro pelleHwnid. MycTb
Xy, Yo W X, y; Nobble ABa pelleHns aToro ypaBHeHus. /13 onpeaenenus ypaBHeHUs NMHUM
cneayet, 4TO TOYKM Mo(xo,yo) " Ml(xl,yl) npuHaanexar AaHHOW IMHUW, TO €eCTb,
cnpaBe/n1Bbl PaBeHCTBa
Axy+By,+C=0n
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Ax, +By, +C=0.
BblunTasi 3 nepBoro paBeHCTBa BTOPOE, MOMy4YUM

A(xl —x0)+B(y1 _YO):O-

- [x —x A
1 0 -
Ecnn paccmoTpeTb BeKTOpbl ¥ = M n= , TO nocnegHee YypaBHEHMe
1= Yo B
3KBMBANEHTHO BEKTOPHOMY YpaBHEHWIO (17, ﬁ): 0. 3710 o3HauvaeT, 4To MOGON BEKTOp C
Ha4aroMm ¥ KOHLOM Ha [aHHOW NUHWKU OPTOrOHANEH BEKTOPY 71. $ICHO, YTO TakoMy YCOBUIO
yOOBNETBOPSAIOT TOMBbKO TOUKW, Nexalime Ha NpsaMon.
3AMEYAHUE 2
W3 pokasaTenscTea TeopeMmbl CrieflyeT reoMeTpuyeckuit cMbicn koacpduumentos A n B . 310
KOOPAMHATLI NepreHAVKYNAPHOTO et BekTopa 71 .
BekTop 71 Ha3biBAeTCsH HOpMarbHbIM 8EKMOPOM, a ypaBHeHne A X + By+C=0 -obwum

ypasHeHuUeM rpsmod.
B 3aBucumMocCTv OT 3agaHus NPSIMON, Takoe ypaBHEHUE MOXET ObITb 3aMUCaHO B pasnmyHbIX
BMaax.

YpaBHeHue NpAMOM € YyrnoBbIiM ko3dduumneHTom

vA

N
>
X

Puc. 15
YpaeHeHve y = kx+ b, roe yrnosoi koapdumumeHT k =tga, o- yron mexay npsiMoii u
ocolo Ox, b - opouHaTa Touku nepecedeHuss npsmon ¢ ocbto Oy (puc.15), HasbiBaeTcs
ypasHeHuUeM rpsMol C yar108bIM KO3hPUUUEHMOM.

YpaBHeHMe NpsAMON € HOpMarnbHbIM BEKTOPOM

Puc. 16
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YpaBHeHne A ( X = x0)+ B (y - yo) =0, rae My(xy,p) - Touka, NpuHaanexatas

—

npamon  (puc.16), n= B - HopmarbHbIl  eekmop npsmol  (nobon  BekTop,

nepneHauKynsipHbIA JaHHOW MpPsIMOW), Ha3blBaeTCA ypagHeHUeM rpsiMol C HOPMAasibHbIM
8€KMOpPOM.

KaHoHu4eckoe ypaBHeHMe NpsAMOW

Y A
my”
Yo ®
p -
0 X
Pwuc. 17
X—X —
YpaBHeHue 0 :y yo, roe Mo(xo,yo) - TOouka, npuHaanexaiias npsamon
m n
- m . . . .
(pnc.17), s = - Hanpasnsowul eekmop npsMol (nobon BeKTOp, NapansenbHbIv
n

NPSAMOW), Ha3bIBAETCA KAHOHUYECKUM YpasHeHUEM rpsmou.

YpaBHeHMe NPsiIMON B «OTPe3Kax»

A |

a\ >

Puc. 18

=

X .
YpaBHeHue —+% =1, rae a - abcuncca ToukM nepeceveHus npsamon ¢ ocbto Ox, b -
a

opAuvHaTa Touku nepeceyeHus npsimoii ¢ ocbto Oy (puc.18), HasbiBaeTCs ypasHeHUeM npsiMoli
8 ompeskKax.
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Yron mexay npamMbiMu

Y A

¢
AV
\

Puc. 19

=

Ecrm &k, n k, - yrnoBble KO3(MULMEHTHI ABYX MPsSMbIX, TO Yron @ Mexay HUMU
HaxoauTCs Mo dopmyre:
tga, —tga k, —k
tg(P=tg(0~1—OL2): go, ~tga, _ K 2
l+tga, tga, 1+kk,

rAe O, W O, - YIMbl, KOTOPble AaHHble MPsIMble COCTABMSIOT C KOOpAWHaTHOW ocbio Ox
(pnc.19).
3AMEYAHUE

Ecrv npsivble 3aaaHbl o6wmmin ypastenusmu Ax, + B, y+C, =0

mA,x+B,y+C, =0, 10 yron Mexay HIM1 MOXHO OMpeAensiTb kaK

- (4) — (4
yron mMexay Ux HopmarbHbIMU BEKTOpamu 1, = nn, = .
1B B,

1
Touky nepeceveHns OBYX NpsMbIX, 3aJaHHbIX obLwmmum ypaBHEHUSAMM,
Ax,+B,y+C =0n 4, x+ B, y+C, =0, HaxopaT, peluasi cucremy:

Ax, +B y+C, =0
Ax,+B,y+C,=0

3apava 1
Hanuwnte ypaBHeHMs BbICOTbI U3 BepluMHbl A W MeauaHsl U3 BepuimHsel B B
TpeyronbHuke ABC , ecnv 3agaHbl ero BepLUUHbI A(—l,—S), B(3,—l) n C(l,—Z).

PelweHue

[ns BbICOTHI AK ncnonb3dyem ypaBHeHue I'IpﬂMOI?I C HOpMalibHbIM BEKTOpPOM, rae B

- —_—

KayeCcTBe HOpMaJibHOIro BEKTopa 71 BO3bMEM BEKTOP BC. Ons meguaHbl BM ncnorb3yem

-

KaHOHM4YeCKoe YypaBHEHue I'IpﬂMOIZ, rpe B KayecTBe HanpaseliAdlowero BeKTopa § BO3bMEM

Bektop BM (puc.20).
B K
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Puc. 20.

HopmaneHbin  Bektop nana Bbicotel AK - Bektop BC:[ lj' B ypaBHeHue

—_—

A(x —x0)+ B(y — J’o): 0 noactaeum Bmecto 4 n B koopamHaTthl Bektopa BC', a BMecTo
X, U Y, - koopauHaTbl Toukn A . Monyunm — 2(x + 1)—(y + 5) =0, unu, packpbiBas cKkoBKu,
—2x—y-=7=0,vmm 2x+y+7=0.

Hanpasnsiowmin Bektop ana meauadsl BM - Bektop BM=%(%+E4). Tak Kak

— (=2 — (=4 — -2-4 -3
BC = n BA= nE T0 BM = 3 = . YpaBHeHne MeanaHbl MOXHO

- - -1-4 -2,5
X—=Xo Y=o
nony4yntb, noacTtaBMB B KaHOHWYECKOe YpaBHEHue = BMECTO m W n
m n

P

koopavHaTbl Bektopa BM , a BMecto X, W ), - KoopauHaTbl Touku B . [Monyuum

x-3 y+l1

-3 =25
OTtBet: VYpaBHeHue Bbicotsl AK: 2x+y+7=0. YpaBHeHne meguansl BM :
-2,5x+3y+10,5=0.

v —25x+75=-3y-3,umm —25x+3y+10,5=0.

3apava 2

HanucaTte ypaBHeHue cTopoH kBagpata ABCD, ecnu 3agaHbl KoopauHaTbl OBYX €ro
CMEXHbIX BEPLLMH A(l,—l) " B(—2,3).

PewieHue

YpaBHeHue cTOpoHbl AB, 3anuem, WUCNonb3ys KaHOHWYEcKoe YypaBHEeHWe MpPsSiMOM

X=X _ V=X o (m
= M BbibMpas B KayecTBe HamnpaBnsiolWero BekTopa § = BEKTOp
m n n

e

AB=( 4 J MoacraBnsasa B ypaBHEeHNUEe KOOpAUHATbl TOYKMU A BMecTO uucen Xo N Yo,

x—1  y+l1
3 IT,MJ'IVI 4x-4=-3y-3,umm 4x+3y—-1=0.

ypaBHeHVIFl CTOPOH AD w BC nony4yunm, ncnonb3ya ypaBHEeHue ﬂpﬂMOIZ C HOpMaJllbHbIM

nosny4nm

BekTopom A ( X=X, )+ B(y - Y ) =0, roe HopMarnbHbIM BEKTOPOM SIBIISIETCA TOT e BEKTOP

—_—

AB .

[ins cTopoHbl AD nopcTaBnsieM B 970 ypaBHEHUE BMECTO X U ) KOOPAWHATbLI TOUKM
A:=3(x-1)+4(y+1)=0,um 3x-4y-7=0.
Lnsi cropobl BC nopctaensiem koopamHatel Toukn B: —3(x+2)+4(y—3)=0, unm
3x-4y+18=0.
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4 -4 -
Kaxablii ©3 BEKTOPOB [3 u 3 opToroHaneH AB, 4To nerko NPoOBEpPUTb, BLIYUCIINB

——

NX CKandapHble npon3BeaeHund. Ha pUCyHKe 21 BEKTOp AD = (3}, TaK KaK OH COCTaBlAeT C

KOOPAUHATHbIMU OCAMU OCTpPbIE YITbl.

J’A C

Dl
Puc. 21.

Tenepb MOXHO HanTn KoopAuHaTbl TOYKU D, Flpl/|6aBJ'I‘i|ﬂ K KoopAauHaTtaM TOYKU A

E—

koopauHatkl Bektopa AD:
X, =1+4=5, Y, =-1+3=2,
cneposatenbHo, D ( 5,2 )

Ons CTOPOHbI CD wMoxHo ucronb3oBaTtb ypaBHEeHune I'IpFIMOIZ C HOpMarsibHbIM BEKTOpPOM,

D —

MOCKONbKY W3BEeCTHbl MpuHaanexallas el Touka D(5,2) M HopMarnbHbli Bektop AD .

MoacTaBnss UX B 3TO ypaBHEHWeE, MOMy4um 4(x - 5)+ 3(y - 2) =0 u, packpblBas ckobku,
4x+3y—-26=0.

R

Tenepb MOXHO WCMOMb30BaTb BTOPOMW, OPTOrOHasnbHbI K BekTopy AB, BekTop

N _
AD1 =[ j MpnbBaBnas ero KoopauHaThl K KoopauHatam Touku A, Hangem KoopavHaTbl

Toukn D, cummeTpudHoit Touke D oTHOCUTEmNbHO CTOpoHbl AB. flerko npoBepuTb, 4TO
koopauHaTtel Toukn D, ( -3,-4 ) CnepfoBaTenbHo, YCMoBUsSIM 3afayu yOOBIETBOPSIET U
KBagpat ABClDl , cuMmmeTpuuHbii  kBagpaty ABCD oTHocuTenbHo CcTopoHbl AB .
YpasHetue ctoporbl CD, umeeT Bug 4(x+3)+3(y+4)=0,mm 4x+3y+24=0.
Oteet: 4x+3y—-1=0,3x-4y-7=0,3x-4y+18=0, 4x+3y—-26=0 unm
4x+3y+24=0.

3apava 3
HanuwwuTe ypaBHeHMe NpsSIMOKM, KOTOpasi NPOXOAUT 4Yepes TOuKy P(8,6) n obpasyeT c

KOOPAMHATHLIMW OCAMU TPEYronbHUK nnowaapto 12 kBagpaTHbIX eguHuLL.
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PewweHue

[ns ypaBHEHUA MCKOMOW NPSMON criegyeT UCNoNnb3oBaTb YpaBHEHME MPSIMON B OTpe3Kax:
X oy
—+7 =1. Tak kak Touyka P(8,6) NPVHAANEXUT OTOW MPAMOIA, TO, MOACTaBNAs ee
a
8
koopauHaThl, nonyumm —+—=1, wnn 8b+6a =ab.
a b
N3 ycrnosuit 3agauu nnowaab TPeyrornbHWKa, KOTopas BblMUCNAETCA Mo dopmyne
S:%|a||b|, paBHa 12 (puc.22). Torga |a||b| =24 un HeobxoaMmo paccmoTpeTb [OBa

cnyyas: ab=24 v ab=-24.
24

24
1. ab=24,b=""= 8~ +6a=24.
a a

YA

-6

Puc. 22.
Cokpalas nocnegHee paBeHCTBO Ha 6, N YMHOXad ero Ha a, nonydynmmMm KeagpaTtHoe

2 <
ypaBHeHne a” —4a+32=0, koTtopoe He MMeeT BELIECTBEHHbIX KOPHEW, Tak Kak ero
JAVCKPUMUHAHT OTpULIATENEH.

u -2 :
2.ab=-24,b=—-= 8 +6a=-24= a +4a-32=0.
a a
Peluerus atoro ypasHerust a, =—8 u a, =4. Mockonsky ab=-24,10 b =3 n b, =-6.

MoAcTaBnss 3TW 3Ha4YeHUs @ U b B ypaBHeHMe NpsSIMON B OTpeskax, Nomny4nm
X oy
—+—=1,mmm 3x-8y+24=0.
-8 3
x oy
—+—=1,umm 3x-2y—-12=0.
4 -6
OtBet: 3x—8y+24=0,3x-2y-12=0.

2.3. KpuBble BTOpOro nopsiaka

OO6Lee ypaBHeHe KPUBOM BTOPOro nopsiaka
Ecnu Ha nnockoctu 3apaHa npsiMoyronbHasi aekaptoBa cuctema koopauHat x(Oy, To
Kp1Basi BTOPOro Nopsiaka onpeaensieTcs ypaBHEHWEM BTOPOW CTENEHU
Ax® +2Bxy+Cy* +2Dx+2Ey+F =0 1,
rne A,B,C,D,E,F — 3apaHHble pgeincteutenbHble uucna. Mpu atom uucna A, B, C
O[HOBPEMEHHO He paBHbl Hym. YpaBHeHve (1) HasbiBaeTca O6WUM ypasHeHUeM Kpueou
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emopozo nopsidka. Ecnm  HeT Touek (x,)) C [OeCTBUTENbHBIMKM  KOOpAMHATaMMU,
yooeneTteopsiowmx ypasHeHuo (1), To rosopsaT, uto ypasHeHue (1) onpedensier MHUMYIO

KPUBYIO BTOpOro nopsiaka. YpaeHeHue X2 + y? =—1 MOXET CNyXuTb NMPUMepPOM ypaBHEHUS
BTOpPOW CTeneHu, onpeaensolero MHUMYIO KpUBYIO, B JaHHOM CrlyYae MHUMYIO OKPYXXHOCTb.

BaxHble crny4yau obLiero ypaBHeHUs KPMBOIN BTOPOro nopsiaka

YpaeHeHue ajuurica
2

2
X
=+ —1(a=b>0)
a b
C nonyocsMu AnuHbl @ 1 b . B yacTHocTn, npu a = b ypaBHEHME OKPYXKHOCTM
x2 + y2 — a2
C LUEeHTpPOM B Ha4ane KoopaunHat n pagnycom a .

YpaeHeHue 2unepb6onbi

c nonyocamu a u b.

YpaeHeHue napa6osbi
y2=2px (p >0).

YpaeHeHue napbl nepeceKalouwuxcs npsimbIx
a
a’x?—b?y? =0, (0<a,b) wm y= igx.

YpaeHeHue napbl napannenbHbIX UnU cO8nadarouux npsiMmbix
x2—a*=0 (a>0),um x =+a.
Y =b*=0,(h>0)unm y=+b.
YpaeHeHue, onpedensirouiee moyky
x=0

x2+y2:O,|/|n|/|
y=0

Annunc

OnnuncoMm HasbiBaeTCs MHOXECTBO TOYEK, CyMMa pacCTOsIHUA OT KOTOpbIX [0 AOBYX
3aaHHbIX TOYEK, Ha3blBaeMbIX (DOKYyCaMu, eCTb BEMUYMHA NOCTOSIHHAS.

Teopema

Ecnun usBecTHbl: paccTosiHue mexay dokycamu F u F, annunca, paBHoe 2¢ n cymma
paccTosHMA OT NGO TOYKM Ha annunce A0 OKYCOB, paBHoe 2a, TO B NPAMOYrofbHON

[eKkapToBoii cucteMe koopavHaT, rae ocb Ox npoxoaut Yepes dokycel F, u F, (o1 F k F,),

a Hayano KOoOpaMHaT NoCepeanHe MEXay HUMMW, ypaBHEHUe annunca umeeT Bua
x2 2
2 2
—+—=1,rae b" =a”" —-c¢

2
2 2 '
a b
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[dokasaTtenbcTBO

i

\
—
€
“Y

Puc. 23.
Bo BBedeHHoWl cucTeMe KOOpAMHAT (POKyCbl pacrnofioxkeHbl Ha ocu OX u umeroT
KoopauHaThbl Fl(— c,O) n F, (c,O). MycTb Touka M(x,y) npuHaanexuT annuncy (puc.23).

Torpa
MF, =~/(x+c) +y? , MF, =/(x —¢)" + y*,

2 2
2a :\/(x-i-c) + 32 +\/(x—c) +y?,
nepeHoCcs NepBbI paaukan U3 Npasoil YacTu B NEBYIO, 3anuLLem

2a—\/(x+c)2+y2 :\/(x—c)2+y2 .

Boasegem obe yactu ypaBHeHus B KBagpat

4a’> + (x+c)* +y*—4a (x+c)2+y2 =(x—c)2+y2

M pacKkpoem KBagpaThl B JIEBOW U NpaBoOW YacTax

4a* +x2+2cx+yz+c2 —4a (x+c)2 +y2 =x? - 2xc+c? +y2.

an/IBO/J,FI NoaobHbIE YNEHb, nony4yum ypasHeHune

4a® + 4cx = 4a\l(x+c)2 er2 ,

o6e yacTu koToporo pasgenvm Ha 4 1 cHoBa BO3BedeM B KBaapaT. Torda ypaBHEHWE NnpuMeT
BUA

a* +2a%cx + c2x? = a?[x? + 2ex + ¢ + 2.
MocriegHee ypaBHEHWE MOXHO YMPOCTUTb, €CI PackpbiTh CKOBKW U MPUBECTU MOAOGHbIE
YneHsl,

at +2a’cx + *x? = atxt + 2atex + atct + azy2 ,
_(az —02)X2 _ —a2(a2 _cz)+ azyz .
MocKkonbKy 13 onpeageneHus annunca cnegyet, 4to 2a > 2¢, TO YACMO a’>-c?>>0 nero
MOXHO 0603HauMTb, kak b> = a” — ¢’ . Toraa ypaBHEHWE 3MNUNca 3anuLIETCs B BUAE
—b*x? =—a’b* + a’y?*, vim a*b* =b*x* +a*y?.

272
Pasgenus nocnegHee ypaBHeHUNE Ha a b , nony4ynm
2 2

X y .
—+—=1.
a’ b?

Takoe YpaBHeHMEe annurnca HasblBaeTCA KaHOHUYEeCKUM.
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UccnepgoBaHue hopMbl KpuBOM
2 2
X
Ecrnv B ypaBHeHu snnvnca —— + —-— =1 3aMeHUTb X Ha — X, TO ero BuA HEe U3MEHUTCA.

2
a b
OTO 03HavaeT, YTO ecnu Touka M(x,y) NPUHaANEXMT KPMBOW, TO TOYKa Ml(— x,y) TaKke

NPUHAANEexXnUT 3Ton Kpusow. CnenoBaTenbHO, KpyBas CUMMETPUYHA OTHOCUTENBHO OCK OpAMHaT.
Onnunc cMMMEeTpUYeH M OTHOCUTENBHO OcK abcumce, MOTOMY YTO ero ypaBHEHUE He MeHsieTcs
npu 3ameHe y Ha — ). Y4uTblBas 370, 4OCTATOMHO U3Y4nTb BUA KPMBOW B MEPBOIN YeTBEpPTH,

TO ecTb npw ycnosun x,y > 0.

b
l'IpM x,yZO MOXHO 3ajaTb KpuBYyHO B BWUAE HABHOIMO YPaBHEHUA VY = — az—xz,
a

(0 <x< a). N3 aToro ypaBHEHNSA AICHO, YTO KpMBasi MPOXOOUT Yepes TOUKU B(O,b) n A(a,O).

OTKM TOYKM Ha3bIBaKOTCSA eepwuHamu annurica.
annunc  — OorpaHn4eHHaa KpuBasd, KOTOpadA HaxogUTCA BHYTPU NPAMOYrofibHUKa

0<x<a

0<v<h N3 siBHOro ypaBHEHUst amnurca $ICHO, YTO opauHaTa ) MNpu HemnpepbiBHOM
<y<

BO3pacTaHMM X Ha OTpeske [O,a] MOHOTOHHO Y6biBaeT. CriefoBaTernbHO, JMMUMNC ecTb
HenpepbiBHas 3aMKHyTas KpUBasi, B MEpPBO YETBEPTU OHa BbiNyKna BBepX, B Mobon ee Touke
MOXHO MpPOBECTM KacaTemnbHyl. B ocTanbHbIX 4YeTBEpTAX KpuBas CTPOUTCA C  y4eTOM
CUMMETPUMN OTHOCUTENBHO KOOPAMHATHbBIX OCEil.
2 2 2
Uucna a v b HaswbiBaloTcs nomyocamu annunca. Mockonbky b™ =a” —c¢”, 10 a>b n

annunc BbiTaHYT Baonb ocu Ox . MNpu aToM a HasbiBaeTca 6osbwel nosyocblo, a b -
MeHbLwel Mos1yochbo annunca. Bug kpnBor nokasaH Ha pucyHke 24.

A
b
R F
- X
—a —C C a
-b
Puc. 24.

Mpu a =b annunc npeactasnsieT cobon OKPYKHOCTb paavyca @ C LEHTPOM B Havane
KoopauHaTt. YpaBHEHME 3TON OKPYXXHOCTU

x+yi=a’.

SKcueHmpucumemOM Annunca Ha3biBaeTcd YNCrno € = % . Ons JKCUEeHTpucuTeTa annunca

cnpaeegnveo HepaseHcTBO 0 <& <1, nockonbky M3 onpeaeneHus annunca cregyet, YTo
¢ > a > 0. OkcueHTpucuteT okpyxkHocTn € = 0, nockonbKy Ans okpykHoctm @ =b n ¢ =0.
YyuTbiBas TO, YTO SKCLEHTPUCUTET OKpyxHOCTU € = (0, MOXHO caenaTb BblBOA, YTO YeMm

fonblle aKkcueHTpUcuTeT annunca, Tem 6onblle OH BbITAHYT OTHOCUTENbLHO OOHOW M3 OCewn
CUMMETPUMN.

Minep6ona

Mmnepbonor HasbiBaeTCs MHOXECTBO TOYEK, Pa3HOCTb PACCTOSHUM OT KOTOPbIX A0 ABYX
3aJaHHbIX TOYEK, Ha3blBaeMbIX (pOKycamu, ecTb BENUYMHA NOCTOAHHAS.
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Teopema
Ecnn usBecTHbl: pacctosiHne mexay cokycamm F, u F,runep6onbl, paBHoe 2c¢ u
pa3HOCTb PaccTosiHMii OT MoGOoM ee TOYKM [0 (POKycOoB, paBHOe 2d, TO B NPAMOYrOrbHOM

[iekapToBoii cucteMe koopanHaT, rae ocb Ox npoxoaut Yepes dokycel F, u F, (ot I k F,),
a Hayano KoopAauHaT nocepeavHe Mexay oKycamu, ypasHeHue runepbonbl MmeeT BUA

x2 2
——y—=1, rne a,b>0ub>=c*-a’.
az b2
[okasaTtenbcTBO
vA
A
y
1N =)
F/
2
¢ X
—c Xc
Pwuc. 25.

Bo BBeaeHHoit cucteme x(Oy koopavHaTbl (POKYCOB paBHbI Fl(— c,O), FZ(C,O). Ecnm

TOYKa A(x,y) npuHagnexuT runepbone, TO chnpaBeanvBo |AE —AF2| =2a, wm
AF, — AF, = £2a (puc.25).

MoacTtaBvB B NocneaHee paBeHCTBO koopauHaThel Touek A, [, F, , nonyyum

Jr+e) +37 —J(x—¢)f +y* =+2a,

unu \/(x+c)2 +y° :\/(x—c)2 +y* +2a.
Boseesiem 06e YacTh nocriejHero ypaBHeH!s B keaapart

()c+c)2 +y2 :(x—c)2 +y2 i4a\/(x—c)2 +y2 +44>

M ynpoCcTtuM ero, pacKkpblB BCe KBagpaTtbl

x2 +2CX+CZ+y2 :x2_2CX+C2 +y2 i4a\/(x—0)—2+_)/2+4a2

1 NpuBeasi NogobHbIe YneHbl

4ex — 4a* =+4a (x—c)2 +y7.
MocrnenHee ypaBHeHWe pasfenym Ha 4 1 cHoBa BO3BeAeM B KBagpar

2

2x? = 2cxa® +a* = az(x2 —2cx+c? +y2).

PackpblB CKOGKM 1 caenas ynpoLleHus!, Mony4YnuM ypaBHeHue

(cz _az)xz —ay? :az(cz _az)’
B koTopoM ¢” —a” >0, nockonbky 2¢ > 2a U3 onpeaeneHust runep6onbl. M3 atoro creayer,
YTO MOXHO BBECTM 06o03Hauenme b’ =c’ —a’ U 3anucaTb ypaBHeHWEe runepborbl B BUae

212
b*x? —a?y?* = a*b?* . Pasgenve Ha a"b”, nonyuum ypasHeHve runepGosibi
2 2
X
Xy
a*> b?

KOTOpO€ Ha3blBaeTCA KaHOHUYEeCKUM.
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UccnepgoBaHue hopMbl KPpUBOM.

M3 B1ga ypaBHeHUs SCHO, YTO runep6ona cuMmeTpuyHa oTHocuTenbHo oc Ox nocu Oy .
y2
Mpu x =0 nonyyum ypasHeHne e =1, KOoTOpoe He WMeeT BELECTBEHHbLIX KOPHEN.
x2
CneposatensHo, kpueas He nepecekaeT oce Oy . Mpu y =0 nonyunm ypasHenne —- =1,
a

KOpHU KoToporo x = *+a . CnegosarernbsHo, KpuBas nepecekaet ocb Ox B ToyKax Al(a, 0) "

A, (— a, 0). 3TV TOUKM Ha3bIBAKOTCS 8epLWUHaMU 2unepborbI.

Uucna a v b wHasbiBatoTca nonyocsmu aunepbonsl, a - delicmeumesnibHOU nonyocsto, a b

- MHUMOU NONyOChH0.
[ns yactu runepbonbl, Haxo4sALWEeNcsl B NepBON YeTBEPTU, SSIBHOE ypaBHEHUE UMEET BUA

yzévxz—a2 , (a£x<oo),
a

M3 KOTOpPOro BWAOHO, 4YTO ) NPpUHUMaeT BelleCTBEHHble 3Ha4YeHua npu | x| za.
CnepoBarernbHO, HET TOYEK KpVIBOI?I, pacnoJyioXXeHHbIX B noJsioce |x| <a. Kpome TOro, n3 ABHOro

YPaBHEHUS MOXHO BUAETb, YTO MPU BO3pacTaHUM X Ha MonyuHTepBarne [a,+oo) opavHata y
BO3pacTaeT 1 CTPeMUTCH K OECKOHEYHOCTM.
OnpepeneHune
Mpamasi y =kx +b sABNsieTCS acCMMNTOTON KPUBOW, 3a4aHHOW ypaBHEHUEM ) = f(x) npu
X —> 400 (x - —oo), ecnvm
lim [f(x)—kx—b]=0 um lim [f(x)—kx—b]=0.

X—>+00 X—>—00
Teopema

b
npﬂMbIe y == T —X ABNSATCA acUMNTOTaMu r|/|r|ep6onb|.
a

[oka3aTenbcTBO

o . 2 2
Ons yactu FVII'IepGO.I'IbI B NepBOn YETBEPTU, onpeaendeMon paBeHCTBoOM ) = —\VX —d MU
a

NpsMON ) = — X':
a

.| b . b
lim| =vx? —a? =2 | = lim =|Vx? —a? —=x |=
x—x| a a x—ow© d
2 2 2 2
.| b xT=x"—-a .| b —-a
=lim|————F—M—— | = lim| ——————— | =0.

X—>00) ax+,/x2_a2 x>0 a4y /x2_a2

370 03HavaeT, YTo MpsAMas ¥ = —X SBMASIeTCA acuMNTOTON mnepbonbl npy x — +oo0. B
a
CUNy CUMMETpUM TunepGonbl OTHOCUTENBHO OCei, TaK Xe Kak M CUMMETPUM napbl MpAMbIX
b
y =1—X OTHOCUTENbHO OCEW, MOXHO CKa3aTb, YTO 06e 3TV MpsiMble SBMSIOTCH acMMITOTaMK Kak

a
npy x — 400, Tak U Npu x — —o0 . Bua KpuBOW nokasaH Ha pucyHke 26.
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NS
\\,; y‘
Ay
@ g
F;l 4 >
Puc. 26.

c .
OkcueHTpucutet runepbonbl € =—, roe a - AEUCTBUTENbHaAs MOMNyocb. Tak Kak Yy
a

FVII'IepGOJ'IbI C > a, TO ee JKCUEeHTpUCuUTeT € > 1.
3aBMCMMOCTb CbOprI rmnep60nb| OT BEJIMYUNHbI SKCLUEeHTpUCcnuTeTa MOXHO BbIACHUTb, €CJTN
Sad)MKCI/IDOBaTb 3Ha4YeHne a wn yBenuymBaTb 3HaA4YeHUEe napameTpa C. npl/l 3TOM 6y,u,yT

yBenunynmBaTbCA BeJiMYMHA SKCUEeHTpucuteta &€ WU 3HaA4YeHUe napameTpa b, TaKk KakK

2 2 2
b =c” —a“. Ho Torga 6ygeT pactiu u abGCconioTHas BenMuMHa — YrNoBOro KoadduLmeHTa
a

acumnToT runepbonbl. CnegoBaTenbHO, NPU YBEMUYEHWM IKCLEHTPUCUTETA YBENMYMBAETCS
pa3max BeTBel runepbonsi.

Mapa6ona

Mapabonoi HasbiBaeTCAd MHOXECTBO TOYEK, pPaBHOYAANEHHbIX OT HEKOTOPOW TOYKW,
HasblBaeMoKn oOKyCOM, N NPSIMON, Ha3biBAaeMOW ANPEKTPUCOMN.

Teopema

Ecnn Touka F' - dokyc napabonbl, a npsmas /- ee aupekTpuca M 3adaHO pacCTosiHWe
Mexgy HUMW, paBHOe p, TO B cucTeMe KoopauHat, rae ocb Ox npoxoguT uepe3d F

neprneHankynapHo [ v HanpaeneHa oT oKyca K OMPEKTpUCE, a Havaro KoopavHaT BbliGpaHo
nocepeavHe Mexay HUMW, ypaBHeHWe napabornbl UMeeT Bug

y2=2px, (p>0)
[Joka3aTenbcTBO

Bo BBeOeHHOW cucTeMe KoopauHAT KkoopauHaThl hokyca F(%,O) N ypaBHeHue

avpektpucel [: x = —§ (puc. 27). Ecnn Touka A(x,y) NeXuT Ha napaborne, To cnpaBeaiMBo

AF = AB ,wrn AF* = AB?,

roe B(—%,y) - TOUKa nepeceyeHus nepreHavKynapa, nposeaeHHoro us A Ha ampektpucy /.

35



v

YL
Q

Puc. 27
Mockonbky

2 2 2 2
AFr=|x-L +y?n AB* = x+ 2| o x-2 +y? = x+ 21,
2 2 2 2

YTO PaBHOCMUIbHO
2 p’ 2_ .2 P’ 2
X —px+-5+y =x"+px+-,mm - px+ y° = px,
OTKyZa cneayeT ypaBHeHWe napadornbl
y*=2px,
KOTOPOE Ha3bIBAETCA KAHOHUYECKUM.

UccnegoBaHue hopMbl KpuBOM

U3 YpaBHEHUA napa6onbl BMAHO, 4YTO KpuBad CUMMETPUYHA OTHOCUTEJIbHO OCKU Ox n
npoxoguT 4epeld Hadasro KoopaunHart. [ns ee BeTBM B BerHeﬁ nonynnocKOCTH, npu yZO,
ABHO peLleHHOe OTHOCUTENbHO ) ypaBHEHWEe MmMmeeT BUa

y=4/2px (0£x£oo),

M3 KOTOPOro BMAHO, YTO KOrga X BO3pacTaeT Ha MoryuHTepsase [O,+oo), opaovHaTta y

Bo3pacTaet oT 0 g0 + 0.
Mpu y <0 Beteb runep6onbl cumMmeTpuyHa oTHocuTenbHo ocn Ox . Mapa6ona He umeeT

acMMnToT. JKCLeHTpUcUTET napabonbl paBeH 1 n He BnvsieT Ha cdopmy Kpueon. Bua kpuson
nokasaH Ha pucyHke 28.

VA

|

Puc. 28

3apava 4

MocTponTb KpMBYLO, 3a4aHHYI0 YypaBHEHMEM y2 —-x*=4.

36



PewweHue

PasgenuB Kaxpgoe crnaraeMoe 3aJaHHOrO ypaBHeHus Ha 4, sanuiueM ero B Buae
2 2
Y X — =
T—T—l. OT0 ypaBHeHMe 3agaeT Ha mnockoctu runepbony ¢ nonyocamun a=b=2.
'Mnepbona ¢ paBHbIMW MONYOCAMWU Ha3blBaeTCsA pasHOOOYHOU, ee acuMnToTamu SABMSHTCS
BuccekTpuChl KOOPANHATHBLIX yrroB Y =t x .
2

X o
Mpu y =0 nonyuum ypaBHeHue _T =1, He nmeloLlee BeLEeCTBEHHbIX KOPHEN, TO ecTb

2
runepbona He nepecekaetr ocb Ox. Mpu x =0, nonyuum ypaBHeHue yjzl, nveroliee

KopHM y =12 . CnepoBaTenbHO, BEPLUMHbI rMnep6onbi B(O,—2), C(0,2) nexaTt Ha ocu
Oy.
®dokycbl r1MNepGorbl PacnonoXeHbl Ha TOWN e 0CW, Ha KOTOPON HAXOAATCA ee BepLUMHbI. M3

Toro, uto ¢’ =a’+b°=8 n c= \/g = 2\5, criegyeT, 4TO  KOOpAWHaThl  (hOKYCOB

F (0,—2\5), F, (0,2\5). OkcueHTpucuTeT runepbonsl € = g = g =2 Bug KpUBOM

nokasaH Ha pucyHke 29.

Puc. 29

Mpeobpa3oBaHne KkoopAUHAT Ha NNockocTu. MocTpoeHne KPUBBLIX 3aAaHHbIX OOLUM
ypaBHeHueMm

Ecnun cpaBHUTb KAHOHWYECKME YpaBHEHWUS SNMNUMca, OKPYXHOCTH, runepbonbl n napabonsl ¢
o6LLUMM ypaBHEHMEM KpuBOW BTOporo nopsaka (1), TO BMAHO, YTO B HUX KOSPULIMEHTHI
B=D=F=0. Ecrm B atom ypasHeHun D =0, FF#0 nim B # 0, 10 4tob6bl npmBectu
ypaBHEeHWe K KaHOHMYeCKOMY BuAay, ONpeaenuTb TWUM KPpMBOW U MOCTPOUTb ee, Heobxoaumo
caenatb npeobpasoBaHue KOOPAMHAT.

Ecrm B ypaBHeHun (1) D #0 wnm F # 0, To 3TO 03Ha4aeT, YTO LEHTP CUMMETPUK
annaunca unu rmnepbornbl, AN LEHTP OKPYXHOCTW, WM BepluMHa napabornbl HaxogdATcs He B

Hauyane KoopaMHaT, a B HEKOTOPOW TOYKe O'(xo, yo). CTpouUTb KPUBYIO B [l@HHOM Criy4yae
- —
x'=x-x,
L }
Yy =Y=>X

Mpwn Takon 3amMeHe B HOBOII CUCTEME KoopamHaT ¢ Hadanom B Touke O u c ocamm O'x’ n

yAoGHO, NepeHocs Havano KoopaMHaT B 3Ty TOYKY, TO €CTb, CAENaB 3aMeHy

O'y' ypaBHeHue KprBoM ByaeT MMETb KaHOHUYECKIIA BUA,
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YpaeHeHue annunca ¢ UeHMpPOM CUMMempuu e MoyKe O'(xo , yo)

CEEN VLS
a b

YpaeHeHue 2unep6osibl C UEHMPOM CUMMempUU 6 MoY4kKe O'(xo , yo)

(x_x0)2 (y_yo)2 —1
a’ b’ o

BepLUMHbI B TOYKaX (a, 0) n (— a, O).

()c—;fo)2 +(y_§’0)2 ~1,
a b

BeptwuHbl B Toukax (0,5) u (0, —b).

YpaeHeHue napabosibl ¢ 6epWUHOU 8 MOYKe O’(xo, yo)

(r=2)* =%2px—x,),
ocb cummeTpumn napannensHa Ox .

(x_xo)z = i2p(y—y0),
ocb cummeTpum napannensia Oy .

3Hak * nokasblBaeT HanpaereHve BeTBei napabonbl. Ecnv B ypaBHEHUM 3HaK +, TO
HanpaBneHne BeTBel COBMNaAaeT C HanpaBrieHWeM OCU, KOTOPOI NapansnenbHa 0oCb CUMMETPUM
napaGonbl. Ecnu B ypaBHEHMM 3HaK —, TO HanpaBrieHWe BeTBeW MPOTUBOMONOXHO
HanpaBeHNo OCK, KOTOPOW NaparsienbHa 0Cb CUMMETPUM Napabonsbi.

3apgava

MoCTpoWTb KPUBYIO, 3afaHHYyl YypaBHEHWeM x°+2x+ 6y —2=0, npvBegs ero k
KaHOHMYeCKOMY BMaY.

PeweHune
Mpeobpasyem ypaBHeHMe crneayoLwmm obpasom

(x2 +2x):—6y+2, (x2 +2x+1):—6y+2+1,
(x+1)2 =—=6y+3, (x+1)* =-6(y-0,5).
Monyumnu ypaBHeHWe napabornbl ¢ BEPLUMHON B TOYKE O'(— 1; 0,5) M C OCbl0 CUMMETPUM,

napannensHoin ocu Oy . MNepeHocs Havano koopauHat B Touky O, nonyunm B cucteme

w)'=-6()

roe napameTp p onpepensiercs ua ycnosusa 2p =6 unu p = 3.

koopanHat x'0"y" ypaBHeHne

Mapabona cummeTtpudHa oTHocuTenbHo ocu O'y' wnm oTHocuTenbHo npsimon x = —1.

®okyc napabornbl HaxoAMTCH Ha €€ OCM W OTCTOUT OT BEPLUMHbI Ha %. Mockonbky 13

ypaBHeHusi criegyer, uto ¥’ < 0, To BeTBM napabosibl HanpasneHbl BHU3 1 (OKYC F NexuT Ha

% =1,5 Huxe BepLUNHBI, TO eCTb ero KoopavHaTel F' (— 1 ;—1).
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OvpekTprcon napabonbl SBNAETCA Npsimasi, NeprneHankynspHasi ee ocu 1 HaxoasLascs Ha

paccTosHUN %zl,S OT BEepLUIMHbI, MprUYeM (POKYC U AUPEKTPUCA PacCrioNnoXeHbl Mo pasHble
CTOPOHbl OT BEpLIMHbI. Y4uTbiBas BCE 3TO, MOXHO 3anucaTb YypaBHEHWE AUPEKTPUCH
y=0,5+15,unmn y = 2. Kpusas noctpoeHa Ha puc. 30.

VA YA
2
O’ 0 5 > x,
| o) > x
Fe-1
Puc. 30

2.4. KpuBble B NONAPHON cUcTeMe KoopauHaT
M
Q /
0) X

Puc. 31

MonsipHasi cucTemMa KoopAavHaT 3adaHa, ecnv 3agaHa Todka O, HasbiBaemasi NosocoMm, U
ncxodawmin 3 nomtoca nyd Ox , KOTOPbIA Ha3blBaeTCs MONSPHONA ocblo. MonoxeHve noGon
Toukn M B nonsipHOM cucTeMe KoopaMHaT OAHO3HAYHO OMpEeAensieTcs ee MNoNsApHbIMU
koopAMHaTaMu: MONSIPHBIM paguMycoM p- pacctosHuem oT nomoca O po Toukm M wn

_—

MOMNsIPHLIM YrAIOM (p - YrNIOM MOBOPOTa MOMNSIPHOW OcW [0 coBnapeHus ¢ Bektopom OM
(pnc.31).

B nontoce nonspHbiii paguyc p = 0, a nonspHeIi yron He onpeaeneH. [ns Bcex Touek
MII0CKOCTH, He coBrnagatowmx ¢ nomocom p > 0.

MMonapHbIn  yron wn3MepsieTcs B paguaHax W CYMTaeTca MONOXUTErNbHbIM, €Cnuv
OTCYMTBIBAETCHA OT MONSAPHON OCWU NPOTUB YacoBOW CTpenku. MNMonapHbIn yron onpegenseTca ¢

TOYHOCTbIO A0 27k, roe k- uenoe umcrno. 3TO 03HAYAET, UYTO TOYKM C MOMSAPHLIMU
koopauHaTaMu ( , (p) " (p, o+ 27‘Ck) npv UenoM k cosnagator.

Ecnu 3apaHa nonspHasi cuctema KOOPAMHAT, TO Kaxaon nape uucen ( ,(p), U3 KOTOPbIX
p > 0, coOTBETCTBYET TOYKa MIIOCKOCTW, Afii KOTOPOW 3TV YMCMa SIBMSKOTCA €€ MONSPHbIMY
koopauHatamu. Ecriv p > 0, To aTa Touka pacnonoxeHa Ha nyye, COCTABMSAOLMM Yron ¢ C

nonspHoii ocbto Ox , 1 Ha paccTosiHum P oT nomioca. Ecnn p = 0, To aTa Touka coBnagaet ¢

NOoJ1FOCOM.
M3 onpeaeneHna nondpHbIX KoopAuHaT cnegyeTt, YTO ypaBHeHWe p =7 3afjaeT Ha

MIIOCKOCTN OKPYXHOCTb C LIeHTPOM B MOSOCe W paguycoM F, a ypaBHeHne (p = O 3ajaeT Ha
NSIOCKOCTU fy4d, NPOXOAALWMA Yepe3 MOMC U COCTaBMSKOWMIA C MNONAPHON OCbK yron o, B
4aCTHOCTU ypaBHeHMs nonsipHon ocn @ = 0.
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9) X >
Puc. 32

Ecnu 3apaTe Ha NNOCKOCTN NPSMOYTOMbHYIO AeKapTOBY CUCTEMY KOOPAUHAT, NOMECTUB ee
Hayano B NOMC U COBMECTUB OCb abcumUce C NONAPHON OCbHO, TO, KaK nerko BuaeTb us puc. 32,
AeKapToBbl KOOPAMHATBLI X U Y BbIPaXalTCA Yepes NonspHble KOOPAMHATbLI U3 COOTHOLLEHUN

X =pcosQ

y =psin@
Ecnun KaXxaoe ypaBHEeHME CUCTEMbl BO3BECTU B KBagpaT U CINOXUTb UX, TO Nony4YnMm
ypaBHEeHue p2 :x2+y2, M3 KOTOpPOro no 3agaHHbIM [OeKapToBbiM KoopAMHATaAM MOXHO

onpeaenvTb NONsiPHbIN paguyc.

3apgava 1
MocTpouTb KpUBYHO, 3a4aHHYI0 B MONSPHBLIX KOOPAMHATAX P = @ .

PeweHune
KpvBas, 3agaHHas ypaBHeHVWEeM p = (, Ha3blBaeTcs crnupasnbio Apxumeda. [Onsa ee

NOCTPOEHNA 3afaauM 3Ha4YeHUA NonApHOro yrna um Hangem us YpaBHEHNUA COOTBETCTBYyHOLLNE
3Ha4YeHnd NoNiApHOro paguyca.

Tabnuua 3
¢ 0 z n & 2m
3n
p 0 %‘ T 5 27

Ha nysax ¢ =0, (p=%, ¢ =m, (p=377T M @ =27 (nocnegHwWin nyy coBnagaeT C

MONAAPHON OCbIO) OTIOXMM COOTBETCTBYHOLLUME 3HAYeHUss P . U3 ypaBHeHUs1 kpuBOW creayer,
YyTO ecnu Mbl Byaem yBenuumeaTtb (¢, To p Gyaert Bo3dpacTtaTtb. KpuBasi nocTpoeHa Ha pucyHke
33.

Puc. 33

3apgava 2

nOCTDOI/ITb KpuBYIO, 3ajaHHYIO B I'IOJ'IHpHOVI cucrteme KoopaumHat p = 1+ cos Q.

PeweHune
MockonbKy COS ¢ - nepuoanyeckas pyHkumsa u 1 + cos((p + an) =1+ cos @ ans no6oro
uenoro k , To goctatouHo uccneposatb dyHkumio npyu 0 < @ < 2.
40




Tabnuua 4

¢ 0 y % %n L %n 37“ %T 21
p 2 | 142 1 -2 | o -2 1 1+ 2

OTMeTM TOYKM ( ,p) Ha MMOCKOCTU B MONAPHON CUCTEME KOOpAMHAT M MOCTPOMM

COOTBETCTBYHLUYIO KpMBYto. Ee BMA nokasaH Ha pucyHke 34. MNMocTpoeHHasi kpyBasi HasbiBaeTcs
kapououdod.

=V

Puc. 34

3apava 3

MocTponTb KpWBYHO, 3aaHHYI0 YpaBHEHVEM (x2 +y2)2: x? —y2, nepenas K nonsipHbIM
KoopauHaTam.

PewieHue

BOCHOﬂb3yeMCﬂ cbopmynaMM, CBA3bIBalOWMMN  OEKAPTOBblI KOOpAMHATLI C MOJIAPHbIMU
KoopaunHaTtammn

X =pCcoso
y =psin@
Torga ypaBHeHWe 3aaHHOM KPMBOW MOXHO 3anucaTb B BUae

02 =x2+32u

p4 = p2 cos? (p—p2 sin? @, unm p4 = pz(cos2 (p—sin2 (p).

Cokpalasa nocrnegHee ypaBHEHWe Ha p2 n nucnonbsys opmyny cos2(p:cos2(p—sin2 0,

nonyynm
p2 =CcoS2Q, umnmn p = /cos 2¢ .

21

HOCKOHbe COS 2(P - nepuoanyeckas beHKLI,VIﬂ C nepunoaom 7: T, TO MOXHO MNOCTPOUTb

KPUBYIO Ha MPOMEXYTKE —%S(pS%, ANMHA KOTOPOro paBHa nepviody (yHKUMM, a 3atem
MCMomnb3oBaThb NepuoanYHOCTb.

i

Ha npomexytke —2 <@ <+, dyHKUMs onpejeneHa TONbkO npw cos2¢ =0, uto

PaBHOCUMBHO HEpaBeHCTBY — 2(p£%, nnm —%S(pﬁ%. MoaToMy HaiOem HEeCKOMbKo

TOYeK Ha KpuBoM Npu @ u3 npomexyTka —X < @ <L 1 HaHecem VX Ha NIIOCKOCTb B NONSIPHOW

cncrtemMe KoopguHar.

Tabnuya 5

ENE]

[« N
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KpvBas npu %S (pé%“ NONY4YNTCA NMOBOPOTOM Ha Yron 7, paBHbI nepuogy YHKLMN.

3agaHHasi KpnBas HasblBaeTCs JIeMHUCKamoU bepHynnu, ee Bug nokasaH Ha pucyHke 35.

=V

Puc. 35

3apava 4

MocTpouTb KPUBYHO B MOMSIPHOM cucTeme koopamHat p =1+ cos((p —%).

PewieHue

3ameroit @' =@—Z npusesem ypasHenue k Bugy p =1+ cos¢’. B HoBoW cucTeme
KOOPAVMHAT ¢ NonspHo ocklo @' =0 nnu @ =7, 3T0 ypaBHeHne kapanonasl, koTopas 6bina

nocTpoeHa B 3agade 2. Bug kpuBon nokasaH Ha pucyHke 36.

Puc. 36

3. [loBepxHOCTM BTOpPOro nopsaka

OnpepgeneHune

HOBerHOCTbIO BTOPOro nopsaaka Ha3blBaeTCA MHOXECTBO TOYEeK, KOTOpoe 3adaeTcAa
YpaBHEHNEM

Ax? +By? +Cz? + Dxy+ Exz+ Fyz+ Gx+ Hy+ Pz+ 0 =0,
roe A,B,C,D,E,F,G,H,P,Q -3anaHHble uncna.

B HekoTOpbIX criydasix 3TO ypaBHEHWe onpefensieT napy pasfvyHbiX UM coBnagatoLLmx
NMOCKOCTEN, WM OOHY EAVHCTBEHHYI TOYKY. Takme MHOXEeCTBa TakkKe Ha3blBalTCs
MOBEPXHOCTBLH.

Ecnn ato ypaBHeHuwe onpegensieT nycrtoe MHOXECTBO, TO €CTb, HET HU OJHOW TOYKW,
KOOpAMHaTbLl KOTOPOW YOOBMETBOPSIOT 3TOMY YpaBHEHWIO, TO FOBOPSAT, YTO OHO onpegensier
MHUMYIO NMOBEPXHOCTb.
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OCHOBHbIMM YaCTHbLIMK cnyvyadamMmn ypaBHEHUA NOBEPXHOCTU BTOPOro nopdaka ABnAKTCA
YpaBHEHUA cneayrwmnx ﬂOBerHOCTeVI.

Annuncouna

2 2 2
x—2+y—2+z—2:1, (a,b,c >0).
a~ b” ¢
Mpn a =b =c =0 annuncoun obpaliaeTcs B cepy paguyca a C LEHTPOM B Hauvane
KOOpAWHAT, T. €. FeOMEeTPUYECKOe MECTO TOYeK, OTCTOSLWMX OT Havana KoopauHaT Ha
pacctosHuu a . Yucna a,b,c HasbiBaloTCA nonyocamu annuncoupa. Ecnv B ypaBHEHWM
annuncouaa 3aMeHUTb (OAHOBPEMEHHO MM MOPO3Hb) X HA —X, ) HA — ), Z HA —Z , TO OHO
HE U3MEHMTCS. DTO O3HAYAET, YTO MOBEPXHOCTb CHMMETPUYHA OTHOCUTESIBHO KOOPAMHATHBIX
nnockocten: x =0, y=0, z=0 u Hayana koopauHat. Mpu x>0, y>0, z>0 vactb
annunconaa, HaxoasLAsCcs B NEePBOM OKTaHTE, ONpefensieTcs ABHbIM ypaBHEHNEM

2 2
X
rme x>0, y>0, Y«
2 2
a- b
UTobbl cocTaBuTb Gonee TOYHOE NpeacTasneHne o6 annuncouae, npousseaem ceyeHust

NJTOCKOCTAMM, napannenbHbiMM  KOOpAMHATHBIM  MJTOCKOCTAM. Hanpmmep, nepecekas
annuncouna niioCKOCTAMU Z = h , (— c<h< C), nosiy4nm B Ce4eHnn annunc

2 2 h2 2 2

X
—2+y—2=1——2,|/|nv| ol N+ 4 o~ =1
a b ¢ e I s I
C C
h? h?
C nonyocsiMun a 1——2,b 1——2.
c c

OTclofa BUOHO, YTO Camblii GOMBLLON 3MMMMNC MOSYYaeTcsl B CEYEHUN SNMMMICoMaa NNOCKOCTHIO
z=0. AnanornyHas kapTuHa 6ygeT mpu ceuveHuy NnockocTamum x = h (—aShSa) "
y=h,(-b<h<b).

Touku (i a,0,0), (O,ib,O) ] (0,0,i c) nexart Ha annuncouae M HasbiBaloTCA €ro
8epUIUHaMU.

Ecrm kakve-nnbo OBe rnonyocy paBHbl Mexay coboi, To annuncoua 6yaeT annmncongom
BpalLeHUs, T. €. MOMYyYUTCH OT BPALLEHUS IMIUNCa OTHOCUTENbHO COOTBETCTBYIOLLEH OCK

KoopavHar.
dnnuncoug NocTpoeH Ha pucyHke 37.

ZA

<

Pwuc. 37.
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OpHoONoNoCTHbIN rMnepbonova

2 2 2
X z
—2+y—2——2:1 (a,b,c>0).
b= ¢
V3 ypaBHEHVA BWMOHO, YTO OQHOMOMOCTHLIM runepbonong SBNAETCA MNOBEPXHOCTLIO,
CUMMETPUYHOM OTHOCUTENBHO KOOPAMHATHBIX MIIOCKOCTEM WM Hadvara koopauHar. Yvcna a,b,c

Ha3bIBAKOTCA 1O/TYOCSIMU OAHOMOIIOCTHOMO MnepGornonaa. Touku (i a,0,0), (O,i b,O) Ha3bIBalOTCH
€ro 8epLULHAMU.

z A

Pwuc. 38.

B ceuyeHnn NoBepxXHOCTM MAOCKOCTbIO Zz = A NOMYYUTCA IUNC
22 52 2 32
— +5 =1+—,um SNt 5 =1
a” b c h h

a2 1+7 b2 1‘|’72
¢ c
h’ h?
c nonyocsimmn ay|1+——, by[l+—.

c c

B ceuyeHusx noBepxHocTu nnockoctTamu x = t4 wnu y = £h nonyyatcs runep6onbi

y2 ZZ hZ x2 ZZ | h2
- nnm ——=1l-—.
b2 CZ a2 a2 CZ bZ

Ecnu |h| < a, To AeiCTBUTENbHOIN OCblo CUMMETPUM NEepBOM rMnepGornbl ABNAeTCs nNpsMasi,

napannensHas ocu Oy, a npu |h| > a - npamas, napannensHas ocu Oz .
AHanornyHo ans BTopow runepbonsl. Ecnn |h| < b, TO gencTBATENBHON OCbIO CUMMETPUU

nepeoit runepGonbl sSBnseTca npsmas, napannensHas ocv Ox, a npu |h| >b - npsamas,

napannenbHasi ocu Oz .
Ecnm a = b, To B ce4eHUM NoBEPXHOCTM NIIOCKOCTAMM z = £/ BynyT OKpy»KHOCTU paguyca

2 2
a\/1+ih /c ’ Wccrienyemass moBepxHOCTb B 9TOM Criydae obpasyeTcss OT  BpalleHus
x?  z?
rmnep6onel —2——221 okorno ocu QOz. O6GWMIN BMA OOHOMONOCTHOrO runepGonouaa
a’> c

n3obpaxeH Ha pucyHke 38.
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OBynonocTHbIN runepéonona

x2 y2 Z2
—2+—2——2: —1, (a,b,c > 0) .
a~ b° ¢
Tak kak YpaBHEHNEe COAEepXUT TOJSIbKO KBagpaTbl NMepeMeHHbIX, TO AaHHadA NOBEPXHOCTb
CUMMETPUYHA OTHOCUTENbHO KoopauHaTHbix nnockocten x =0, y =0, z=0 wn Havana

KoopauHar.
Ecnu 3anucatb ypaBHeHWe NOBEPXHOCTU B BUAE
xZ yZ 1 ZZ
_— =1+ —
2 2 2’
a

(3]
(3]
Ryl
(3]
(3]
(3]

X
=+

2
a

Yo * Y =1
b2 2 2
¢ ) BT e

? c?

C nonyocamm a\/(h2 /cz)—l " b\/(h2 /cz)—l )

zZ A

v
>

\/

y

Puc. 39
Mpwn |z| =C B CeYeHWM TMonyyawTcs [ABe TOYKU (0,0,i c). Mpwn |h| <cC 4ucno
(h2/¢?)—1< 0, M NOSTOMY HET TOYEK NEPECEUEHMSI IOBEPXHOCTM U MNOCKOCTH Z = +/ .

Mpu ce4eHnn NoBEPXHOCTM NIOCKOCTAMU X = Th (y = ih) nonyyum runepbonbl

¢ BepwmHamu Ha ocun Oz .
[BynonocTHeIn runepbonoung NocTpoeH Ha pucyHke 39.

Annuntnyecknn napabonoupa

x2

2
Yy _
>+ 2—22,(p,q>0).

B>
Q
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Tak kak B ypaBHEHUM MPUCYTCTBYIOT KBagpaTa MEpeMEHHbIX X W ), TO [aHHas
MOBEPXHOCTb CUMMETpUYHA, OTHOCUTENbHA KoopauHaTHbIX nnockocTen x =0, p=0.
MoBepXHOCTb pacrnonoxeHa B nonynpoctpaHcTee z > 0.

Mepecekass MOBEPXHOCTb MAOCKOCTAMU Z = A (hZO), B ceyeHun OByayT nomy4vartbest

annunchbl

x2

—+
p2
c nonyocsimu pN2h v gN2h , (p,q >0).

Mepecekass MOBEPXHOCTb MAOCKOCTAMU X =Fh (unu y =1h), nonyumm B ceueHum

N

2 2
=2h vnn x2+ y2:1
2hp” 2hq

»QN|*<

napabonsbl
h? h?
y2=2q2 z—— |, x2=2p2 Z-—
2p 2q
h? h?
CO CMELLEHHOWN BEPLUMNHON B TOYKE Z = — z= —
2p 2q

I'IpM P = ¢ NOBEPXHOCTb 6YD,GT NOBEPXHOCTbIO BpalleHud, ﬂOﬂyanOLLJ,eVICﬂ OT BpalleHus

2 2
napabonbl x° =2p°z Bokpyr ocu (Oz. B 3TOoM crnyyae MOBEPXHOCTb Ha3blBalOT
napabosioudom epawieHusl.

z A

Puc. 40.

Touka (0,0,0) NexuT Ha MOBEPXHOCTU W Ha3blBAeTCA 6epWUHOU 3NMUNTUYECKOro
napabonouga. dnnuntudeckuin napadonoung nsobpaxeH Ha pucyHke 40.

Mnep6onu4yeckun napabonoug

2 2

X Yy

2 2
p q

Mo BMay YypaBHEHUA HACHO, YTO [OaHHaA MNoBepXHOCTb CUMMEeTpUYHa OTHOCUTESIbHO

nnockoctet x=0, y=0. MNepecekas NOBEPXHOCTb MMOCKOCTAMM z = /1, Mbl ByAeM nony4yatb

=2z, (p,q>0).

B ce4YeHnn rmrlep60r| bl

N
N

X



npuyem, npu h >0 geicTBUTENbHAs OCb CUMMETpUK runepGonbl ByaeT napannensHon ocu
Ox,anpn h<0 —ocu Oy.MNpu h =0 B cedeHnn ByayT ABE NEpeceKaloLmMecs NpsiMbIe.

Puc. 41

Mpy ceyeHUU MOBEPXHOCTWM NNOCKOCTAMU X =Hh wnu y =h, nonyuum napabonbl, C
BETBAMMW, HaNpaBNeHHbIMU BHU3 UMW BBEPX:

2 2 2 2
h™ x h
—y—2:22——, —2=ZZ+—.
q p p q
[MoBepxHOCTb n3obpaxkeHa Ha pucyHke 41.

KoHyc BTOpOro nopsigka.

X Y
_2+_
a

2 2
2

| N
\S] (3]

=0 (a,b,c>0).
b

N3 ypaBHEHUS SICHO, YTO MOBEPXHOCTb CUMMETPUYHA OTHOCUTENbHO KOOPAMHATHLIX OCEMN.
Mpu ceyeHnn NoBEPXHOCTM NIOCKOCTAMU z = T/ Nony4aroTcs nnuncbl

o

x2 yz h2 x2 2

at* b 2

C nonyocamu “C—h " bc—f’.

Ecnu xe nepecekaTb MOBEPXHOCTb MIIOCKOCTSIMM X =*h wiu y =1h, To B ceveHuu
nony4nm rmnepGornbl

Z2 y2_h2 ZZ x2 h2
. L CE e

T2
b
Ecnu ee nepecekaTb nnockoctaMu y =1hx, TO B CEYEHUM

nony4uMm napy
nepecekarLLUMXcs NPsIMbIX

z=+exy(1/a® J+ (1% 1b2).

YpaBHeHWIO ya0OBNEeTBOPSIET TOYKa (0,0,0), crnepgoBaTtenbHO, MOBEPXHOCTb NPOXOOUT Yepes
Ha4vano koopauHat. Bna noBepxXHOCTM NOKa3aH Ha pUCYHKe 42.
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Puc. 42.
LunuHapbl BTOporo nopsiaka

OnpepeneHune

[MoBepXHOCTb, OMMCbiBaemMasd MNpsAMONW, NapannenbHOW  HEeKOTOpOMYy  3aJaHHOMY
HaMnpaBIiEHUIO MU MepeceKkatoLlert AaHHy0 NMHUIo L, HasbiBaeTcss yuiuHdpudeckod. MNpn atom

ABUXKYLLAsACA NpsiMasn HasbiBaeTca obpasyrowel, a npamaa L - Hanpasnsowel uunuHapa.

Ecnn o6pasyollas uunuMHapa napannenbHa KakoW-TO M3 KOOpPAWMHATHBIX Ocei, To
uMnuHApUYeckass MOBEPXHOCTb 3ajaeTcsl  ypaBHEHMEM BTOPOro  nopsidka € ABYMS
nepemMeHHbIMU:

F(x,y) =0, oBpasyowas napannensHa ocun Oz ;
F(x,z) = (0, obpasytowan napannensHa ocu Oy ;
F(y,z) =0, obpasytollas napannensHa ocn Ox .

Annunmuyeckull yunuHop

.X2 y2
—2+—2:1 (Cl,b>0).
a” b

YpaBHeHWe He COAepXKUT NepemMeHHol z , criefoBaTenbHo, uMnuHap napannened ocn Oz .
Hanpasnsioweit uunuugpa Ha nnockoctn x(Oy sBnsieTcss anmunc ¢ nonyocsmMu a w b.

UunuHaopuyeckass MOBEPXHOCTb, OMMcaHHas npamoi, napannensHon ocu Oz, u

2 2
X
nepecekatroLien annunc — + y_2 =1, noctpoeHa Ha pucyHke 43.
a b
ZA
e
\_/
/
T,
-~
\_/
Puc. 43
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Funep6onuyeckuli u napaéonu4eckull YunuHopbI

2

X

2

2 2
X
Zo-2-=1 (a,b>0) u y? =2px (p>0).
a b
B paHHOM criyyae HanpaensiowMMM TNIMHUAMK NOBEpPXHOCTEN siBnsitoTca runepbona
2
— =1 v napa6ona y2 =2 px, a obpasyrwmmm — npsimble, napannensHble ocu Oz 1
b

a

npoxoaswwme yepes runepbony mnu napabony B nnockoctn x(Oy . MNMoBepxHOCTH U306paxeHbl

Ha pucyHKax 44 n 45.

PoODN=

10.
1.
12.
13.
14.

15.

16.
17.
18.
19.

zA

ZA

<Y
<V

/ |
|/

X |’
Puc. 44 Puc. 45

4. KOHTPOIbHbIE BOIMPOCHI 10 TEOPWK

Kaknm ypaBHeHWeM 3agaeTcst B MPOCTPAHCTBE MIIOCKOCTb?

Kak BbIrnaanT ypaBHEHWE NITOCKOCTU C HOPMarbHbIM BEKTOPOM?

Kakoe ypaBHeHue HasbiBaeTCs 06LWMM ypaBHEHNEM NIOCKOCTN?

KakoB reomeTpuyecknii CMmbICn KOIPADULMEHTOB NP NepemMeHHbIX B OBLEM ypaBHEHUM
NNOCKOCTN?

Kakow Bua nmeet obLiee ypaBHeHME MNOCKOCTW, NapanfenbHon koopauHaTHon ocn Ox ?
koopauHaTtHom ocn Oy ? koopauHaTtHou ocn Oz ?

Kakon Bupg umeeT obLLee ypaBHEHNE NIOCKOCTU, MPOXOASALLEN Yepe3 Havyarno KoopanHaT?
Kakoii Bua umeet obLiee ypaBHEHUE MIOCKOCTU, NapasnsenbHOM KOOPAMHATHOM NIOCKOCTH
xOy ? koopauHaTHoNM nnockoctn zOy ? koopgnHaTHOW nnockoctn zOx ?

Mpn Kakom ycrnoBuu ABe MAOCKOCTM napannenbHbl? [pu kakom ycrioBuv ABe NNOCKOCTU
nepneHanKynsapHbl?

Kak BbIrnsauT ypaBHeHWe MrockocTn B oTpeskax? Kakme mmockoctn moryT ObiTb 3aaaHbl
3TUM ypaBHeHnem?

Kak 3apgaetcsa B npocTpaHcTBE NUHNA?

Kakumun ypaBHeHUAMU 3agaeTcs B NPOCTpaHCTBe nNpsmas?

Kakne ypaBHeHMs NMpsAMon Ha3blBaOTCA NapameTpuyeckumMmn?

Kak BbISICHWTb, NepecekalTcs N ABe NpsMble B MPOCTPAHCTBE UMW CKPELUMBAOTCA?

Kak onpegenuTb HanpaBnsloWMiA BEKTOP MPSMOW, e€ecnu  OHa 3agaHa obwumu
ypaBHeHuAMn?

Kaknum ycrnoBvem cBf3aHbl HOpPMarbHbI BEKTOP MAIOCKOCTM W HaMpaBnsloWMin BEKTOp
NpPsIMOK, ecnn NpsAMas 1 NNOCKOCTb napannenbHbl? MNepneHankynapHbl?

Kakon Bng umetoT ypaBHEHUS KOOPAMHATHbLIX MIIOCKOCTEN?

Kakon Bug umetoT ypaBHEHUS KOOPAMHATHBIX OCEN?

Kaknmun ypaBHeHnsiMu 3agaeTcsa npsMas Ha NnockocTu?

Kakoe ypaBHeHVe HasblBaeTCs ypaBHEHMEM MPSMON C YrnoBbiM koadduumeHToM? Kakne
npsiMble He MOryT ObITb 3a4aHbl TAKUM ypaBHEHUEM?
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20.

21.

22,

23.
24,

25.
26.
27.
28.
29.

30.

31.

32.

33.

34.

35.

36.

37.

Lol

No ok

i

10.

Kakne kpuBble OTHOCAT K KpvBbIM BTOpOro nopsigka? Kak Bbirmagut obliee ypaBHeHue
KpMBOKW BTOPOro nopsiaka?

Kakass kpumBas HasbiBaetca annumncom? Kakon BuA MMEET KaHOHMYECKoe ypaBHEHue
annunca?

Kakas kpvBasi HasbiBaetcs runepbonon? Kakoi Bug MMeeT KaHOHWYECKOE ypaBHEHWE
rmnep6onbl?

Kak BbIrnsgsaT ypaBHeHUst acumnToT runepbornbl, 3a4aHHOW KAHOHUYECKUM ypaBHEHNEM?
Kakas kpuBas HasbiBaeTca napabonon? Kakon Bua MMeeT KaHOHMYEeCKoe ypaBHeHue
napabonbl?

YTo Takoe IKCLEHTPUCUTET KPMBOWM BTOPOro nopsigka? Yto MOXHO ckasaTb Mpo BENTUYMHY
akcueHTpucuTeTa annunca? M'inep6onbl?

YeMy paBeH 3KCLEHTPUCUTET OKpYXHOCTU? MNapabornbl?

Kaknmun koopauHaTamu 3agaeTcs To4ka B NOMsIpHOM CUCTEME KoopauHaT?

Kak BbIrnagsaT ypaBHEHNS: KOOPOUHATHbLIX NIMHUIA B NOMSIPHOM CUCTEME KOOPAUHAT?

Kakasi noBepxHOCTb HasblBaeTcs annunconaom? Kakon Bua MMeET ero ypaBHeHue? Kakue
FNIVHUM MONYyYaloTCA NPU CEYEHUN INNUNCOMAA KOOPANHATHBIMW MITOCKOCTSAMMW?

Kakasi noBepxHOCTb Ha3blBaeTCA O4HOMOMOCTHBIM runepbonongom? Kakov Bug uMmeeT ero
ypaBHeHue? Kakve nuvHMM nonyyatTca MNpyv CeYeHUM OOHOMOMOCTHOro runepbonounaa
koopauHaTHow nnockocTbto X0y ? x0z n yOz ?

Kakas noBepxHOCTb Ha3biBaeTCs OBYNOMOCTHbIM runepbonovaom? Kakom Bug nmeer ero
ypaBHeHne? Kakue nuHMM nonyyawTca MNpu cedyeHun [OBYNoriocTHoro runepbononaa

nnockocTsmu z = * ¢ ? KoopanHaTHbiMu nnockoctamu xOz n yOz ?

Kakas noBepxHOCTb HasblBaeTcsa annuntudecknum napabdonoungom? Kakown Bug nmeeT ero
ypaBHeHne? Kakue nvHUM nony4arTCcs MpU CeYeHUU INnunTMYecKoro napabonounga

nnockoctaMu z = ¢ ? KoopauHatHbiMu nnockoctammu xOz n y0z ?

Kakass moBepxHOCTb HasblBaeTca napabonoungom BpaweHua? Kakow BuMA wnMeeT ero
ypaBHeHune?

Kakast noBepxHOCTb HasbiBaeTcs runepbonuyeckum napabonongom? Kakon Bug nmeeT ero
ypaBHeHne? Kakue nuHMM nonyyaloTcs npu ceveHun runepbonuyeckoro napabonouga
KOOPOUHATHBLIMY NITOCKOCTAMMN?

Kakasi nmoBepxHOCTb Ha3blBaeTCs KOHYCOM BTOpOro mnopsgka? Kakom Bug wnmeeT ero
ypaBHeHne? Kakve nvHUM nonyyalTcs Npyv CEeYEeHMM KOHyca MNIOCKOCTsSIMU z =tc?

KoopauHaTHbiMu nnockoctsmm xOz n yOz ?

Kakve nOBEpPXHOCTM HasbIBAOTCA UMNMHOPUYECKMMK? Kaknme nuMHUM HasbiBaloTCsl ee
obpasytoLlen 1 HanpaBnsoLWen?

B «kakom cnyyae uunuHOp  HasbiBaeTca  annuntuyeckum?  [NMapabonuyecknm?
M'nepbonuyeckum?

5. BOMPOCHI Af1A NOArOTOBKN K 3K3AMEHY

[MoBepXxHOCTU B NPOCTPAHCTBE U UX YPaBHEHUS.

YpaBHeHne NnocKoCTU C HOPMarnbHbIM BEKTOPOM.

YpaBHeHWe MIOCKOCTW, 3aaHHOM TOYKON M ABYMSI KONINIMHEapHbIMU BeKTopamu. BaavmHoe
pacnonoXeHue nocKoCTeMN.

YpaBHeHVe NnocKoCTn B OTpe3Kax.

WNccneposaHue o6Luero ypaBHeHMSA NIOCKOCTY.

KaHoHu4yeckne n napameTpuyeckme ypaBHEHMS NPSIMON B MPOCTPaHCTBE.

JInnum B npoctpaHcTee. O6Lme ypaBHEHNsI NPsSAMOW B NpocTpaHcTee. NMpuBeneHne obLymx
YpaBHEHUI MPSIMOW B NPOCTPAHCTBE K KAHOHNYECKOMY BUAY.

B3anmMHoe pacnonoxeHue npsMbiXx B MPOCTPAHCTBE. Yron Mexay NpsambIMu.

B3aumHoe pacnonoxeHve NpsMON U MAOCKOCTU B NPOCTPAHCTBE. Yron mexagy npsMon m
NMOCKOCTbIO.

onnunc: onpegeneHve, KaHOHMYECKOe YypaBHeHWe, wuccnegoBaHne OpMbl  KPUBOW,
KoOpauHaThl OKYCOB, SKCLEHTPUCUTET.
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11. Mvnepbona: onpegeneHve, KaHOHWYECKOE YypaBHEHWEe, uccregoBaHue (OopMbl KPUBOW,
KoopauHaTbl hOKYCOB, YpaBHEHUS aCUMMTOT, 3KCLEEHTPUCUTET.

12. Mapabona: onpegeneHne, KaHOHWYECKOE YpaBHEHME, WUccredoBaHue (OopMbl KPUBOM,
KoopauHatbl oKyca, ypaBHEHUE ANPEKTPUCHI, SKCLIEHTPUCUTET.

13. lNMongapHasa cuctema koopauHar.

14. Snnuncona n cdepa: KAHOHNYECKNE YPABHEHUS U UX NCCIIeJOBaHNEe METOO0M CEHEHUN.

15. Mvnepbononabl (OQHOMOMOCTHBLIN W OBYMNOMOCTHBIN): KAaHOHWYECKME YPaBHEHUS U UX
nccrnegoBaHue MeTogoM CeYEHUN.

16. MNMapabonoungpl (anNnMNTUYECKNA N Napabonong BpalleHne): KAHOHUYECKUE YPABHEHNS N NX
nccnegoBaHve METOLOM CEeYEHUN.

17. Mvnepbonuyeckuin napabonouna: KAHOHUYECKOE YpaBHEHWE U ero nccnegosaHne MeTogom
ceyeHun.

18. KoHu4yeckass MNOBEPXHOCTb: KaHOHMYECKOEe YypaBHEHWE W ero uccrieioBaHne MeToaoM
ceyeHun.

19. Uunungpuyeckmne noBepXHOCTMU.

6. BbINMWUCKA 13 KANEHOAPHOIO MNAHA NMPAKTUYECKUX 3AHATAN

3. AHanutu4eckas reometpus (14 yacosB)

10. lNnockocTb B NPOCTpaHCTBE. YpaBHEHUE NITOCKOCTU C HOPMaribHbIM BEKTOPOM. YpaBHEH6Uue
NNOCKOCTW, 3aJaHHOM TOYKOMW W [OBYMS KOMNWHEapHbIMU BeKTOpamu. YpaBHeHue B
oTpeskax. BzavmHoe pacnonoxeHue nnockocTemn (2 yaca).

Nn.3: 466 (12,16), 469, 471 (6,7), 472, 500. 501, 517, 519, 521, 548, 549, 559, 560, 580,
581, 603, 607, 609, 612, 643.

11. MNpsAmasa B MpoOCTpaHCTBE: KaHOHMYECKMe W napameTpuyeckue ypasBHeHus. [MpuBegeHue
O6OLWKMX ypaBHEHWI MPSAMOW K KaHOHM4Yeckomy Buay. BaanmmHoe pacnonoxeHue npsambix (2
yaca).

Nn.3: 526, 529, 545, 584, 587, 671,676, 702, 710, 722, 739, 748, 750, 752, 762.

12. MNpsimMaa n nNNockocTb B MpocTpaHcTBe. B3aumHoe pacnonoxeHwe. Toyka nepeceveHus
NPsIMON M MIIOCKOCTW. (2 Yaca).

N.3: 650, 651, 652, 653, 658, 659, 661. 663, 664, 665, 766, 758, 759.

13. MNMpaAMass Ha nNIOCKOCTW.. YpPaBHEHME C YIMOBbIM KO3(PUUMEHTOM, ypaBHEHME C
HOpMarbHbIM BEKTOPOM, KaHOHUYECKOE ypaBHEHWE, ypaBHeHMe B oTpe3kax. Yron mexay
npsiMbimMK (2 Yaca).
1N.3: 650, 651, 652, 653, 658, 659, 661. 663, 664, 665, 766, 758, 759.

14. KoHTponbHasa paborta (2 yaca).

e 3apgava Ha ckanspHoe npoussegeHuve.

e 3agava Ha BEKTOPHOE UIn CMeLlaHHoe Npov3BegeHmne.
e 3agaya Ha npsAMYyto U NNOCKOCTb B NPOCTPaHCTBE.

e 3agava Ha NpsAMYI0 Ha NOCKOCTMU.

15. KpuBble BTOporo mnopsgka: annunc, runepbona, napabona. [locTpoeHve KpuBbIX B
MONSPHOM CUCTEME KOOPAMHAT M KPUBbIX, 3aaHHbIX NapameTpuyecku. Beigaya gomaluHero
3ajaHuns Ha KpuBble U NMOBEPXHOCTU (2 Yaca).

n.3: 650, 651, 652, 653, 658, 659, 661. 663, 664, 665, 766, 758, 759.

16. Mpuem T.P.1 n gomawHero 3agaHuna Ha kpusble (2 Yaca).

7. Tect no teme 3 «KAHAITUTUYECKAA TEOMETPUA»

1. Kak pacrnonoxeH MO  OTHOLWEHWIO K  MMIOCKOCTM,  3aQ4aHHOM  ypaBHeHMeM
Ax+ By +Cz+ D =0, Bektop {A; B; C}? YkaxkuTe HoMep BepHOro oTeeTa B Tabnuue 6.

Tabnuya 6

1 2
KonnuHeapeH nnockocTtu OpTOroHaneH nnockocTu
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