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COJOEPXAHWE KOMMNEHONYMA

TemaTtnyeckuin nnaH 2 —ro cemecTpa.

Bbinucka 13 kanenHgapHoOro nnaHa nexkumn.
TeopeTnyeckn maTtepuan.

KoHTponbHbIE BOMPOCHI MO TEOPUN.

Bonpochkl Anst NoAroToBKN K 9K3aMeHY.

Bbinucka 13 kanengapHOro niaHa NpakTUYeCcKnxX 3aHATUN.
TecT no Teme 8 «Hncnosble U PyHKUMOHANbHbBIE PSAbIY.
PekomeHngyemas nutepartypa.

OTBeThI K TECTY.



BULBHEE d1I9HdOLNTAY

ga00eh auHaLeraduoRd

9 14 z. 9zl 061 d1osweo Z eg 01909
ol 8 0z [<14 8¢ "19rsd a19HaLUeHONTIMHAD
1 91980UOUR "910€h | I9TEd
[44 0¢ ve 144 99 *OUHBLIOMhON S0HALredIaLH|)
"XIqHHaWadau
XUNALIONOBH UMTIHHAD
cl vl 4} 9C 8¢ BUHBLIOMKOUN doH4ALrennHadaddny
'Z 9LoBeR
0z Zl 9l 8z 8 "MoHHBaWadaL UOHTO UUNIHAD
BMHBLIOMKOU doHdLreutiHadaddnT
BULBHEE -
‘pied|] umis|f
eLoged -downiTAe
‘1o0WeD XWH € 01808 o1e0g |9WoL ouHeseeH

HeLrl NNY2ohNWeway | ehnwrge

VdL1O3N3D Z HYUL MMNO3hALYNIL 'L




2. BbIMCKA 13 KANEHAAPHOIO MITAHA NEKLAN

8. Papbl. Yactb 1. Yucnosble n pyHKUNOHaNbHbIE

paabl (20 yacos)

27. Yncnoson psag. Obwuin uneH psga. YactuyHaa cymma psga.
CxogumocTb yucnosoro psga. MeomeTtpudeckuit psa. MapmMoHuyeckuin
psaa (2 vaca).

28. OcHoBHble CcBOMCTBa uMUcnoBbIX psgoB. Ocrtatok psaga.
Heobxooumele NpU3HaKu CXOOMMOCTU YMCOBbIX PSIAOB.
[ocTaTouHble NpU3HaKM CXOAMMOCTU PSIAOB C HeoTpuuaTenbHbIMU
YyneHaMu: NpU3HaK CpaBHEHWs, NPEeOerbHbIN MPU3HaK CpaBHEHUs (2

yaca).
29. TMpwusHak [Oanambepa. PagukanbHbii npusHak Kowm w
WHTErpanbHbIn npu3Hak MaknopeHa-Kownm CXOAMMOCTH

NONOXUTENbHBLIX PAOOoB (2 Yaca).

30. 3HakouvepeayoLnica psag. MpusHak JlenbHuua.
3HakonepeMeHHbIn  psig. ABconoTHas M yCnoBHas CXOOUMOCTb.
MpusHak  abcomtoTHOM  cxogumocTu.  CeowctBa  abConOTHO
cxogsawmxca  psgoB.  BelumMcneHne cymMmbl UMCNOBOro  psiga C
3aJaHHON TOYHOCTLIO (2 Yaca).

31. ®DyHKLMOHANbLHBIN paa. ObnacTtb CXOAUMOCTU
dyHKUMOHanNbHOro psga. PaBHoMepHas cxogumocTb. CBoncTBa
paBHOMEPHO cxosLLmMXcs psaoB (2 yaca).

32. TllpusHak BeuepwrTtpacca. HenpepbiBHOCTb  CyMMBbI
paBHOMEpPHO cxoasuleroca psaga. NouneHHoe anddepeHumpoBaHue
1 UHTErpMpoBaHue paBHOMEPHO CXoAALMXC psaoB (2 vaca).

33. CrteneHHon psg. CeoicTBa CTEMEHHbIX psgoB. Teopema
Abens. Teopema o0 KoadhpmUMeHTax CTENEHHOrO psiga U crneacTeust
13 Heé (2 yaca).

34. Pagbl Tewnopa u MaknopeHa. PasnoxeHue HeEKOTOpPbIX

anemeHTapHbIX yHKUMUI B psaabl Teinopa v MaknopeHa: el] sin x|,

m o
COS X, (1+X) . PasnoxeHwne d)yHKLI,VII/I B CTeNneHHble pAanbl (MeTO,L'J,bI

NoaCTaHOBKM, AMddEPEHLMPOBAHNS U MHTErPUPOBaHKS) (2 Yaca)

35. MNpunoxeHnst CTENEHHbIX PSA0B: NPUONMXKEHHOE BblYMCIEHNE
3HaYeH OYHKLMI, NHTerparnos U CyMmmbl psga (2 vaca).

36. 3akntounTtensbHasa nekuua (2 yaca).



3. TEOPETUYECKM MATEPUAN

Ta6bnuuya 2. O2naesieHue

8.1. Yncnosble psabl.

8.1.1. OnpegeneHue 4MCrOBOro psAaa u ero CXOAMMOCTH.
8.1.2. OCHOBHble CBOMCTBA YNCIOBbIX PSAOB.

8.1.3. Heobxogumble Npu3HaKm CXOAMMOCTU YMCIOBLIX PSOOB.

8.1.4. [locTaTouHble  MNPU3HAKM  CXOOUMOCTM  PSiAOB  C
HeoTpuuaTesribHbIMU YNleHaMu.

8.1.5. 3Hakouepepywowmecs psgbl.  [pusHak  cxogumocTu
JlenbHuua.

8.1.6. 3HakonepemeHHble psabl. ABConTHas W ycrioBHasd
cxogumocTtun. CeoncTBa abCcoNOTHO CXOOALLMXCH PSAOB.

8.1.7. BbluucrneHne cymMbl YMCMOBOro psiga C  3adaHHOWM
TOYHOCTbIO.

8.2. dyHKUMOHanbHbIE pAabI.
8.2.1. OCHOBHBbIE MOHATUA.

8.2.2. PaBHOomMepHass cxogumocTb. CBoWCTBa paBHOMEPHO
CXOOSILLMXCS PSAOoB.

8.2.3. CteneHHoOW psii U ero CBONCTBA.

8.2.4. TeopeMbl 0 KoadhpuUMeHTax cTeneHHoro pspaa. Pagwbl
Tennopa n MaknopeHa.

8.2.5. PasnoxeHune (pyHKLUMI B CTENEHHbIE pAabl.

8.2.6. PasnoxeHne HeKOTOPbIX 3MNeMeHTapHbIX QYHKUNA B
pagbl Tennopa n MaknopeHa.

8.2.7. lpnnoxeHusi CTENEHHbIX PAOOB.

8.1. YncnoBble paabl

BeckoHeuHble psaabl UrpalT BaXHY porib B Matematuke U ee
npunoxeHnsx. C nx NOMOLLbI ONpeaensTcs HEKOTopble (OYHKLMU,
BbIYMCIIAKOTCA C NobON CTENEHbI TOYHOCTM 3HAYEeHMS1 PYHKUUA ”
COCTaBnATCA Tabnuubl MHOMMX  DYHKUMIA; OecKkoHeuvHble psiabl
NCMOMb3yIOTCA MPU  BbIYUCIIEHUN WHTErparioB W MpU  peLleHun
anddepeHumanbHbIX YpaBHEHUN.



8.1.1. Onpedenerue 4Yucnoeozo psida u e2o cxodumocmu

OnpegeneHue 1
o0
MycTb 3agaHa nocnegoBaTenbHOCTb {u}ﬁ}ﬁ. Ctpoum HOBYHO

o)
nocnefoBaTenbHOCTb {Sn}

., nonpasuny S, =u,, S, =u, +u,, ...,

0
S| ’=u, +u, +...+u,. [Be nocnesosatensHoCTH: 3apaHHas {u, }

n=1

o 0
N NOCTPOEHHaA Ha Hewn {Sj;}n—l Ha3blBalOT pﬂaOM n obosHavalT

0

Su,

n=1

3AMEYAHUE 1

o0
Yacto ans obosHaveHus psaa Zurp ynoTpebnstoT 3anvcb

n=1

u +u, +tu, +.

3AMEYAHUE 2
AHanuTuyeckoe BblpaXeHWe AnNA M -T0 uneHa psga Ul vacTo
HasbiBalOT OOWKUM 4YneHom psga. Hanpumep, y reometpuyeckomn
nporpeccum a,a-q,a-qzﬂ.. obwyM  uneHoMm  sIBRsieTCs
u =a-q"".
OnpegeneHue 2
Cymma nll nepBbix uyneHoB pspa S| =u, +u,)+.1+u,
Ha3blBaeTCcsa 7 -0l YacmuyHoU (YacTHOW) cyMMoU 3TOro psaa.
3AMEYAHMUE 3
OueBugHoO, YTO nepBasi, BTOpas, TPETbA U T.4. YaCTUYHblE CYyMMbl
paga: S, =u;; S, =u, +u); IS;=u,+uw+i]; [l. obpasywr
4MCroBYtO NocrefoBaTenbHOCTb: S,S,,...,5 ,....
Mpu HeorpaHNYeHHOM BO3PACTaHUM YUCIa craraeMblx CyMmbl S, -
MOTYT NpPeAcTaBUTBLCA CriegyroLmMe BO3MOXHOCTY:



1) §, cTpemuTcs K onpeaeneHHOMY KOHeYHOMY npezerny;
2) Sn HeorpaHM4YeHHO Bo3pacTaeT Mo Moaynio;

3) S, He cTpemuTcs K onpeaeneHHoMy npegesy, XOoT U He
BO3pacTaeT HeorpaHNYEHHO.
OnpepeneHue 3

Pan u, +u, +...+u, +... Ha3biBaeTCA CXOOAWUMCS, €CIN NpU
1 —> 0 NOCNEA0BATENIbHOCTb €0 YaCTUYHbLIX CYMM UMEET KOHEYHbIN
npegen, T.e. limS =S.

n—oo
3HaueHne S aTOro npedena HasbIBaeTCA CYMMOW psaaa.
OnpepgeneHue 4
Pan u; +uy+...+u,+... HasblBaeTCA pacxoosawumcs, ecnm
npM n —> o0 nocnegoBaTeNnbHOCTL €ro YacTUYHbIX CYyMM  MMeeT
OeckOoHeuHbIN Npeden Unu He MMeeT Npeaena.
3AMEYAHME 4

Ecnv psag cxogutes v umeeT cymmy S, To ynoTpeGnsieTcs 3anuch

iun =5.
n=1

C OaHHbIMU Bbllle onpegeneHnaMmm cxoanmMmocT 1 pacxoanmocTu
psaa cBA3aHbl Be OCHOBHbIE 3a1a4u TEOPUM YUCOBbLIX PAAOB:
1. OaH psg. OnpegennTb, CXOAMTCS OH UM PacxoamTCs.
2. OaH cxopgswunca pag. Hantm ero cymmy. (ToyHoe BbluMCIEHME
CyMMbl yaaeTca B CpaBHUTEJIbHO HEMHOINX cnyqaﬂx.)

lMpumep 1
Pan Buoa

ata-qg+a-q’ ﬁ..+a-q"‘1tﬂ-...=za-q"_lu
n=1

HasblBaeTcsa 2eomMempuyecKkumM psidoM (4neHbl 3Toro  psiaa
o0pa3yloT  OECKOHEYHYHd  FeOMETPUYECKYID  MPOrpPeccud  co
3HameHatenem ¢ ). O6LWwui YneH aToro psiga UMeeT Bug

Z/ljgza.qn—l ]



BbIicHUM, Mpu Kaknx ycroBusax psa OyaeT CXO4AaLWmMMCS.
PeweHue
CocTaBuM 7 -yI0 YaCTU4HYO CyMMY psiaa

Sj=a+atqg#a-qgt+...+a-q"".
Mpu g #1 dopmyna cymmbl 7 NEPBbLIX YTIEHOB rEOMETPUYECKON
nporpeccuun paBHa
S _a.(l_q")_ a]_a‘qn,
" l-g0  1-g0 1-qC

Ortclona cneayer:

aD_a-q"]_ al’l

I-gll1-¢q -

1) Ecnu |q|<1, o IlimS, =lim
1—-gll

n—0 n—»0

(k. limg"=0). 370 osHauaeT, 4TO NpM |q|<1 psiA Zaw]"’l
n—»0

n=1

a
CXOAMUTCS U €ro cymma paBHa 1—

_qg
a 2
——=a+a-g+a-q° +... <1
T etaara (la <1)
Hanpumep, ecnim a =1 u —l TO 1+l+i+ =2
’ = 2 22

2) Ecnmn |q|>1, TO ‘q”‘—)oo npu n — o0 U, criegoBaTensHo,

1 — L
1112’2 Sn =00, NO3TOMY pAan Z}a q s npu |C]| >1 pacxoantca wu
n=

CyMMa [nsl Hero He onpeaerneHa.
3) Ecrm g =+1, 10 psAp wmeeT BuA: a+a+a+ll+a+.... B

aToM cnyyae S| =a-n—> & npu n —> o0, NO3ITOMY paf, Za'qn_l

n=1

npu g = +1 pacxogutcs.



4) Ecrm g =—1, 10 psip umeeT BUA: a—a+a—a+ L. B atom
0 npu n—yemnom

cnyyqae §, = . CneposatenbHo S, npegena
a npu n— HeuemHoMm

He VMeeT, 1 pag Za~q”t npu g =—1 pacxogutcsi. B yactHocTy,

n=1

pacxoauTcs psia 1—1+1—1+1—...+(—1)H+....

lpumep 2
VccnepoBatb cxogMMocCTb psja:
1 1 1 -
— o —— Z
1-2 2-3 (n+l ,,:171
PeweHue
1
O6wwun uneH aToro psga U, =———— €CTb MNpaBunbHasa
n(n+1)
pauunoHanbHasa apobb. Pasnaras ee Ha npocTenmne, nNony4ymm
1 1
U =———-
n n+l
1 1 1
Tk. n-ag vactuyHas cymma S = —+—+. ... +——
1-2 2-3 n(n+1)
1 1
Unu, ¢ y4eTom opmynbl 1, = —— .
n n+l
1 1 1 1 1 1 1 1 1
S =ll-=|+|=—= |+ == || == |+...+]| —— , TO
2 2 3 3 4 4 5 n n+l
1
S =1-
n+l1

) ) 1
CneposartensHo, lim S, =1lim| 1-—— |=1. U3 atoro cneayer,
n—w n—»w n+1

YTO PAA CXOAUTCS, ero cymMa paeHa 1.

10



lpumep 3

1 1 1 =1
Psan l+—+—+...+—+...= > — HasblBaeTcA
2 n = nll

2apMoHuYeckuM. [lokasaTb, YTO 3TOT psia pacxoguTcs.
PeweHue

1
O6wwun YneH paga u, = — , 1 -as YacTuyHasa cymma
n

0
S, :l+l+l+...+l.
- 2 nl

o0
I'Ipep,nono>|<MM NPOTUBHOE. nyCTb pPAan Z— cxoguTca n nveet

n=1

cymmy S. Torpa BepHbl paseHcta limS, =S u dimS§, =S wn, [

n—0 n—w

crnepoBaTenbHo, lim(SZn —S,)=0im§$,, —~1limS, =S-S5 =0.Ho
n—>0 n—0 n—»

S2,1—Sn:(m+%+...+l+L+ 1 +..t lj—

n n+l n+2 2
1 1 1 1 1
= I+=+.. 4= = ..
2 n) n+l [n+2 2n
Ecnu 3aMEeHNTb  Tenepb Kaxkabln 4neH B nocneagHem
1
COOTHOLUEHUU  Ha Tl ana S, —S, . 6yneT BLINOMHATLCA
n
HepaBeHCTBO
1 1 1 1 I nl1
Szn—Sn;—Ql—+ tot—>—+—+. F—=—=—,
n+l n+2 2n  2n 2n 2n 2n 2

n pas
T.e. Szn—Sn>—;EL B Takom criyyae paseHctso lim(S,, —S,)=0

HEBO3MOXHO. A 3TO O3HayaeT, YTO NPeanonoXeHue O CXOAUMOCTU

11



o0
pana Z— HEeBEpPHO. OcTaetcsa oAHO — rapMOHW-IeCKVIVI pan
n=1

pacxoguTcs.
8.1.2. OcHoeHble ceolicmea 4Yucn068bIx psi0oe

Ceoticmeo 1. Cxodumocme unu pacxodumocme psida He U3MeHUMCs
ecnu 0obasume uniu omépocUMb KOHEYHOE YUCIIO YrleHO8 psida.

o0 o0
[encTBntenbHO, NyCcTb Zun - UCXOOHbIV psA, a Zu}'f - paa,B
n=1 n=l

KOTOPOM OTGPOLLEHO KOHEYHOE YMCMO 4neHoB. Torga Ans wx
yacTnuHbix cymm S, n ' crpaseanveo cootHowexne S, =S’ +C,

rae C- xowcTaHTa. MMoatomy nocneposatensHoctn {S,} n {S)}

n

CXOOATCA UMW PacxoasTcsl O4HOBPEMEHHO.
OnpepeneHue 5

0
Ecnu pan Zun cXoauTcda n mnMmeet Cymmy S, TO pPa3HOCTb

n=1

S-S, =u

0
a1 BU,., ... Ha3bIBAOT ocmamkom psida Zun nocne

n=1

71-0r0 UrieHa UnK 71 -bIM OCTATKOM M 0603HaqaloT 7, , T.e.
r,=85-S,.
Mepexoas B nocriedHeM paBeHCTBE K npedeny npu 1 —» oo
nonyuum, uto limrz, =lim(S—-S,)=S-limS,[=5-S=0. Tewm

n—o n—o n—®
CaMbiM [O0OKa3aHO, 4TO I'IOJ'Iy‘-IGHHbIVI pe3ynbTaTt ABNAETCA BaXHbIM
CBOWCTBOM CXoAsLLerocs pana.

0
Ceoiicmeo 2. Ecnu psd Z”n* cxodumcs, mo e20 0cmarmokK

n=1

CMPEemMumcsi K Hysmo fpu n —» o,

12



Ceoticmeo 3. Ecnu psid Zu,, cxodumces u umeem cymmy S , To psn
n=1
0

Zc~un , e0e C- KOHCmaHma, moxe cxooumcs u umeem Cymmy

n=l1
c-S.

OT0 CBOWCTBO cnefyeT U3 Toro, YTo

lim S, —hch u, =limc- Zuk =ctS.

n—>x0 n—x0 n—>x0

3ameTmm, 4tO OT YMHOXEHUA KaXXgoro 4YreHa pacxogsdllerocs
paga Ha ¢ # 0 pacxoaAnMoCTb pdaa He HapyLllaeTcA.

Ceoticmeo 4. Ecrnu psidbl Zun u Z"n* cxo0amesi u umerom

n=1 n=1

cymmbl S u S, mo psid nonyYeHHbIU NOYNEHHbIM CIIOXEHUEM, m.e.

ps10 Z(un + vn) cxodumcsi u umeem cymmy S+ .

n=1
,D.elzCTBVITeJ'IbHO, nycCcTb Sn n Sn - YaCTHbleé CyMMbl 3adaHHbIX
pA0o0B, cnegoBaTesibHO

limS, =S, limS =8, [

n—>0 n—>0

Torga Sn + Sn - YacTHasa CyMMa psafa Z(un +Vn) . l-IGBVI,CI,HO, 4yTO
n=1

lim(Sn +S, ) =1imS, +1imS, =S +S, dTo osHauaer, uto psa

n—>0 n—>0 n—>0

0

Z(un +Vn) cxogntes. Takum o6paaoM OOKa3aHO, 4TO CyMMa OBYX

n=1
CXOOSILLMXCH PSAOB €CThb P CXOOSLLMIACS.

Onupasicb Ha cBoncTBo 3 (nonarasi ¢ =—1) n cBoNcTBO 4 nerko
[oKasaTb, 4YTO W pas3HOCTb [BYX CXOASLUMXCA pPsSOoB ecTb psif
CXOOALMNCA.

13



3AMEYAHUE 1

Mpocneave OookasaTenbCTBO CBOMCTBA 4 NErko yBUAETb, YTO cymma
cxoAsLLerocsa pana U pacxodsaLLleroca ecTb pan pacxosaLumnincs.

3AMEYAHUE 2

Cymma AOBYX pacxogdawmxca panaoB MOXET KaK CXOoOUTbCA, Tak U
pacxoanTbCA.

00
Ceolicmeo 5. Om 0b6beOuHeHUs1 4ieHo8 cxo0sieaocst psida ZLtn 8
n=l1

epynnbl (6e3 HapyuweHusi ropsidka 4s1eHo8)
(ul +otu, )+(u,lD+1 +otu, )+...+(u,;+1 totu, )+ e2o

cxodumocmsb U CymMma He USMEeHSAMCH.
[okasaTenb,CTBO 3TOr0 CBOWCTBA cneaoyetr wU3  U3BECTHOIo
nonoxeHud Teopun npenenos. Ecnu nocneagoBaTesibHOCTb

S,,8,,...,8 ,... cxogutca u umeeT npegen S, To u nobas

TOXe

g A LE R

noanocrefoBaTeNibHOCTb, B YaCTHOCTU Sn] ,Sn2 ye-
CXOAUTCS U UMEET TOT Xe npegen S .
8.1.3. Heob6xo0umbie npu3Haku cxoOUMOCMU 4YUC108bIX pPs1008
Teopema 1 (1-51l He06X0OUMBIL MPU3HAK)
o0
Ecnn pag ZM,D cX0auTCA, TO €ero OobWMA uYneH U, npu

n=1

HeorpaHn4eHHOM BO3pacCTaHun n CTPEeMUTCA K HYIHO, T.€.

limu, =0

n—>0
[JokasaTenbCcTBO
0
Psapn Zun cxogutca no ycnosuio. lo onpegeneHuto 3 370

n=1

osHavaeT, yto limS, =§8]. Paccmotpum n—1 uactuunylo cymmy

n—o
o0
pana Z Mn
n=1

14



S =ujtu,+..Fu, .
OuesngHo, yto limS, =8, Tak kak u,=S,~S§, ,, 70
n—»0
nepexo/s B 9TOM paBeHCTBE K Npeaeny, Nosy4nm

limu, =lim(S, - S, ,)=lim, ~limS, , =S -S=0, 1.6l

n—»0 n—»0 n—»0 n—»0
limu, =0.

n—>0

CnencrBue

o0
Ecnn obwuin unen u, pspa Zun npu HeorpaHW4YeHHOM
n=1

BO3pacCTaHun 7 K HYJO He CTPEMUTCA, TO 3TOT pAd pacxXxoguUTCA.

3AMEYAHUE 1

3amMeTuM, YTO LOoKa3aHHbIN NPU3HaK ABndeTcAa Nnllb HeobxoauMbIM,
HO He JOCTaTO4HbIM, T.€. U3 CTpeMI1eHnda obuero yneHa pAna K Hynwo
elule He cnenyert ero CXxognMmMmocThb. anIMepOM 3TOr0 MOXEeT CIY>XXUTb

> 1
I'apMOHVILIeCKVIVI paa Z—, KOTOprVI, KaK Mbl YyXXe [OoKasanu,

n=1

) o1
pacxoputcsi, ogHako limu, =lim—=0.
n—»o0 n—wo p D

Teopema 2 (2-ol He0bx00UMBIL NMPU3HaK)

0
Ecnn pan ZLtn cxoaunTcd, TO nocnepoBaTesibHOCTb €ero
n=1

YaCTUYHbIX CYMM OrpaHuyeHa.
HokasaTtenbcTBO

Mycts S,,S,,0L.,S L. - nocnegoBaTensHOCTb HaCTUYHBIX CyMM

nb
0
pana Zun . T.K. aTOT pAan cXoauTcad, TO nocnenoBaTesibHOCTb {Sn}

n=1

MMeeT KOHEYHbIN Npeaen v, criefoBaTenbHO, OrpaHnyeHa.
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3AMEYAHME 2
He cneayeT gymatb, 4To obpaTHOe 3akmnouyeHue BepHo. Hanpumep,

n+l
pag 1-1+1—...+ (—1) +... UMeeT orpaHuyeHHble YacTU4YHble

CyMMblI |SnJ[< 2, Ho, KaK Mbl nokasanu B nyHkTe 1.1. Mpumep 2, aToT

pAL pacxoamTcs.

8.1.4. Jocmamou4Hbie npu3Haku cxodumMocmu psidoe ¢
HeompuuyameJsibHbIMU YJIeHaMu

Cpeaon ©GecKOHeYHbIX psOgoB  MPOCTENWIMM  SIBMISIETCA  Kracc
3HAKOMOCTOSHHBIX PSAAOB, T.€. TakMX PsSOOB, BCE UYNEHbl KOTOPbIX
MUMeIT MOCTOsIHHbIE 3Haku. B cuny csonctBa 3) M3 nyHkta 1.2,
OOCTaTOYHO OrpaHNyYUTbCA WM3YyYEeHWEM pPsSigOB C MOMNOXUTENbHBIMA
(ToOYHee, HeoTpULATENBHLIMMW) YEHaMMU.

Teopema 1

o0
Ona cxoamMmocTu psga Zun (un 20) C HeoTpuuaTenbHbIMM

n=1
YyneHamvun HeO6XO,DMMO N O0CTaTO4HO, YTOObI nocrnenoBaTeribHOCTb
HYaCTUYHbIX CyMM pdaa Oobina orpaHun4eHa.

[JokasaTtenbCcTBO

Heobxodumocms: [okaszaHa B Teopeme 1 (1-bili HEO6X0OUMBIL
MpU3Hak).

0
LocmamoyHocmb: T.K. psg Zun UMeeT HeoTpuLaTenbHble

n=1

unensl, To S, — 8] =u, > 0_Otkyna cneayert, yto S ., =8 ans]

nmoboro neN={l,2,...}, T.e. nocrnenoBaTenbHOCTb YaCTUYHbIX

CyMM He yObiBaeT W, MO YCrnoButo, orpaHvyeHa. Torga no Teopeme
Belepwtpacca o npegene MOHOTOHHOM OrpaHNYeHHOM (OYHKLMN OHa

nMeeT KoHeuHblt mpegden limS, =S, al3to n o3Havaet, yto psg

n—0

o0
Z U, cxoguTcs.

n=1

16



lNpumep 1

> 1
BbiicHUTb CXOOUMOCTb pAada E .
2}1 ] 2
n=1 +n

PeweHue

UneHsbl pAaaa nonoXMTerbHbl U < ey ans noboro 7.

n+n2

1 1 1 1
= + + o4
2412 22427 2343 2" +n?

11 111 1 5
< —+—2+...+—n < — t... - L=
22 2" "2 2 2 1

ceomempuiecKkas npoepeccus 6eckoneuHo yﬁbmalomaﬂ 2
ceomempudecKas npozcpeccus

Wtak, nocnemoBaTenbHOCTb Sn orpaHun4eHa CBEpPXY 4YMUCIIOM 1n

I |
BO3pacTaeT, Torga no teopeme 3 pag Zﬁ - cXoguTcAa.
+n

n=1

Teopema 2 (1-bili MpuU3HaK cpagHeHUs)

0 0
nyCTb Zun n Zvn - OBa paaa ¢ HeoTpuuaTteribHbIMU YrieHaMu,
n=1 n=1

Mpu4YeM uYrieHbl MNEepBOro, HauMHas C HEKOTOpOoro Homepa, He
MPeBOCXOASAT COOTBETCTBYIOLLMX YNEHOB BTOporo: U, <V, . Tofaa:

o0 o0
1) ecnu psa Zvn CXOAUTCA, TO CXOOUTCA U pAL Zun .

n=1 n=1

2) ecnu pan Zun pacxoanTca, To pacxoautca u pan Zvn )

n=1 n=l1
[JdokasaTenbCcTBO

M3 HepaseHcTBa u, <V, cAédyeT, YTo ANA 7 -blX YaCTUYHbIX

n nll o0
CYyMM BEpPHO HEpPaBEHCTBO Zuk < ka . Moatomy, ecnu pag Zvn ‘
k=1 k=1 n=l1

17



n
cxoauTca u umeet cymmy S, To Z”k <S panalno6oro neN us
k=1

0
cuny Teopembl 1 pan Zun  TOXE CXOAUTCA.

n=1

0
Ecnn pan ZMn pacxoanTca, TO nocrnenoBaTtesibHOCTb €ero
n=1
nll

YaCTUYHbIX CYyMM Zuk HeorpaHn4eHa u B CUIly HepaBeHCTBa
k=1

n n
Zuk SZVk Tem Oonee HeorpaHmn4dyeHa nocnengoBsaTtesibHOCTb
k=1 k=1

o0 o0
YacTU4YHbIX CyMM psida Zvn, oTKyda crnegyeTt, 4To psag Zvn

n=1 n=1

pacxoauTcs.

3AMEYAHUE 1

Onsa NPaKTU4eCKOoro nNpuMeHeHua npu3Haka cpaBHEHUA Heobxoaumo
NMEeTb HeKOTOprVI Ha6op YXe W3YyYeHHbIX pAanaoB, C KOTOPbIMU
CpaBHMBaTb Vl3y‘-iaeMbIl‘/lI paa. Hamn YXXe nccnegoBaHbl:

1. Pag qu""ﬁ (reomeTpuyeckun) cxoguTcs  Npu

n=1

|q| <1 unBcskom a .

2. Psap Zﬁ - cxoauTca.

1
4. Psap —  (06O6LLEHHBI rapMOHUYECKUI) CcXoanTcA
P

npu p>1 un pacxogutcs npu p <1 (nokasaTenbcTBO
OynoeT nosgHee).

18



lpumep 2

MccnegoBaTe MO Mpu3Haky CpaBHEHUS CXOAMMOCTb  psaa
i 1
o 2n(2n+1) '

PeweHue

CpaBHUM 3afaHHbIi psg € psiaoM Z— O6o3Haumm:
p n(n +1)
1 1

00 1 0
a T.K. pag ;m CcXoauTCH, TO U p4an ;m
lMpumep 3

cxoauTca.

MccnegosaTb N0 MNpu3HaKy CpaBHEHMST CXOAMMOCTb  psda
= 1
,,Z::‘?)" In(n+1)
PeweHue

OTOT psag cxoauTcs, YTO criedyeT U3 CPaBHEHWUs ero C psaom

ii (reomeTpuyeckui, |q| <I)

1 1
———— <——, ana moboro n=2.
3In(n+1) 3
lMpumep 4
WccnegosaTb MO MpU3HAKy CpaBHEHWA CXOAMMOCTb  psaa
S n+1

n=l1 n\/; . D

19



PeweHue
1
CpaBHUM ero ¢ 0600LEHHbIM FAaPMOHUYECKUM PSOOM Npu p=5

n+l n+l 1
= —, To paa

| 1
——, KOTOpbIA pacxoautcs. T.K. = —_—> ,
X T T T

i n+1
TaKkke pacxoauTcs.
n=1 I’l\/; ]

Teopema 3 (2-ol npusHak cpagHeHUs: npeodesibHbIl)

0
nyCTb AaHbl ABa pdAaada C NONoOXWUTESNbHbIMU YneHamMun ZMJTH n
n=1

v, . Ecnu: 1) cywiecTByeT KOHEYHbIN M OTNNYHbIA OT HYnsA npeden

n=1

) u o0 o0
lim=2=c>0 (c#0,c#»), 10 pagsi Y ulln Y v}l cxopstes

no® Vn n=1 n=l1

W PacxoasTcs O4HOBPEMEHHO;
lim ing o~
2) cyulecTtByeT npegen lim—= =00, To U3 CXOOUMOCTM psiaa Zu,ﬂ

n—>00 vn =1

0
crieayeT CXOAMMOCTb psaaa va a 13 pacxoauMMocTU psaaa

n=1

o0 o0
Zvn criegyeT pacxoauMocTb psiga Zun ;

n=l1 n=l1

.u -
3) cyuwecTByeT npegen llm—”J =0, To U3 cxoanMocTu paaa ZV,D

n—om
vn n=1

o0
crieayeT CXOAMMOCTb psaa Zum a M3 pacxoaMmocTu paga

n=1

o0 o0
Zun criegyeT pacxoguMocTb psiga Zvn .

n=1 n=1

20



Joka3saTenbCcTBO (OrpaHMunMcs criyqaem 1)

.u

M3 Toro, 4Tto cyllecTByeT llm—”J=c>0, no onpegeneHuto
n—)oov
n

cnegyet, 4to MoxHo 3agatk &£>0 Takoe, yto c—&>0 wu
crnpaseasiMBo HepPaBeHCTBO

un
c—&<-—L<c+e¢e,ananmoboro ne N,
%

n
rae N - HekoTopoe HaTyparbHOe YMCIO 3aBUcsLLee OT & .
Tak kak v, >0, To nocrnegHee COOTHOLIEHWE PaBHOCUIBHO
HepaBeHCTBY

(c—g)-vn <u, g(c+€)-vn,nnﬂ n6oro ne N .

00
Ecnv psg Zvn CXoAuTCH, TO CXOAMTCSA B CuIly cBoncTBa 3 1 psaf
n=1
0 00
(C+6‘)-Vn , @ B cuny ceonctea 1 pag Z(c+8)-vn . NMoaTomy no
=1

n n=N

1-oMy Npu3HaKy CpaBHEHUS U3 YCMOBUS (c —6‘)'\/” <u,< (C+ 8)~vm

00
crnegyeTt CXogMMoCTb pAana ZLtn n, criegoBaTteribHO, No CBOVICTBy 1
n=N

0 o0
CXoOMMOCTb pdaa Zun. AHanoOrmMyHo CcxoaMMocCTb paga Zun‘

n=1 n=1
o0
Brie4yeT CXOoAMMOCTb psafa Z(C - 5) . V,D W, cnepgoBaTtesibHO, pAna

n=1

n=1
To4HO Takke [OOoKa3blBaeTcd, YTo U3 pacxogMMoCTh OoOHOro psaaa
BblT€KaeT pacxoaMMOCTb OpYyroro.
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lMpumep 5
MccnepoBaTb cxoguMMOCThb psiga
1 1 1 1
+ + +...+ +
1+all 14+ 2all 1+ 3all 1+ na

. (a@» O) .
PeweHue

CpaBHVMM [aHHbI psa C rapMOHUYECKUM Z—, KOTOpbIN, Kak
n=1

M3BECTHO, pacxoauTcsa. Bbinviem obLume YneHbl 3Tnx panoB

ul =
1+ naD
N paccMOTPUM npenen Ux oTHoLIEeHUs

1
) 1
lim 22 = lim 124l L iy =—%0.
n—o0 vm n—o 1 n—o0 1 +na a
nl]
CnenoBaTernbHO, UCXOAHbIN Psi PaCXOANTCS.

)

lMpumep 6
.1
MccrneposaTb cxoguMMOCTb psaa Zsm—

n=1 nh

PeweHue
CpaBHUM 3TOT psaf ¢ 0606u.|,eHHb|M rapMOHUYECKMM PSAOM Mpu

p=2, Te. c psagom Z s KOTOpbIiA cxoauTcs. PaccmoTpum

npeaen OTHOLLEHNS 06Lmx YreHoB 3TUX PA0B:
sin—-

oull n’

lim—Z% =1lim I =1 (mbl BOCnOnb3oBanucb 3Aecb  1-biM

noey onoe 1
nt]

sin x[]
=1 (cM. KomnmeHauym o

3amevatenbHbiM npegenom lim
=0 x[]
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ancumnnuHe «MaTematuka», Tema 4 «TEOPUA TPEOEJIOB»)).

- 1
CnepnosaTtenbHo, pag ZSin— cxoauTcs.
n=l1 n

3AMEYAHUE 2

Mpy wucnonb3oBaHWM MNPU3HAKOB CPaBHEHUS MOMIE3HO MWCMONb30BaTb
rmaBHble YacTu (CM. KOMNeHANYM no aucumnnuHe «MaTtematukay, Tema
4 «TEOPWA NMPEOENOB»).

Teopewma 4 (npusHak Janambepa)

o0
Ecnu gnsa psaga Zun C MonoxuTenbHbIMM uneHamu u, >0,

n=1

CyllecTByeT npenen OTHOLLEHWS NocneayoLero YneHa psaaa (um) K

. u
npeablayLiemy (un): lim—L =/, 10

n—»o0
U,

1) npu l<1 pag Zunfcxop,mcq (B yacTtHocTn [ =0);

n=1

2) npu [ >1 pan ZLtnfpacxoqmmﬂ (B yacTHocTM [ = 0 );

n=1

3) npu /=1 Bomnpoc o cxoOMMOCTV WNWU PacXoOMMOCTV psiaa

o0
Z U, OCTaeTCd HepelleHHbIM.

n=l1
[JokasaTtenbcTBO

1) Oyctb [ <1, B cuny onpepenexus npegena Bcerga
MOXHO BbIGpaTb Takoe uucno N, yto npu Bcex n>N Oypet

n+l

u
CrpaBeasiMBO HepaBeHCTBO: ——</+&=p,, rae &>0 6Gepetcs
u
n

HaCTOJTbKO MarnbIM, YTOObI P = [ + & octaBanock meHbLe 1. Torpa

u u
N+2 N+3
< pl , < ,01 ,

N[ N+1 uN+2

uN+1

<Py e
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OTkyna cnegyer, 4To

Uy < Pp-Uy;
2 .
Uyy <Pp-Uyy <P Uy

3 .
Uys P Uy <P Uy

N3  aTMx  HepaBeHCTB  criegyeT, 4YTO  ufieHbl  psAja
Uy, tUy,, tUy 5 +...=F,, NpeacTaBnsoLero cobon ocratok psaa

0
Zun nocne N -ro YrieHa, MeHblle COOTBETCTBYHLLNX YYJ1€HOB
n=1

reoveTpudeckoro  psga o Uy +p Uy +p Uy +...  (co
aHameHaTenem o, <1). Tak kak pag o, Uy +p,” -y + 0 iy +...

cxoguTcsd, TO CXOAMTCA W ocTatok 7, (Mo 1-omy npusHaky

0
CpaBHeHI/IFI). |_|OCKOJ'Ibe ¥, NOJTy4eH U3 ncxogHoro psaa Zun nytem

n=1

oTOpackIBaHWA KOHEYHOro uncna N nepBbiX YNEHOB U, U,,... U,y ,

o0
TO No cBOUCTBY 1 13 NyHKTa 1.2 CXOAUTCS U UCXOAHbIN pag Zun .

n=1

2) Ecnm xe [ >1, Torna moxHo BbiGpath Takoe N , 4TO npum Bcex

n+l

u
n> N 6yneT cnpaBeANMBO HepaBeHCTBO: —=</—g&=p,, roe &
u,.

BepeTcs CTOMNb ManbIM, 4TO P, ocTaetcs Gonblunm 1.

Torga kaxpgblli  nmocnedywowmin  uneH psiga Oyget  Gonblue
npedblgywero:  u,,, > p,-u, >u, >0l u] nockonbky BCe OHU

NONOXUTENbHbI (un >0), TO OOLWMIA 4YneH psga He cTpemMuTcs K

Hynto. Takum ob6pasom He BbINOMHSAETCA Heobxoaumoe ycrnosue

o0
CXOQUMOCTM paaa Zun W 3HAYUT psg pacxoauTcs.

n=1
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3) Ecrm [=1, 1o npusHak [Oanambepa He NpUMEHUM W Ans
YCTaAHOBSMEHNS CXOQMMOCTM UMW  pacxoAMMOCTU  psida  HYXHO
NPUMEHATb ApYyrue NpU3Haky CXOOUMOCTHM.

lpumep 7

2 ntl
VMcecnepoBaTb €XxoAMMOCTb paga Zz—n,

n=1

PeweHue

Buinuwem  nkbin un (n+1)-b||7| uneHbl  paga: U, =-—

S (n+1)3

el — <7 W BbINUWIEM NX OTHOLLEHUA
2n+1

3
. un+1 . (l’l + 1) ) 2”
lim 2 = llmT =
n—o 1y n—»0 2"+ ‘n
n

3 1 ’ n
Ao\ # L(, Y]
n
—-(1+—% =5<1.

n—w Z” 2}{3 n—w| D
o0 3
n
CnepnoBartenkHo, paa z_n cXoauTcA.
n=1
lMpumep 8
0 Sn\
WNcecnepoBaTh cX0OMMOCTb pana z—[
n=1 n

PeweHue

5n 5n+1 ) u " ) 5n+l . nD
=— = = lim—=1lim =
n+1 n—»0 unﬂ n%oo(n@l).sn

=lim 5-—1 =5>1,



) 3
n
crneqoBaTenbHO, psaf Z—n‘ pacxoauTcs.
n=l 2
MpusHak Janambepa He3aMeHWM ANS PsAoB, YneHbl KOTOPbIX
coaepxat dpakTopuar.

lMpumep 9
. X 5"pt
WccnepyiiTe Ha cxoguMMOCTb psia —.
PeweHue
Tak kaKk a Stnt a 5””(;1@1)! TO
o Gl =
" (nEl)nj " (n@r2)mﬂl
n+l ' 7 7
lim B _ i 5 (n@l).(ni}) 5 lim (n#1)n=1) _
no>w Ay om0 5Mpl(n+2) no (ng 2)" (n#2)
1 n nﬂm[l——) 5
=51lim|1- j =5 lim e[ \ "2/ =2 takkak
ni>oo nH2 n>o0 ell
tim | a1 1=—— || = tim [ nf=—— | |= tim =1
n=yoo n+2 n=yoo n#2 n=owo —nl]
Mockonbky lim @zéﬂ, To no npusHaky Hanambepa psg

n=oo Ay e
pacxoauTcsi.
Teopema 5 (PadukarbHbili npudHak Kowu)

o0
Ecnn ana paga Zl/l’g C NONOXUTEJbHbIMU YrieHaMun cyulecTeyeT
n=l

npegen lim (/;D: qlTo

1) npu qgl<1 psig Zu,ﬂcxonmcq;

n=l

2) npu g[>1 pag Zuﬁ pacxogurcs;

n=l
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3) npu q:l BOMpoC O CXOAMMOCTU U pacxoanMMoOCTU pAfa

Z Mn OCTaeTCA HepeLleHHbIM.
n=1

(6e3 pokasaTenbcTaa)

lNpumep 10
1
McecnegoBatb CXoaMMoCTb psiga Z—
n=1 }’l’D
PeweHue
1
full=— = limyu, = hm—— 0<1 = psag
nll n—o n—wo pl ]
1
—- cxopunTcs.
n=l1
lpumep 11

0 1 n
WNcenepoBaTh CX0QMMOCTb psana z 1+—1 .
n

n=1

PeweHue

:(1+1J = lim"un:limn(l-klj =1im£1+lj=1,
n n—>o0 n—o0 n n—»0 n

© 1 n
Toraa Anga AaHHOro pgdaa Z(l'ﬁ‘—j NpPpU3HaK Kowun He pewaet
n=1 n

BOMPOC O CXOAMMOCTW.
1 n
OueBugHo, uyto limu, = lim(1+—j =e#0 (no BTopomy
n—o0 n—>»0 n

. 1"

3amMeyvaTenbHOMy npegeny llm(l+—j =€ (CM. KoMneHaguym no
X—>0 x

ancumnnuHe «Martematukay, Tema 4 « TEOPUA NMPELOEJIOBY)).

[Ona paHHOro psiga He BbINOMHAETCS HeobXoaAuMbIA MPU3HaK
CXOOUMOCTH, NO3TOMY OH PacXoaMUTCS.
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Teopema 6 (MIHmeepanbHbIl npusHak MaknopeHa-Kowu)

0
nyCTb OaH pan Zun YreHbl KOTOPOro MOJIOXUTENIbHbI U HE

n=1

BO3pacTalT U, 2U, 2uy; =2.l.2u, >.... TlycTb pAaHa dyHKUMS
f(x) KoTopas onpejeneHa, HempepbiBHa, He BO3pacTaeT Ha

npomesxyTke x € [1;+00) u
fW)=u,f(2)=uy,.... f(n)=u,,..L]

0
Tor/:l,a pan ZLtn cxoaunTca unn pacxogutcA OOHOBpPEeMEeHHO C
n=1

0

HeCO6CTBEHHbIM MHTErpanom J. f (x)dx.
1

[JokasaTtenbcTBO
PaccMOoTpyM  KpMBOMMHEWHYO  Tpaneuuio,  OrpaHUYeHHyLo
rpadoukoM yHKLUK y=f(x), c ocHoBaHvem oT x=1 pgo x=mn,

roe n  NpoM3BOSIbHOE MONOXUTeNbHoe uenoe uucrio (puc.1).

n
O6o3Haunm eé nnowjaae Yepes [, . OveBnaHo, yto /[, = If(x)dx.
1

OTMeTUM uenble TOYKM ocHoBaHus x=1, x=2, ..., x=n.
PaccmoTpum gBe ctyneHyatble durypbl. OgHa 13 Hux (“Bxogsawan”)

wmeetr nnowans  f(2)+ f(3)+...+ f(n)=S,—u,, a srOpan
(“BbIxogfLas”) nnowaap - f(l)+f(2)+...+f(n—1) =S —-u,,
roe S, =u, +u, +.Ll+u, .
S <I +u [
N3 yepTexa scHo, yto S, —u, <1 <S —u, < .
S>0+u, L[

K KaK 1o yCrosu 20,70/, B Taet TOM 7.
Tak kak no ycrosuo f'(x) =0, To I, Bo3pacTaeT ¢ pocTom 7
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w = f (1) -~
uzzf(Z)D --
u3=f(3)D i e

Bo3MOxHbI 2 crnyyas:

+00
1) I = _[f(x)dx- cxogutes <> [ =lim/ cywecrteyer. Tak
n—>x0
1
kak I, Bospactaet, T0o [, <[I. Mockonbky S <I +u,, 10l Ans

nmo6oro n: S, <[I+u, . CnegoBaTenbHo, YacTu4Hble CyMMbl S

nll

o0
orpaHun4veHbl 1 Ha OCHOBaHNN TeopeMbl 1 pan Zl/ln - CXO4nTCA.

n=1
+00
2) Wuterpan [ = j j:(x)dx =+00 pacxopgutcst = lim/ =+
n—0
1

n B CUiy TOro, 4to Sn > +u nocneaoBaTesibHOCTb SnHTO)Ke

nll n’

HeorpaHn4eHHO BO3pacTaeT, U3 4Yero crnenyet, 4To pad pacxoanTca.
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lMpumep 12

|/]CCJ'Ie£l,OBaTb CXOOMMOCTb O0BO0DBLLEHHOrO rapMOHWYECKOro psga

Z -, rae peR.

n=1 n
PeweHue
— 1 — 1 1.
3pecb  u, = Monoxum  f'(x) = e x e[l;+00).

npeﬂ,CTaBﬂﬂeT NHTEPEC INNb cnyqa|7|, Koroa p >0, TaK KakK ecinun

1
p<0, 710 Ilmuy =lim—=+40, a em p=0, 70
n—0 Il—)wn@

limy, =liml=1 wn B cuny Heobxogumoro npusHaka psg

n—>0 n—»0

pacxogutcsi. Mpu  p>0 f'(x) =—p-

<0 pgna moboro
xp+1

p= [1; +oo). OTcioga crnefyert, YTo dyHkums (x) He Bo3pacTaeT,

KpOMeE TOrO OHa HenpepbiBHA.

Mo npusHaky MaknopeHa-Kowm psg Z_@ N vHTerpan I—de

n= IRL

CXOASTCS UMK PACXOASTCS OAHOBPEMEHHO.
p>1:

n
1

J‘—‘dx— lim —dx— hm[ l_pj

n—>+0 1 n—+0 l_p

= lim ! &nl_”—l) :L(lim nl_p—l):O—L:L
n—>+w0 l_p l_p n—+0 l_p p_l

T.€. UHTEerpasn cxoanTtcd, a cregoBaTtesibHO, CXoOUTCA U pAaad.
O0<p<l:

400

ia’x =L( lim n'” —1) =+00—L=+oo
l xm l—p n—>+00

WHTEerpan pacxoguTcsl.
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g
Il

jldx: lim 1nx~§‘= lim In 7 = +o0

x n—>+00 n—+0
1

WUHTErpan pacxoanTcAa.

lMpumep 13
1
PaccmoTpum psig Z— roe peR.
= n-In”(an)’
PeweHue
1
Monoxwum f(x) = PaccmoTpum MHTerpan
n-In”(an)
+0
dx(]
I—. Coenaem 3ameHy ln(ax) =t. Torga de@ dtl]
? x-In” (ax) ax
+00
MonyuMm uWHTerpan I —, KOTopbIi cxoguTcst npu p>1 wu

ln(aa)
pacxogutcs npy p <1.
- 1
Pag —————— MOXHO WCMOMb30BaTb ANl CPaBHEHUSI C
“~'n-In’ (an)
uccnegyembim psgom. MNpu 3ToM criedyeT UMETb B BUAy, HYTO Mpu
n—> o ln(an+c)~ln(an).

Hanpumep, pag i !
’ = (2n+3)-1n’ (3n+5)

1 1
T 2n +3)-ln3 (3n+5) > 2n-In* (3n)

CXOOUTCA, NOCKOIIbKY

a pag

00

1 - 1
_— ,TK p=3>1.
nz2n ln ) 5 2 n~ln3(3nD] cxogutes, T.K. p=3>
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8.1.5. 3Hakoyepedyrowuecs psadbl. [lpuzHak cxodumocmu
JlelibHuya
OnpepgeneHune

Pag, y koToporo nwobble psSOOM  CTOSILLME UNEHbl  UMEIT
NPOTUBOMNONOXHbIE 3HAKW, Ha3blBAeTCA 3HaKo4YepedyrouUMCS.

3AMEYAHUE 1
3Hako4yepeayroLLMncs psa MOXHO 3anuncaTb B BUae

U —uy +uy—u, +.= ﬁ:(—l)n+1 u,,
n=1

roe u, >0 npu n=12,....

Mpumepom 3HaKouepeayLerocs psiga CnyxuT reomeTpudeckas
Nporpeccusi C oTpuLaTenbHbIM 3HaMeHaTeNemM.

Teopewma (lpusHak JletibHuya)
Ecnn abcontoTHble BenWYUHbI YNEHOB 3HAKOYepeayrLlerocs

n+l
pana u, —u, +u, —1u, +D.+(—1) u,+...,rae u, >0, MOHOTOHHO
ybuiBatoT, T.e. u; >u, >u; >l u obwmMn uneH paga u, npw

HeorpaHW4eHHOM BO3pacTaHum 1 cTpemutcs k Hyno: limu, =0, 1o

n—»0
o0
nil
psa Z(—l) u,l cxogutca (B CMbicrie onpeaenedus 3 U3
n=1

nyHkta 1.1).
[JokasaTtenbcTBO

PaccmoTpym nocnenoBaTenbHOCTb YaCTUYHBIX CYMM C YETHBIMU
HoMepamMm

S5, :(u1 —M2)+(1/i;—1/l4)+..[+(ugq_l —u2m).
>0 >0 >0

Kaxpas ckobka 6onblie Hyna, nostomy u, >u, >uy > ..
CnepnoBatenbHo, NocnefoBaTensbHOCTb S, - BO3pacTaerT.

C Opyroi CTOpOHbI, S, MOXHO nepenucaTh B BuAe
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ﬂ_—/ \qf_—/
>

Sy =ty — 1y —1y) ey —us) .= (uy,, =11, ) — ty,,
>0 >0 >0

Nerko  yBupgetb,  4TO S,, <uj. [Takum  obpasom
rnocnenoBaTerbHoCTb {SZm} BO3pacTaeT M oOrpaHuyeHa CBepxy,
3HauNT CylLlecTByeT KoHeuHbIl npegen lim §, =81 [

m—»0

Tenepb paccMOTpMM MOCNEAOBATENbHOCTL YaCTUYHbLIX CYyMM C
HEYETHBIMU HOMepamK

Uppay = Uy = Uy Uy — Uy oty = Uy, Uy L
OueBugHo, uto S, . =S8, +u, | . W3 atoro cneayet, uTO
lim S
m—>0

2m+1

= lim (S,,, +,,,,,) </lim §},, + lim
m-—»o0 m—>0

Z’l2m+l
m—»0

=lmS,, =S,
m—>o0
TK }grolo u,,.; =0 no ycnosuio Teopemsi.

W3 Toro, yto lim §,, =8 n limS,, ., =S (no onpepenexuio 3
m—o0 m—o0

= n+l
NyHKTa 11) cnenyeTt, 4YTo pAan Z(—l) ! LlnchO}J,VlTCFI.

n=1
3AMEYAHUE 2
n+l
Octatok  psiga U, —U, +U; —U, +D.+(—1) u,+... TOXeE
npencTaBnsieT coboi 3HakoYepeayoLNAcs psa
r, = i(um —u), +u,, —L)
OyeBUNOHO, YTO

r

nl

U T (un+2 _@+3)+[Gun+4 _mwrs)—l{' :

>0 >0

>0

CnepoBaTtenbHO crnpaBenfnvBa OLEHKa |rn|<u T.e. Mmoaynb

n+l?

OCTaTKa cxoaduleroca 3Hako4yepepymwulerocda pdaa He npeBocxoaunT
mMmoayna nepBoro OT6p0LLIeHHOFO YneHa.
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3AMEYAHUE 3
B npusHake JlebHMUA yka3aHbl TpU YCNOBWSl, OOHOBPEMEHHOrO
BbINOHEHUSI KOTOPbIX [OCTaTOYHO AN CXOAMMOCTU WCCIefyeMoro
paga:
1) 3HakoyepedyemocCTb;
2) MOHOTOHHOE ybblBaHME;
3) cTpemneHue K Hymno obLero Ynexa.
Kaxxpoe v3 3TUX YCMoOBWMIA SBNSIETCS CYLLECTBEHHbIM W MOANEXUT
npoBepkKe.

lMpumep 1

n+l
1 - )
MCCﬂeﬂ,OBaTb CXOAMMOCTb psafda 1- —2 + —_—— E

n=1

KOTOpPbIN Ha3biBaeTcH psigom JlenbHuua.
PeweHue

lMpoBepum ycrnoBusi Teopembl JlenbHuua:
1) psig 3Hako4epeayoLwmMncs (BbINOMHEHO);

2) 1>=>—>—>..., T.e. abCcoOnOTHble BENUYMHbI YNEHOB
2 3 4
ybbIBalOT (BbINOMHEHO);
.1
3) lim — = 0 (BbInonHeHo).

n—ow l’lj

Bce Tpu ycrnoBusi Teopembl JleiiGHMLA BbIMOMNHEHD,

)n+1
pan Z cxoauTes.

lMpumep 2
WcenepoBaTb CX0OMMOCTbL psaa
1 1 1 1 1 1 1
lm b — ..
2 2 4 3 6 n 2n O

PeweHue

MpoBepum ycnosus Teopemsbl JlenbHuua:
1) pag 3HakovepeayoWnincs (BbIMOMHEHO);
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.1
3) lim — = 0 (BbinonHeHo),
n—»o nu

HO He BbINOMHEHO ycrnoBue 2) Teopembl JlenbHuua. OTOT psag
pacxoguTtcs. Tak kak psag,

1 I 1 I 1 I 1
+ + +o..+

l—— |+ === |[+]| === _ =
2 2 4 3 6 n 2n) [l
1 1 1 1 1 11 1
=—+—F+—F. F—t. ===+ =+
2 4 6 2nl] 2 23 nl]

pacxoanTca, Kak rapMOHVI‘-IECKI/IIZ pAn.

8.1.6. 3HakonepemeHHblIe psiObl. A6CosIlomHasi u ycsioeHast

cxodumocmu. Ceolicmea abcosiromHO cxodsiujuxcsi ps10oe
OnpepeneHue 1

3HaKonepeMeHHbIM Has3blBaeTCs psif, YNeHaMy KOTOporo
ABMSAOTCA AeNCTBUTENbHbIE YMCna NPOM3BOSIbHOIO 3HaKa.

3AMEYAHME 1

3HaKoqepeny+0u.|,w71cs1 pan ABNAeTCA YacCTHbIM cnyyaem
3HakonepemMeHHOoro pdaa.

Mycte  u, +u, +u;+Ll.+u,+... 3HaKonepemeHHbli  psf.
WMHdbopmaumio 06 3ToM psfe MOXHO MOSyYunTb, eCrn paccMaTpusaTth
pAn  [ua |+ oy |+ |uy |+ ...+

u, +..., uUYneHamum KOTOpPOro ABNAKTCHA

MOAYNM YNeHOB 3HaKONepeMeHHoro psga U, +u, +u, +Ll.+u, +....

OnpegeneHune 2

3HakonepemeHHbIli psg HasbiBaeTcss abConiTHO CXOAsALIMMCS,
€CN1 CXOAUTCA psid, COCTaBIMEHHbIVA M3 MOAdyNen ero YneHoB. Ecnu xe
3HaKoNepeMEHHbIN Psf CXOAUTCS, a psag, COCTaBNEHHbIN U3 Moaynen
€ro 4rieHOB pacxoguTcsi, TO UCXOAHbIA psAa Ha3biBaeTCsl YCNOBHO
(HeabcontoTHO) cxoaaLwmMMCS.

Teopema (Ces3b abconomHoli cxodumocmu U cxoOumocmu)

3HakonepemeHHbIi  psa U, +u, +uy +L.+u, +... cxopuTes,

ecnu cxoanTcsa pag |u1|+|u2|+|u3|+...+|un|+..., COCTaBMEHHbI 13

MOAYNEen ero YrieHoB.
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3AMEYAHUE 2
[daHHas Teopema yTBepxgaeT, 4TO U3 abCOMTHOW CXOOQMMOCTM
3HaKoMepeMeHHOro psga cregyet ero  obblMHas CXOOUMOCTb.
O6paTHoe, Boo6LLEe roBOps, HEBEPHO.
o (_1)n+1
Hanpumep, psag JlenbHuua Z— cxoguTes, a pag ns mogynen

n=1

0
ero 4gseHoB — FapMOHMLIeCKMVI Z— - pacxoguTc4. CnepoBaTenbHO,
n=1

psig NlebHuua cXoamTcs YCIoBHO.

3AMEYAHME 3
UTOoGbl YCTaHOBUTb abBCOMIOTHYHD CXOOUMOCTb 3HAKOMepPeMeHHOro
pagoa, WCNonb3ylT BCe MNPU3HaAKM  CXOOMMOCTU  pPsdoB  C
HeoTpuUaTenbHbIMU YrieHamn, 3aMeHuB Bclogy B (OPMYNMPOBKaXx

o6LWuii YneH paga U, ero moaynem |un|

3AMEYAHUE 4
ABConTHO cxopsmecs paabl MOAYUHAIOTCA OObIYHLIM 3aKOHaM

apVI(.bMeTVIKI/l n obnagatT HEeKOTOPbIMN OCHOBHbIMU csoncTBaMu
KOHEYHbIX CyMM.

Ceolicmeo 1 (nepemecmumeribHbIl 3akoH) CXOOAMMOCTb M CyMMma
abCconTHO cxopsdllerocs psaa He W3MEHSIIOTCA MpPU MPOU3BOSbHOW
NnepecTaHOBKE €ro YreHoB.

Ceolicmeo 2 AGCOMIOTHO cxoadwmecss psinbl MOXHO MO4YSIEHHO
nepemMHoXaTtb Mo NpaBuiy YMHOXEHUST MHOro4neHoB. NonyynsLumincs
npu aToMm psa Toxxe byaet abContoTHO CXOAALLMMCS.

[Ona He abcomoTHO (YCNMOBHO) CXOAOSLUMXCS PSOOB YKa3aHHble
CBOWCTBa, BOOOLLE roBOpsi, MECTA HE UMEIOT.
TMpumep 1

o0
Bo3sbmém psg Jlenbnuua Z , KOTOpbIN, KaKk W3BECTHO,

- nl]
cxoauTtcs " 0603HaUMM ero cymMmmMy yepes ST
1 1 1 1
1—5+§—Z+g—... =S . lMNepecrtaBum cnaraemble Tak, 4Tobbl 3a
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KakablM NONOXNTEJTbHbIM CTOAINN aBa oTpuuaTtenbHbIX

1 1 1 1 1 1 1 1
-ttt ———- —+.... Crpynnupyem cnaraembie,

2436851012

I 1.1 1 1 1
OTMeYeHHble ckobkamu. [lonyynum 5——+———+———+...:

4 6 8 10 12

20 2 3 4 5 6

CyMMa YCJ10BHO cxXogdulerocda pdaoa mamMmeHunach.

1 1 1 1 1 1 1
=—|l-——F———4+———+... :ES. OT nepecTaHOBKM YNEHOB

lpumep 2
Wccneposate psag Ha abCOMOTHYHO U YCINOBHYH CXOOAMMOCTb

n
53(—1)(3n——2)
- .
n=1 5
PeweHue
Paccmotpym  psig, cocTaBrneHHbIN M3  abCOMIOTHLIX  BENUYMH

(3n 2)
YneHoB psipa: Z— WccregyeM CXOOMMOCTb 3TOMO psiaa

n=1

nomoLlbto NpusHaka Janambepa

1
an 3+—
lim 2L = Jim %:llim 1o o<l
n—m un n—w § (3n _2) 5 n—ow 3_%
nl]

ABCOMOTHbIN pan cxoautcd, U B Cuily OOCTATOYHOroO npu3Haka

n
& (=1) (3-2)
CXOAMMOCTW  3HAKOMEPEMEHHbLIX PSOoB  psj ZS—”
n=1
cxoguTcs abCcoroTHO.
lMpumep 3

MCCJ'IeD,OBaTb paa Ha aGCOJ'IIOTHyIO N YCIIOBHYH CXOAUMMOCTb

i —1)" (n+1)

~ om0
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PeweHue

o0

PaccmoTpym  abcontoTHbIi  psag 22—
on +n+10]

npe/:l,eanbuZ NpnU3HaK CcpaBHEHUA, CpaBHUM 9TOT pan C

1
rapMOHWUYECKUM PSAOM Z_D
n

) (n+1)-n
11m2—=
o p” +p+1100
Tak kak npegen koHeyeH, TO abCOMNKOTHLIA psAg Tak Xe Kak u
rapmoHudeckun psag, pacxogutcs. CnepgoBaTenbHO, abcontoTHOM
CXOAUMOCTM HET.
MpoBepum ycnosus Teopemsbl JlenbHuua:
1) psiA 3Hako4vepeyoLWmMncs (BbINOIHEHO);

n+1
Wcnonbays

n=1

2 3
2) §>7>E>..., T.e. abCconTHbIE BENWYUHBI YNEHOB psaa
yObIBAIOT (BbIMNOMHEHO);
. n+1
3) lim———— = 0 (BbInonHeHo).

2
oo p” +p+10
Bce Tpu ycnosusa Teopemsbl JlelbHuMLa BbINOMHEHDI, U PSf

3 (U (n4])

5 cxoamres,
= n"+n+10

a Tak Kak abComnTHOM CXOAMMOCTU HET, TO 3afaHHbIN psif CXOAMTCA
YCIOBHO.

lNMpumep 4

(_ 1),, ln(n + 1)

o0
Wccnepyiite Ha CXOAUMOCTb psig Y -
n

n=1
CXOaANTCA, TO YKaXuUte Tun CXognuMoCTu.

. Ecnu psag
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PeweHue

5 S In(nH#1
AGCONoTHLIN  psg Z M pacxoouMtca No  MNpu3Haky
= nll
In(n#1) _In2 © ]
CpaBHeHUd, TaK KaK ———>——, a p4d] Z — W, cnepgoBaTtesibHo,
n nll o 1

X In2
psip Y. —— pacxoasTcs.
n=l M
Mo npuaHaky JlenbHuua:
1) pag 3HakovepeayoLmics (BbINOSTHEHO);

_ln(nﬁll) 4 zln(nE‘Z)

2) a,= y Ay . Hokaxem, 4TO a,g <a,s
nl] n+1
PaccmoTpum pyHKUMIO ﬂ(]x) = &[El) Mockonbky ee nponssBogHas
X
L xH ln(x@r 1)
)= 2] _ x(1-In(x#1))- In(x+1) -0
2
X x%(x} 1)

npu x=1, 1o DyHKUUS ﬁ(JxD\y6b|BaeT npu xZ1. YneHbl paga a, n

A, SBNAOTCHA 3HAYEHUAMU STON PYHKUMK Mpu x{ =nln xpl=nH1.

Tak kak x31> x{] 10 a, > a}iy -

1
3) lim a, = lim M:F}: lim 2= fim - =0
n=»oo nthoo nll o0 nE»oo 1 ntoo n

(BBLINONHEHO).
Mo npusHaky JlenbHrua pag cxoauTcsa N CXOAMMOCTb YCITOBHas.

8.1.7. BbiqyucneHue cyMMbl 4ucs1i08020 psida ¢ 3a0aHHoOU
MoYHOCMbIO

o0
Ecnu psg Zurp CXOAWTCS, TO NPAKTUYECKN MOXHO cKasaTb, YTO

n=l
CyMMa TaKoro psapga paBHa ero YyacTHOM cymmve SJ; C OOCTaTO4HO

Gonbwum  HomepoM. CrniegoBaTenbHO, MpU  NPUOGIVKEHHOM
BbIYUCMEHUN CYyMMbl psiaa HeoBXxoOaMMO YCTaHOBWUTb, CKOMBKO HYXHO
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o0
B3ATb MepBbIX YeHOB pdaa Zl/l

n=1
Obln no MoAynk MeHbLle HEeKOTOpOoro Hanepép, 3a4aHHOIo 4ucna
£ > O . Yncno & HasbiBaeTcst TOYHOCTbIO BbIYUCIIEHUN

:|S—Sn|Séﬂan n>N.

OTy 3apavy yOoaértcs pewwunTb, ecniv anst abCcomnoTHOW BEMWUYMHDI

4TOGbI OcTaTok psga 7, =8-S,

nl?

r}'l

octaTka 7, GyaeT morydYeHa OueHKa CBepxy |rm|<a roe o, ecTb

i
HekoTopask OyHKUMS OT #, CTPEMSWAsiCad K Hymio npu 1 —> 0,
Wckomoe 3Havenne N nonmyuum, pelias HeEpaBEHCTBO «, <&
OTHOCUTENbHO 71 .

VimeloT MecTo crepylolwme OUeHKM ocTaTka psga 7, [Ans

Pa3nn4YHbIX KrnaccoB pAaaoB:
> [Onsa paOooB C NonoXutesibHbiIMM MOHOTOHHO y6bIBaI'OLLI,VIMM

uneHamun U, zﬂ(n) YAOBMNETBOPSIIOWMNX  YCMOBUAM

MHTerpanbHoro npusHaka MaknopeHa-Kotuu

rnSTf(x)dx.

0

> ,D,J'Iﬂ 3Hako4vepeayrLwmnxca panos Z(—l)n un y
n=1

YAOBNETBOPSAIOWMX  YCIOBUSIM npusHaka  JlenbHuua:

< Z’ln+1 (an = un+1) .

r}‘l

0
» [lna abconoTHO cxopsilerocs psga Zun , YNeHbl KOTOPOro
n=l1
MeHblle no abConMTHON BEMWYMHE COOTBETCTBYHOLLUX
YneHoB cxoasuencs reoMeTpu4ecKomn nporpeccumn

Za-q”"ﬁ(a>0;0<q<l)

n=1
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a .
rl< g a, = g
q I-q
[encreutensHo,
(1= [ty + 10+ <[t | F || - <
n
a .
<a-q"+a-q""Ha-q"P+...= g
l1—¢gll
lpumep 1
Ckonbko HY>XHO B35iTb yneHoB psaa
n+l
11 1 (-1)
l-——+—=—-——+ ———+..., YTOObI BbIYUCNIUTL EI0 CYMMY C

+ ot
2% 32 47 ntl
ToyHocTbio & =0.001.
PeweHue

Psap 3Hakodepeaylowmines, YneHbl ero no abcornoTHON BENUYNHE
ybbIBaIOT, OOLMIM YneH CTPEMUTCS K HyMn, T.e. psia YAOBMETBOPSET
BCEM YCroBusiM NpusHaka JlenbHuua. NMoaTomMy Ha OCHOBaHMM OLEHKM

rn[|]< u,, nvmeem
1
<—2.
(n+1)

Ona BbluncneHna cymmbl aToro psga ¢ TodHocteio € =0.001
[0CTaTO4HO, YTOGbI BbIMOMHANOCH YCroBMe

L <o.001.

(n+1)

2
M3 nocrnedHero HepaBeHCTBa MomydYaem (n+1) >1000, wus

n

atoro cneayet, uto n>31 (N =31).
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lMpumep 2

1 1 |
Ckonbko HY>XHO B34ATb 4J1€HOB psAa 1+—4+—4+...=Z—,
243 ~nt

4TOGbI BBIYMCAIUTL €ro cymmy ¢ TodHocTbio & = 0.001.

PeweHue

+00
Mo copmyne r, < If(x)de Haxoaum OLIEHKY

r<jfx)dx_j—d = s = #so.om wm n>7

(N=7).

8.2. ®yHKUMOHaNbHbIE pAabl

8.2.1. OcHoBHbIe NoHsMuUs

OnpepenexHwue 1

®yHKUMOHANbHLIM PSAAOM HasblBaeTCA psid, YneHamMuM KOTOporo
ABNATCA  (DYHKUMM  OOHOM  WMM  HECKONbKUX  MEepPeMEeHHbIX,
onpeAenéHHble Ha HEKOTOPOM MHOXEeCTBe.

Hanpumep, pag, u4neHbl KOTOPOro €cTb  (OYHKUMM  OAHOM

NEepeMeHHON X Ha 3aMKHYTOM NPOMEXYTKe [a;b], MOXHO 3anucatb
Tak: ul(x)@ ( )J}D +u, Zu

n=1

CyMma nepBbIX # YNeHoB Buaa
Sn(x):ﬂtl(x)+2(x)+D..+un(x) O
Ha3blBaeTCa 7 -HOM YaCTUYHOM CYMMOW [aHHOro OyHKLMOHANbHOro

psaa.
Mpu KaOoM (PUKCMPOBAHHOM X = X, U3 obractu onpeneneHus

pyHKUMIA 1, (x) (n =1, 2,...) hYHKLIMOHamMbHbLIN psig
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0

u, (x)+Et2 (x)+]..+un (x)+... = Z”n (x)

n=1
CTaHOBUTCA YNCITIOBbIM pAaOM

o0

u, (xO)JEuz(xo)JE...Jrun(xO)E...:Zun (xo).

n=1

B 3aBucumMoCTM OT X,, YMCNOBOW PsAA,

ul(xo)wEu2 (XO)‘B...-FMH (xo)%...:gun(xo)

MOXXET OKa3aTbCA CXOAALMMCH Unu pacxoadawmmesa. Ecnv atoT pag
CXOOWTCS, TO FOBOPSIT, YTO (DYHKUMOHAmbHbIA PSA CXOOMUTCS B TOYKe

X, -
OnpegeneHune 2

MHOXeCTBO BCex 3HauyeHun X, 13 obnactu onpeneneHus

byHKLMOHaNbLHOro psiga

u, ()C)+Et2 (x)+]..+un (x)+... = Zun (x)

MpW KOTOPbIX YMCIIOBOM psig

ul(xO)Euz(xo)wE...Jrun(xo)@...=2un(xo)
n=1
CXOAuTCsl, HasbiBaeTcs 06MnacTblo CXOAMMOCTU  (PYHKUMOHAMNbHOMO
psga.

O6nacTtblo cXoaMMOCTU (PYHKLMOHANBHOrO psaa MOXeT ObiTb
YNCNOBOE MHOXECTBO MPOM3BONbHOM CTPYKTYypbl. B 6onblunMHCTBE
crnyyaes Mbl 6ygemM umeTb Aeno C psgaMmu, y KOTopbiXx obnacTtb
CXOOMMOCTU — MPOMEXYTOK (3aMKHYTbIA UMM OTKPbITbIN, KOHEYHbIN
unu 6ecKoHeYHbIN).

43



3AMEYAHUE
CxoanmocTb pana ul(x0)+u2 (xO)E...+un (xO)E...Z

=Zun (xo) B TOMKe X=X, MOXeT OblTb ycs0eHOU WM

n=1

abcosiromHoli.
OyeBugHo, yTOo B obnactu CX0QMMOCTU psga
u, (x)+5,t2 (x)+E..+u Zu Dero n-as  vacTHas

CyMMa, CymMMa psija U 71 -bll OCTATOK NpeacTaBnsioT cobon yHKUMK
oT x. OBosHaunm ux vepes S, (x), S(x), r,(x). Om dyHkum

CBA3aHbl COOTHOLLEHNAMU

S(x)=1limsS, (x ﬂhmZuk

n—>0 n—>0

n

r (x):ES(x) -85 (x).[
Cymma cyHkunoHanbHoro psipa S (x), noHumaemas  kak

YHKUMSA, B MPUHUMMNE HUYEM He OTnMyaeTcs OT  OYHKUMI
norny4yaembix Kakum-Hubyab apyruMm crnocobomM. B yacTHOCTM, MOXHO
CTaBUTb BOMPOC O €€ HenpepbiBHOCTW, AnddepeHLMpyeMocTy,
WHTErpupyemMocTu u T.4.

MOXHO MHTepecoBaTbCA TakkKe TeM, Kakme N3BECTHble (DYHKLMU
nony4atoTcs B BUAE CyMM (PYHKUMOHamMbHbLIX PAAOB U Kak HaxoauTb
psAbl, Y KOTOPbIX CyMmmMamy Bbinn 6bl 3aaaHHble yHKUmMK. UsyveHne
3TMX M NoAOoBHLIX BOMPOCOB M COCTaBMSAET COAepXaHue pasgena
«DYHKLMOHamnbHbIE PSabI».

lMpumep 1
2 3 n
Pag —+—+—+ +—+ . MpU KaxxgoMm OUKCMpPOBaHHOM X |
2 22 2 2"
npeacraBnsaet cobon reoMeTpUYECKyto nporpeccuto co

x[ X
3HameHaTenem q=5. CnepoBaTtenbHO, OH CXOOUTCHA Mpwu E <1
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unm |x|<2, T.€. ero obnacTb CXOAMMOCTU OTKPbITbIA MPOMEXYTOK
(-2;2).

M3BEeCTHBI C*)OpMyJ'IbI Ona CyMmMmbl 3TOro pdaa

{D
o) X
S(x)& = ,
2
x 1_()63/’
2 2
W ero YacTmyHasa cymma Sn(x): et
1=
2

Torga ocTaTok BblYMCNSETCS Mo cpopmyne

il

el
2

v

n

lpumep 2

Psn Zsin(x+27rk) cxoauTes nuwb npu x =7k ,rne ke Z ,

n=l1
TaK KaK TOJIbKO Npu 3TUX X 06|J.|,|/|l‘;1 4nieH sin(x+27zk)=0 n

isin(x+27rk):0.

n=1

Ecrm x#xk, TO limun(x):limsin(x+27zk)¢0 n psag

n—>0 n—>0

pacxoauTcs. 3HauuT B OaHHOM criyyae obracTb CXOAMMOCTM eCTb
MHOXEeCTBO TOYeK Buaa: {x |x=rxklke Z} (pnc.2).
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S(x)

0 7 2x 37 4r x[]

Puc.2.
lNMpumep 3

coS nx

O6nacTb cxogMMocTn psga Z

n=1

BbISICHAIETCS cpasy, ecnu

CoS nx
<— . Tak Kak Z—’ cxogutcs, TO pan

1
3amMeTuUTb, 4TO <— -
3 =3

cosnxl]
Z v cxoguTcsi  abconoTHO npu  no6om xe(—oo;+oo).

n=1

O6nacTb cxogMMOCTH psiia NPOMEXYTOK (—oo; +oo) .

lMpumep 4
- 1
Paccmotpum  psag ———— . Ona nmo6oro xeRL
‘Sn—1+sinx
1
_ Eﬂ,ﬂ. — pacxoauTcsi Kak rapMOHUYECKUN, B
n—1+sin x EJZ

KOTOpPOM 0T6pOLIJeHbI 2 nepsbix 4neHa. Takum obpasoM obnacTb
CXOMMOCTM JaHHOIO psiia — NyCToe MHOXeCTBO J .

lMpumep 5
Haritn obnactb cxognmocTu psiga Zx” (1 —x) .
n=0
PeweHue
S (x)=(1-x)+x(1-4x)+xF (12x)+...+x"" (1-x) =
=l—x4+x—x"Hx 4 Hl . +x" —x"=1—-x".
Ecru |x| <1, 1o limx" =0. Mostomy S§(x)=1limS,(x)=1,

n—>0 n—>0

T.e. pAL CXOOUTCH N UMEET CyMMY S(x) =1.
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Ecnu |x| >1, To limx" =o0. Moatomy limS, (x) =400, T.e.

n—o0 n—w
npu |X| >1 pPAn pacxoanTcAa.

Ecrnin x =1 Bce uneHbl paga paBHbl HYMIO Y OH CXOAMTCA.
Ecnn x=-1, TO MUCXOAHbIN pag nveet BU[,

(—l)n -2=2-2+2—... N 9BNAETCA PacXoAALNMCS.
n=0

Takum o6pa30M, 0obnacTblo CXOAMMOCTU OAHHOIo pana asndaeTca

1 ~1;1
MPOMEXYTOK (—1;1]_ Cymma psga: S(x):j npu xe( ,)

0 npu x=1
(puc.3).
4 S(x) 0
e o
t —0——>
—1 0 1 xl
Pwuc.3.

8.2.2. PagHomepHasi cxodumocmsb. Ceolicmea pagHOMEPHO
cxoosiuuxcsi psdoe

Mpwn n3ydeHun pyHKUMOHAMNBHBLIX PSOO0B MHTEPECYIOTCA HE TOMbKO
CXOOMMOCTbIO, HO M (PYHKLUMOHANbHbIMWM CBOMCTBAMM UX CyMM. OTO
3HaAYUT, YTO, Mbl [OSDKHblI AdaTb OTBET Ha BaXHbI BOMNPOC:
COXpaHATCA NN ANg (PyHKUMOHANbLHOro psaa crneaytoLlimne oCHOBHbIE
CBOMCTBA CYMMbl KOHEYHOrO Yncna yHKUUR:
1. CymMMa KOHEYHOro 4ucrna HenpepbiBHbIX QYHKUUA eCTb
HenpepbiBHas PYHKUUS;

2. cyMma KOHe4Horo 4ucna auddepeHumpyemblx QyHKUUN eCTb
anddepeHumpyemas yHKLMS U NPOM3BOAHAA CyMMbl paBHa
CyMMe MPOn3BOAHbIX Craraemblx;

3. cyMma KOHEYHOro 4ucna WHTEerpupyembix QYHKLUA ecTb
nHTErpupyemas hyHKLMSA 1 nHTerpan oT CyMMbl paBeH CyMMe
WMHTErparnoB OT KaX4oro 13 craraeMbix.
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B obwem cnyvae ansa 6ecKkOHEYHOro umcna criaraemblx OTBEThI
Ha 3T BOMPOCHI OTpULaTEenNbHbI.

MpuBegém npumep psga, KOTOPbIA  HEmnb3s  MOYNIEHHO
audpepeHumpoBats. Pag

i sin (2” 7rx)
sin(2" 7rx) 1
cXoauTes, T.K. 2—n < ? N KaXdbll 4YNeH ero ectb
anddepeHumpyemas dyHKUMSA, npu4ém
!
, sin(2”7zx)
u, (x)= T =7rc0s(2"77x). OpHako pan n3

0 o0

'

NPOn3BOAHbIX Zun (X) = ﬂz COS (2n 7Z'X) pacxoanTcd, T.K. ero
n=1 n=1

OB YneH Npu 1 —» 00 K HymM He cTpemuTtcs. [oaTomy paBeHCTBO

]Zu r[e MMeeT cMbicna.

n=1
Hwxe 6y/:|,eT BbIACHEHO, KakKMM YyCInoBuUAM OOJDKEH yOOBNETBOPATb
(*)YHKLI,VIOHaJ'IbeIVI paa, 4TOObI anda  Hero Obinu cnpaesennuebl
nepeyuncrieHHble cBOWCTBaA CYyMMbl KOHEYHOIO 4Yncna (byHKLI,I/IIZ.

Onpepenexne 1

lMocnepoBaTtenbHOCTbL  (PYHKUUIA {Sn (x)}:;l cxoamTeca K
npeaensHoON yHKLUK S(x) B HekoTopoin obnactn D (Hanpuwmep,
D= [Jiib] wm D =(&ib) ), ecm gana  Bcex X, €D
}111_>nolo S, (x,) =S (x,), T.e. ansi mo6oro £ >0 u x, € D cywecrayet

N, . (saBucsee oT & u X;) Takoe, 4To Ans kaxporo n >N, .

X0
BbIlNMOJTHAETCA HepaBEeHCTBO n (XO ) -BS(XO )‘ <¢&.
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3AMEYAHME 1

MogyepkHém, 4TO B onpegeneHun 1 Homep NXOE 3aBuCUT OT
BbliGopa Toukn X, € D .

OnpepeneHue 2
MocnepoBatenbHOCTL  (PYHKUMI {Sﬂ (x)}oi1 cxoamTcsl K

npegensHon OYHKLMK S(x) paBHOMEPHO B HEKOTOpPOW 3ajaHHOW
obnactu D, ecnn ans noboro & >0 cywectsyer Homep N,

(3aBUCAWMIA TOMbkO OT &), Takon 4To npu nwobom n> N,
crnpaBeffiMBO HEepaBEHCTBO: ‘Sn (xo)—]S(xo)‘<g KakoBO Obl Hu
6o x, € D.

3AMEYAHMUE 2
MogyepkHéM, YTO B OTNMYME OT MpeablayLero onpefeneHuns, 3gechb
yTBEpXaaeTcs CyLLecTBOBaHue N B paBHoW mepe

&

obcnyxuBaroLLiero Bce 3HaveHns x, € D .

OnpegeneHue 3

o0
dyHKUMOHANbHBIN  pAa Zun (x) HasblBaeTCA CXOAALMMCSA

n=1
paBHOMEPHO B HeKOTOpOVI obnactu D, eciim B yKa3aHHOl7| obnactu
fnocrnenoBaTernibHOCTb ero YaCTUYHbIX CyMM

Sl(x),Sz(x),.].,Sn(x),D. CXOOWUTCA  paBHOMEPHO K  CBOel
npeaensHoOn yHKUUN S(x) .

Teopema 1 (lpusHak pasHomepHoli cxodumocmu Beliepwmpacca)

o0
OyHKLUMOHanNbLHbIA  psag Zun(x), KaXOdblh 4YneH KOTOpOoro
n=l

ABNAEeTCA (PyHKUMEn, ornpefenéHHONW Ha 3aMKHYTOM MpOMEXYTKe
[a;b], CXOAMTCA PaBHOMEPHO Ha 3TOM MPOMEXYTKE, €Crnu
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Takon, 4To

ni?

o0
CyLLeCTBYeT CXOAALMNACA MONOXUTENbHbIN PSf ZC

n=1
‘un (x)‘ <&, ans nwoboro x € [a;b] npu n=1,2,3,....
Teopema 2 (O HernpepblBHOCMU CYMMbl PagHOMEPHO CX005Lea0Cs

psida HerpepbIBHbIX PyHKUUU)

0
nyCTb BCe YrieHbl CDYHKLI,VIOHaJ'IbHOI'O pana zun (X)
n=l1

onpeneneHbl U HenpepbiBHblI HA NPOMEXYTKE [a,b] M COCTaBMNEHHbIN

N3 HUX psig CXOOUTCSH Ha [a;b] paBHOMEPHO.

Torga cymmon psgga Zun (x) OygeTt HenpepbiBHasi Ha

n=1
NPOMEXYTKE [a, b] CbYH KLinA.

Teopema 3 (O no4yneHHoM uHmezpuposaHuu pssdos)
Ecnn dyHKUMOHaNbHbIA psig, COCTaBMEHHbIN N3 HenpepblBHbIX

o0
dyHKUMRA, Zun (x) ¢XoanTcs paBHOMEPHO Ha NPOMEXYTKe [a;b] n
n=1
nMeeT CyMMOWN PYHKLMIO S(x) , TO PYHKUMOHarnbHbIN (OTHOCUTENBHO
nepemMeHHoOn ) ) psifl, COCTaBMEHHbIN U3 UHTErpanos no NPOMexXyTKy
[ )]

y

J.ul[(x)dx}j‘u;(x)dx}..ﬁ]v-u;(x)dx@r... = ij.uj;(x)dx[

a n=l o

(3mecb a < a < y < b) TdKKE EXOQNTCSH PABHOMEPHO Ha MPOMEXYTKE

y
[a;b] ¥ UMEEeT CYMMOW (PyHKLMIO IS(x) dx .

a

50



Teopema 4 (O noyneHHom OugphepeHyuposaHuu psidos)

Myctb psg iun (x) CXOAUTCH Ha [a;b], UMEET CyMMy S(x),

n=1
0
T.e. Zun(x)ZES(x), M nNyctb e€ero 4neHbl MMEKT Ha J3TOM
n=1

NPOMEXYTKEe HeNnpepbiBHbIe NPON3BOAHbIE, I'Ipl/l‘-léM COCTaBfEHHbIN 13
TUX NPOnN3BOAHbIX pan

ul'(x)+m2'(x)+E.+un'(®)+D.=iun'() ckopuTes Ha [a;b]
n=l

pPaBHOMEPHO U UMEET CyMMY J(x) , T.e. Zun' (x) = O'(x).

n=1

Torpa psaa iun (x) (CxoguTcs Ha [a;b] paBHOMEPHO, U

n=1
0
'
npoun3soaHasa ero CYMMbI paBHa cyMmme pana Zun (X)
n=1

S'(x)=o (x|
lNpumep 1

Mokasatb, u4TO psag paBHOMEPHO CXOAMTCH npu

o
S ndn O]
xe[-1;1].

PeweHue

Tak kak npu no6om xE[—l;l]Bbll‘IOJ'IHFIeTCFI HepaBeHCTBO

xn
mn

rapMoHWYecKUn psg  npu p:5>1), TO WCXOOHbIA psid, Mo

1 |
<—-, a pap 2—3 cxogutcs  (0B6OBLLEHHDBIN
Dné n=l1 né

Teopeme 1, cxoaMTCa paBHOMEPHO.
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lMpumep 2
WccnepoBaTb  HeNpepbiBHOCTb  CyMMbl  CXoAgdulierocs  psga

- 1
Z 4, 2

it +ntxt

PeweHue
Kaxgblm  4neH pgaHHoro psaga  u, (x) =3% ecTb
n*+x*-nt]

HenpepbiBHas gns nwodoro x e(—oo;+oo) dyHKkum4. Mo Teopeme 1,

1 1
pag CXOOUTCS paBHOMEpPHO, TK. ——————<—  a
Z;n +x*-nt] nt+x*n® w0

pan 2—4 cxoautcsa. Torga mo Teopeme 2, cymma S(x) paga

n=l1

- 1

24—25 €CTb HenpepbIBHas AN No6oro x € R doyHKums.
/i o A )
lpumep 3

1
MOXHO N MOYNEHHO MHTErpmMpoBaTh pAa Z—?
mn+xt [

PeweHue

1
Kaxgbll YneH gaHHoOro psga u ( ):[-)— eﬁTb dyHKUMSA,
n +x

HenpepbiBHas ans nwboro x € R . Mo Teopeme 1 3TOT pag cxoauTcs

paBHOMEPHO Ha BCEN AeNCTBUTENbHOW OCU, T.K. ——— < —, ad)ﬂp,
n +x

1
Z— cxogutca. [Moatomy, cormacHo Teopeme 3, OaHHbIA psag

n=1 nt
MOXHO NMo4YJsieHHO WHTErpnpoBaTb no J'||'060My NPOMEXYTKY
[a,y] cR. I'Ionaraﬂ, B 4aCTHOCTU O = O n  unHTEerpmnpya no

NPOMEXYTKY [O;y], nosny4nm
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lpumep 4

= sinnx ]
MoxHO nun nouneHHo audpepeHumpoBaTth psa Z a ?
n

n=1

PeweHue

. Js_innx
Kaxabll 4neH gaHHoro pspa u, (x)z eCTb (pyHKUuS,

n'l
. osnx
andbdbepeHumpyemas ana noboro x € R, npuyém un'(x)zﬁ—h.
n
= cos nx![|
CocTtaBuM psig M3 NPOU3BOLHbIX z . JTOT psig cxoguTcs

= n?l

paBHOMepPHO no Teopeme Benepuwitpacca, T.K.

ntl | nb

coS nx 1
< — M uneHsbl

osnx
ero u; (x) :Ec—h HenpepblBHbIE DyHKUMK. [ToaToMy no Teopeme 4
n

sin nx[]

UCXOOHbIA pan Z

n=1

— [i sin}gx?’ z(sm nx? i cos nxD
n X

n=l1 n=1 n=1 n

MOXHO no4neHHo auddepeHunpoBaThb,

8.2.3. CmeneHHoli psi0 u e2o ceolicmea

BaxHenwmm  knaccom (byHKLl,I/IOHaJ'IbH bIX pAdoB  ABMAKOTCA
CTerneHHble pAaabl.

OnpepeneHue
CTteneHHbIM psifoM HasbliBaeTcs (PyHKUMOHANbHLIA psg Buaa
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a, H]zl(x—a)ﬁz(x—a)z{ﬂ..ﬁan (x—a)n @...:ian(x—a)” ]

n=0
© -
roe {an }n=0 nocriegoBaTesibHOCTb AEUCTBUTESIbHbLIX YCEen.

3AMEYAHUE 1

00
~ n s
CrteneHHoMn paa Zan (X—Cl) [HasbiBatoT eue paaom no cteneHam

(-a).

PaccmoTpm Bompoc 0O CTpykType obnactm CxogvMMocTu
CTeneHHoro psga.
1) BcsikmiA cTeneHHOM psg  cxoguTca nNpu X =a, T.K. Torada

a0+dﬂ(x—a)+@(x—a)2£..+an (x—a)"+D..:a0.

2) CyllecTBYIOT CTeNeHHble PSAbl, KOTOPbIE CXOAATCS TOMbKO Npu

X = a . Hanpuwmep, psg Z(x-n)" cxoauTtes Tonbko npu x =0.

n=1

HeiictBUTENBHO, NYCTh X, # 0 - Nto6oe uncno, Torga npu 1 —> o0
BENMYMHA X, M, Ha4yMHas C HEKOTOporo Homepa 71

YAOBMNETBOPSIET HEPABEHCTBY: |n-x0| > 2, To ecTb OBLWUI YneH
psida K Hymno He CTpeMWUTCS U B CUiy Heobxoaumoro npusHaka
psp npu x,, # 0 pacxogues.

3) CywecTBylOT CTeneHHble pagbl, cxogswmecs npu  nobom
3HayeHnn x€ R. B kayecTBe npumepa paccMOTpuUM psig

© n

X
Z — | . Badukcrpyem npousBorbHoe X =X,, rae X, € R.
n=l1 n
OueBnaHo, 4to Hampétca Ttakoe N, yto ana nwboro n> N
n
x| 1 (X,
—|{<—, a Torma pag z — MOXHO CPaBHUTb CO
nll 2 =\ n
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0
cxoadawmmea paaom Z_n n y6e,D,VITbC9|, YTO WCXOAHbLIN pan
n=1
cxoguTtea abcontoTHO npu noboM 3HaYeHUn X .
4) CyLLl,eCTBy}OT CTeneHHble paAabl  cxoadwmeca npun OOgHUX
3Ha4YeHUAX X U pacxogduimnecd npun opyrnx.
BOI'IpOC O CTPYKType obnactun CXoOAMMOCTMN CTEeNneHHOro pdna
pewaeT cneayrwaa teopema.

Teopema (Teopema Abens)

0
n
,D,J'Iﬂ KaXaoro cteneHHoro pdaaa Zan (x - a) Eyl.l.l,eCTByeT Takoe
n=0

- n
HeoTpuuaTternbHoe Yncno r >0 , UTO pAag Zan (X— Cl) ECXO,D,MTCH, n
n=0

nputom abconTHO, npwu |x—a|<r & xe(a—r;a+r) [h

pacxogutcs  npu |x—a| >r & xe (—oo;a — r) u(a +@r;+oo) .
Yucno r[] HasbiBaeTcss paguycoM CXOOAMMOCTW, a OTKPbIThINA

NPOMEXYTOK (a -r;a+ r) MHTEepBasiom CXoaAMMOCTM.

3AMEYAHUE 2

OTHOCUTENbHO MOBEAEHUS CTEMEHHOro psiaa Ha  rpaHuuax
NpOMeXyTka CXOAUMOCTM, T.e. MpU X =a+r v lx=a—r obwunx

0 0
YyTBEPXAEHUN BbICka3zaTb Henb3s. Psagbl Zanr”[m Zan (—r)n
n=0 n=0
MOFyT CXOOWUTBCA WMM PacxogouTbCs B  3aBUCUMOCTU OT WX
KOHKPETHOro Buaa.
[Mo3aToOMy, NpPUHAT cregyrowmin MOPSAOK OTbICKaHWs obnactu
CXOOUMOCTUM CTEMEHHOro psaa:
1) TNpwn nomowm npusHakoB [Hanambepa wnu Koww oTbickuBaroT
NPOMEXYTOK CX0OMMOCTU CTENeHHoro psga, peLuas

. un+l (x)
OTHOCUTEINBbHO x! HepaBeHCTBa. lim|——+~

] (x) <l v

lim ¢/u, (x) <1.

n—0
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2) WccregytoT cxoAMMOCTb  psid@a  Ha  KOHUaX — MPOMEXyTKa
cxogumocTu, T.e.npu x=a+r nx=a—-r. U

lMpumepbi
xn
1). Hantn obnacTtb cXoAMMOCTM CTENEHHOIO psiaa Z—[
n
n+l

Lt || e |

hm =lim —=lim
n—o u}; neoo‘(n_i_l)!.x n—o }{f I’l+1 ‘

| | nH
= hm— =0 = pan Z cxogutes ans nwboro x € R .
n— (n + 1) = n!

n

2). Haiit obnactb cxoQMMOCTX CTeneHHoro psiaa Z 10"

Niwem NPOMEXYTOK CXOOANMOCTHU

n+l

U,

| X" n-10" |=ilim X |x| <1
10Hw(1+%) 10

Toraa |x| <10= xe (—10;10) (7 =10 pagnyc cxogumocTn).

=lim

I
S| T ()10

n—>0

WNccnenyem CXO,ElVIMOCTb Ha rpaHuLax:

10 Z 10”” i(_l)j - pag lenBbHuua — cxogutcs
n=1 n=1

YCMNOBHO.

FapMOHI/I‘-IeCKI/IIZ paa - pacxoguTcA.

0 nll
X

MTaK, obnactb CXoOAMMOCTU CTeneHHoro p4daa Z 10”
n=1 N*

NPOMEXYTOK [—10;10).
(x 3)211—1
3). Haiit o6nacTb CXOAMMOCTM CTENEHHOro psaaa Z :

~ P
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(x_3)2n—1 . B (x_3)2n+l

n nﬁ un+] (n+1)3
lim |21 —lim| (= 32“] L]
el e (ne1) - (1-3)

Toraa |x —3| <1 = npomexyToKk CXoaMMOCTU (2;4) (r =1paauyc

CXOOUMOCTH).
2n—1

= 1
z =—) —3 cXoguTcs Kak 060OLLEHHBIN

n=1 n=1

rapMOHUYECKUiA psg (p =3>1).

x=4: i

n=1 n

1211 1 0

1
2—3 cxoguTced.
n=l n

2n-1
WTak, cTeneHHon psg Z (x _ 3)

n=l1 l’lﬁ

Ceolicmea cmeneHHbIx psidoe

CXOOUTCA MpU X € [2;4].

0
. n
1. CrteneHHom pan E a, (x—a) EXOHVITCFI paBHOMEPHO Ha nobom
n=0

3aMKHYTOM NMPOMEXYTKe [0{,,5] , LUEJNTMKOM JeXalleM B nHtepBane
cxopumoctv [a; Bl < (a—r;a+r). 0

. n
2. HYCTb cTeneHHon p4aa Zan (x - Cl) [l nmeer NPOMEXYTOK
n=0

cxoanmocCTun (Cl —-r,a+ l") 1 Torga ero MOXHO  MO4JIEHHO

anddepeHumpoBaTh B 3TOM npoMexyTKe, T.e.
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!

ian (x—a)n :in-an (x—a)"h, npuuém psia B Npasoii
n=0

X n=1

4acTun MMEET TOT Xe nHTepBalst CXoanmMmocCcTu (Cl —r;a+ 7‘) .0

Cnedcmeue

CymMma cTeneHHoro psiga - 6GeckoHeuyHo auddepeHumpyemas

YyHKUMSA (B MPOMEXYTKE CXOOMMOCTN).

3.

0

n .

Cymma CTeneHHoro psaga Zan (x—a) [dBnsaeTcsa HenpepbiBHON
n=0

(*)yHKLI,VIeIZ B Ka)K,EI,O|7| TOYKE ero npoMexXyTka CXOoOMMOCTU

(a—r;a+r).[

0
. n
CteneHHoOn psAg Zan (x—a) [MOXHO NOYNEHHO MHTErpMpoBaThb
n=0

no J'HO6OMy NPOMEXYTKY, nNpuHagnexawemy npoMexyTKy

CXOOQUMOCTH, T.€. ecnm ye (a -r,a+ r) ,[1 710
y o o ( _a)n+]

J- Zan (x—a)n X = ZaﬂT, npu4ém psig B npaBon
0 \.n=0 n=0 n

HacTu MMeeET TOT XKe NMPOMEXYTOK CXOOMMOCTU (a —-r,a+ I") O

8.2.4. TeopeMbi 0 KOaghhuyueHmMax cmerneHHo20 psida. Psdbi

Telnopa u MaknopeHa
HauunHag ¢ aToro nyHkTa, Mbl Byaem peluaTtb creayroLLyto 3agady

Teopun (PYHKUMOHAamNbHbLIX PSAoB: MO 3adaHHOM (YHKUMM UCKaTb
CXOOALMNIACA CTEMEHHOW pag TOro UM MHOFO TUna, CyMMa KOTOpOoro B
obrnacTtn cxoguMOCTK paBHsnach Obl 3agaHHON PYHKUMK. OTa 3agada
HasblBaeTCs pasnoXeHnem pyHKUMM B CTEMNEHHON PSa.

0
o n
PaCCMOTpVIM cTeneHHon psag 06L|J,er0 Buaa: Zan (X—a) UJ
n=0

O0603Hauynm ero cymmy 4epes f(x) .
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Teopema (O c8a3u CcymMMmbl cmeneHHo20 psida U  eeo
KoaghcbuyueHmos)

Ecnu B HEKOTOpPOM npomexyTke (a—r;a+r) dyHKUMS f(x)

o0
n
€eCTb CymMMa cTeneHHoro pana Z Cln (x - a) D T.e.
n=0

f(x) = i@ (x—a)n , TO kdadhpmumeHTbl 3TOro psga BbipaXatoTcst
n=0

yepe3s f(x) M uuncno a cneayowmum obpasom
/Y (a)
a
aozﬂ(a), n:T (n=1,2,3,...).
[oka3zaTtenbcTBO
VI3BECTHO, YTO B NPOMEXYTKE CXOAMMOCTM CTENEHHOWN PSA MOXHO

noyneHHo AuddepeHunpoBaTtb, NpUYEM B pesynbTate noryyaeTcs
PS4, UMEKLWMNn TOT Xe WHTepBarn CXOOUMOCTWU, YTO M WMCXOOHbIN.

d n
MocnepnosatensHO anddepeHumnpys f(x) = Z@ (x—a) ,

n=0

MOMyYMM CriedylolmMe paBeHCTBa, CrpaBeanuBble Ans  no6oro
xe(a—ria+r).0

f(x)=a, @l(x—a)ﬁz(x—a)zE...+an(x—a)n H...

f'(x)=a, +2a2(x—a)+[3a3(x—a)2 H...+n-a,(x-a)

[Nonarasi B HanucaHHbIX Bbile paBeHCTBax X = a, nonyy4ynm

f(a)=a,, f)(a)=a], f"(a)=12-a,,
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fm(a)=1-2-3-a,,..., f1(a)=1-2-3-...-(n=1)-n-a,.

OTtkyna
a,=f(a), a = fl(,a) a, = fz(!a)
A C) S A C)
3! ! n!

00
n
NTak, ecnn f(.X) - CyMMa CTeneHHOoro psaga ZQH (x—a) , TO
n=0
3TO 3anncbiBakoT B BUOE

OnpepgeneHune

MycTb f(xD] HekoTopas ©OeckoHevyHO AuddepeHumpyemas B

OKPECTHOCTW TOYKM X = a pyHKums. CTeneHHon pag Buaa

f(a)EM(x-ap%“)(x-a)%...

1!

G PR FAlC)

n
x—a)
n! = n!

He3aBMCMMO OT TOro cxoguTcdA N1 OH U MMeetT Inun cBoeMn CyMMOI7I
f (x) HasbiBaeTcs psidom Tednopa [ns QyHkummn  f (x) B
OKPECTHOCTM TOYKU d .

3AMEYAHUE 1

B yacTtHoM crniyyae, npu a@ =0 psia

i f(n) (a)(x_a)”

n=0 n '
npnH1UMaeT Bug
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' " (n)
f(0)+f(o)- @rf(o) X+, +f (0) X'+ =
1! 21 n!
w f@)o .
5

1 Ha3biBaeTcs pssdom MaksiopeHa.
M3 pokasaHHOW TeopeMbl BbITEKAOT CNneacTBUs:

Cnedcmeue 1 (O moxO0ecmeeHHOM pageHcmee 08yX CMeneHHbIX
ps008)

Ecnvm cymMwmbl  OByX CTeneHHbIX psiaoB ian (x—a)n R
n=0
ibn (x—a)n [l paBHbl ana  nwoboro xe(a—r;a+r),D TO
n=0

KO3 PULMEHTLI NPU OOMHAKOBLIX CTEMNEHSAX (x—a) B 9TMX psigax
TOXe paBHbl, T.e. a, =b) (n = 0,1,2,...) .

Hokazamenbcmeo
[encTBntenpHo, T.K. CyMMOﬂ pAOOB CNYyXUT OOHa UM Ta Xe

} :fﬁ’)(a) bn:f(n)(a)

n
dyHkums f'(x), To no Teopeme: n! n!

Cnedcmeue 2
0
n
Ecnn cymma creneHHoro psga Zan (x—a) [ paBHa Hynio B
n=0
HEKOTOPOM NPOMEXYTKE (a—r;a+r),jLo BCe ero KoahuuneHThI
paBHbI HYHO.

3AMEYAHMUE 2
Cnegctere 1 MOXHO TpakToBaTb Kak Teopemy eaMHCTBEHHOCTM
pasnoXxeHns yHKUMM B cTeneHHoW psad. [OByX  pasnuuHbiX
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pasnoXeHui B paa MO CTEMEHSM (x—a) B MPOMEXYTKE C LLEHTPOM B

TOYKE a PYHKUMS f(x) UMEeTb HEe MOXET.

8.2.5. PaznoxeHue ¢pyHKyuli 8 cmerneHHble psiObl
B npegbigywem nyHkTe Mbl onpegdenvnu  pag Tewnopa

o f(")(a) ) )
—\x—a ana  BeckoHedyHo gudbdepeHuupyemorn B
ZO - (x—a) 6 b

OKPECTHOCTM TOYKM X =a QYHKLMMN f(x). YcTaHoBUM Tenepb

e £ (g
L@y

0OCTaTO4Hble yCloBUA TOro, YTOObI CymMmMa pdaa Z
n=0
coBrnagana Cc camon qyHKUMEN f(x). Mpn pgokasaTenbCTBe 3TUX

yCrnoBui Ham notpebyeTcsa nonyveHHast paHee copmyna Tennopa
(cm. nyHKT 2.4.).

BcnomHuM, 4To ecnu dyHKUmA f(x) B HEKOTOPOM MPOMEXYTKE
(a—r;a+r) [onpegeneHa, HenpepbiBHA U WMEET HeNpepbiBHbIE

YyacTHble NPOoM3BOAHbLIE OO0 nopsaaka (n+1) BKIMIOYUTENBHO, TO And
noboro x u3 3Toro NPoMeXxyTka MMeeT MecTo chopmyna Ternopa

£ =7 (@)D (emayr LD oy

1! 2!

roe pyHKums

oy /N E)
Rn(x)—(x—a) tm

Ha3blBaeTCs OCmMamoYHbIM YsieHoM 8 ¢popme Jlazpamxa (& -
HeKoTopoe 4MCro, nexalwlee mMexgy a M x, T.e. ecnm x<a,
x<&<a,aecnm x>a,T10 a<é<x).
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Teopema (Heobxodumbie u OocmamoYHble ycri08Us PasioXUMocmu
yHKYUU 8 cmerneHHoU psid)

Ona Toro, 4Tobbl yHKUUSA f(x) B HEKOTOPOM MNPOMEXYTKE
(a—r;a+r) [ABnsANacb CyMMOW COCTaBEHHOro Ans Heé€ psga

Tennopa, He06X0AUMO U OOCTATOYHO, YTOObI:
1) dyHKumA f(x) nMerna npousBoAHble BCEX NOPSAKOB;

2) OCTaTOYHbIN yneH R (x) dopmyrbl Tennopa
(n+l)
R, (x) :E(x - a)'ﬁh- ];Tf)é:') CTpeMUNCA K Hymo  npu

n — oo ang noboro xe(a—r;a+r),ie. limRn(x)zO.

n—>0

[JdokasaTenbCcTBO

Heobxodumocms: Myctb | (x) eCcTb cymma eé psaga Tennopa

(n)
pIRAH
= n!

1) BbINOMTHEHO B CUINYy CreAcTBUS M3 CBOWCTBA 2 CTEMEHHbIX PSO0B

(cm. nyHKT 2.3).
HeobxogumocTb ycnosus 2) nerko nokasatb. [JeNCTBUTENBHO, T.K.

n
x—a)" wa npomexyTke (a—r;a+r),Toraa ycnosue

f(x) cymma psiga Tevinopa, a

"(a Qo
s, (x) :Df(a)#(x—a)f.ﬁf—[?)(g—a)"

n

€ro YactHasi cymma, To no cpopmyne Tennopa
’ (n)
f(x):ﬁ(a)+fgl(i)(x—a)+.u+f—[ca)(§_a)"+u_en(x): 0

=S, (x)+R, (x).
Otciopa R, (x) = f(x)-S,(x), Torna
lim R, (x) <lim f'(x) ~lim§, (x)£1f (x)+) (x)=0,

n—>0 n—»0
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T.€. YCroBuWe 2) BbIMOJHEHO.

HocmamoyHocms: Ecrm (x) B6eckoHeuHO auddepeHLmpyema

Ha NpPoMeXyTKe (a —-r;a+ r) n B popmyne Tennopa, coCTaBneHHON

Ons 9TON OYHKUMWU, OCTaTOYHbIA uYNeH Rn (x) — 0 gna nwoboro

n—0

xe(a—-rya+r), 1o lim(f(x)—ElS'n (x))zlimRn(x):O, oTkyAa

limS, (x) = (x). A a10 u o3Hauaet, uto f(x) ectb cymma psna

o fﬁ)(a)
n=0 n!

3AMEYAHUE

[llokasaHHasi Teopema MnokasbiBaeT, YTo NS UCCreaoBaHUs Borpoca
0 pasnoXUMOCTU (yHKUMM B psig Teinopa HyXHO uccregoBaTb

noBefdeHne OCTaTOYHOro 4neHa Rn(x) npu n—>oo. Ecnm gns

AaHHOro 3HayeHus X = X, npeaen lim R, (x) =0, To cymma psiaa
n—>0

Teiinopa paBHa 3Ha4eHUIO OYHKUMK B TOUKE X, T.€. f(xo). Ecnn

R (x) He cTpemuTCs K Hymno, To pag Tewnnopa nubo pacxogutcs,

nnbo ero cymma npu X = X,, He coBnagaert ¢ f(xo) )

Mpy pasnoxeHun AaHHOW YHKLUN f(x) B CTEMNEHHOW psag

MOXHO pekoMeHAoBaTh crneayoLwnin NopagoKk 4ENCTBUN:
1) Haittv npoussopnbie f'(x), f"(x),... AR (x).....

2) Bbluvcruts ' (a), f"(a),...,f(")(a),... N COCTaBUTL

f(n) (a)

n!

KoadhpmUmeHTbI paga: al=f (a), a =

(n=1,2,...). 3atem  dopmanbHO  COCTaBuUTb  psifl

i a, (x - a)'7 AN AaHHOW (OYHKLMK.
n=0
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3) Hantm obnacTtb cXoAMMOCTM NONYYEHHOrO paaa.
4) WccnepoaTb noseaeHne OCTaTO4YHOro uyneHa

n+h f(n+1) (‘f)

R, (x)=(x—a) W pu 7 —> 0 U YCTaHOBMTb,
n+1)!

A€ MOMyYeHHbI CTeneHHoi psa 6yaeT WMeTb 3adaHHyo
cymmy f (x)

8.2.6. PaznoxeHue HEKOMopbIX 35iIeMeHMapHbIX
¢yHKyull e psdbi Telnopa u MaknopeHa

1. f(x):Ef O
Pasnoxum ykasaHHyto doyHKUMo B pag MaknopeHa.
f(x)=&, f1(x)=¢&, .1, [ (x)=¢, .1l
7£(0)=¢"=1, (0)=1, f"(0)=1, ..., f*(0)=1, ...,
f(”)(o)

crnefoBaTenbHo a, = — = n pag MaknopeHa umeeT Bug
n! n!

1 1 1 X
I+ —x+—x"+...+—x"+. —.
2! n! o n!

Hangém obnactb ero cxogumocTu. o npusHaky Janambepa

x|y |/ A

lim |21 | = fim =
n—om up n-)oo‘(n+1 'x ‘ n—)oO ngj[l /‘
e+

n

OTKyﬂ,a cnenyeT, 4TO pag Z— cXoguTca Ha BCEWN 4YMCIOBOWN OCWU.
n=0 n

OcTaércs OoKasaTb, YTO 3TOT pAd UMEEeT CYMMOW €', AN 4ero

[I0CTAaTO4HO YCTaHOBUTL, 4To lim R, (x)=0.

n—>0
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[encrtButensHo, ansa Hallero crnyyad:

(n+1) 1
Rn (.X) :Ef—(é:)'xml =e§ xm , rae é: NEXUT Mexay Ownx.

(n+1)! (n+1)!

n+l

MHoxuTENb MOXHO paccMaTpmBaTtb Kak (n +1) -bIN
(n + 1)!
o) xnﬂ XEI
yrieH psga Z— noatomy lim———— =
= nll > (n+1)!

MHoxXuTenb e° orpaHundeH: ecim x >0, 10 e° <&l ;etim x <0,

il
10 e <&’ =1] nostomy limRnr(x) =lime®: X =0. Takum
nHoo n=poo (n@rl)|

0

Z X .
O6pa3OM, CymMMa psaaa —' coBnapaet C ex Ha BCen ocu, T.e.

n=0 -

0 nl|
exzzx .

n=0 n'

2. f(x)=sinx[]

/(%) :@osx:sin(x+%j,

() :(Sin(ﬁgﬁ :cos(x+%j = sin(x+2-%),
f”’(i)zésin(x+2-%jj :cos(x+2-%jzsin(x+3-%)

fm(ﬂ):sﬁh(x+4-§j,
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S (x)= sin(x+nD7£j.

F(0)=0, £/(0)=1, £7(0)=0, £7(0)=—1. £ (0)=0.
£7(0)=1, ..., & (0)=(-1)", £ (0)=0.
dopmarnbHbIi pag MaknopeHa ans f(x) = sin x[
x3 xS x7 . x2n+l
TR (=) (2n+1)l’

Mo npusHaky Oanambepa nerko ybeouTbCs, YTO OH CXOAUTCS Ha
BCEN ocu.

Takke Kak U Ana yHKUMM e* MOXKHO nokasaTb, YTO npeaern ero

octatouHoro unexa limR, (x)=0. Mostomy Ha Bceit ocn MmeeT

n—»0

MECTO paBeHCTBO

2n+l

o0
Tak Kak psg sinx = Z(— CXOOMTCS Ha BCel ocu,

1 n
= ) (2n+1)!

TO Ha BCEW OCK €ro MOXHO NOYNeHHO anddepeHumpoBaTh. NoaTomy
!
o0 x2n+1
CoS X = smx z .
- 2n + 1)! -
X

ﬁ?
n x
CoSXx = z ,roe xeR.

Otkyoa

f(xﬁ: (1+x) , m € R (6uHoMmansHbIn psaa)
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f("y(x):ﬁﬂ(m—l)Eﬂm—2)-...-(m—n+1)[ﬂl+x)m_" =
= f(")(O):m-(m—l)-(m-EQ)-...-(m—n+l). O
MoaTtomy psag Ternopa anga yHKUMK (1 + x)m umeeT BUAa;

(1+x)m:1+1ﬂ!x+%!_l)x2+...
m+m.(m—l)-(m—nz!).m.(m_nﬂ)xn+m. ).

Ha rpaHuuax MHTepBana cxoguMMocTun psg (*) MOXET CXOAUTbCS

UNn pacxoauTbCsl B 3aBUCUMOCTM OT KOHKPETHOrO 3HaveHus m . Ecnn
m[] HaTypanbHOe u4uCno, TO, HaunHaa ¢ n=m+1, Bce
KO3h(pmLUMEHTbI pasnoXeHus paBHbl HyM0. B aTom cnyvyae dyHKLMIO

m
(1 + x) Ha3blBalT 6UHOMOM HbromoHa.

lMpumep

Pa3noxutb No cTeneHsam x d)yHKLI,MIO f(X) =

\/1+x:-

PeweHue

7(x)=(1+x) 2, (m=-1).

Mo dpopmyne (*)
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1 1 13,
=1- X+-——Xx
Ji+x0 2-110 27.21

L x5+...+(—1)"1 3-... (2n 1)

2°-3! 2" -n!

PasnoxeHue cnpasegnueo npu —1 < x<1.
Mpamon cnoco® pasnoxeHnsi OYHKUMIA B CTEMNEHHbIE paabl,
KOTOpbIA Mbl HEOOHOKPATHO MNPUMEHSNN, CBA3aH C TPOMO3AKUMU
BbIYMCIEHMSIMM MPU  HAXOXAEHWM MPOM3BOOHBIX W UCCnedoBaHUK

OCTaTO4HOro YneHa.

CywecTByeT psig NPUEMOB, MO3BOMAIOWMX MNPU  Pa3NOXEHUM
dYyHKUMN B CTENEeHHOW psa m3bexatb 3TUX TpyaHocTen. [daHHbIN
NPUEM WUCMONb3YET YXKe W3BECTHblE Pa3fOXeHWsi, Hag KOTOpbIMU

COBepLIaTCd Te UNnn UHble onepauuu.
1. MeToa noacTaHOBKMU

1-3-5

n

+....

lpumep 1

3
PasnoxuTb B CTENEHHOM psig yHKUMIO Y =€ .

PeweHue
0 xrf
Bocrnonb3yemcs  pasnoxeHuem e =Y —, B  KOTOPOM
= n!
3
nogctaBuM BMECTO X - X
3\ .
o0
w4 (x ) - x3ﬂ
=y =y
n=0 l’l' n=0 l’l'
lpumep 2
1
Pa3noxuTb No cteneHamMm x yHKUMO f(x) = i
+Xx

PeweHue

1
Paccmotpum  doyHKLMIO (a(t):l—D. OTy YHKUMIO MOXHO
+1

paccmaTtpvBaTb Kak CyMMYy reoMeTpuU4ecKom nporpeccmMm co
3HameHaTenem g = —f v népBbIM YneHom paBHbIM 1. MNoaTomy



L=1—t+t2 =8+l (-1) "+
1+¢0

OTO pasnoxeHue MMeeT MecTo Mnpu te(—l;l). 3ameHsig ¢ Ha

2
X, NONTy4YM UCKOMOE pasrioXKeHune:
1

1+x

2. PasnoxeHue B cTeneHHOW psa meToaoM auddepeHUnMpoBaHus
U UHTErpUpOBaHUs

=l-x*+xt—x° +.D+(—1)n "% ... roe xe(—l;l).

7=

lMpumep 1
1
Pa3noxuTb no cteneHam x yHKUMIO f(x) =—Q7.
(1 + x)
PeweHue
[aHHag dyHKUNSA ecTb npoun3BogHas oT dyHKLMUK
1
(o(x) =———, [ONns KOTOpOA ChpaBeasiMBO Mpu X € (—1;1)
1+ x![
pasnoxeHune
1 2 3 n+l n
———=—1+x—x"HZ —D..+(—1) X"+
1+ xO
MouneHHo auddepeHUMpya HanUcaHHbIN pPAa, NONYy4YUM
1 n
=120 3 A ()
(1 + x)
roe x € (—1;1) .
lMpumep 2

Pa3noxuTb no cteneHsaM X yHKLMIO f(x) = arctgx .

PeweHue
Pl
3ameTnm, yTO arctgx = 1—2th 7 BOCMonb3yemcs
+t

pas3fioxXeHnem
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1 _
:1—x2+x4—x6+...+(—1)n X4

2

I+x
KOTOPOE NpovHTErpMpyem noyneHHo. MNonyynm
arctgx = j(l Pttt + )dt =

3 - 2n+l
= arctgx|= xEP—+x—ﬁ—x—+ A+(-1) al
3 5 7 2n+1

3ta dopmyna cnpaseanvea npu —1<x <1 (npn x=1 ycnosHas
CXOOMMOCTb).

3AMEYAHUE

AHanorM4yHo pasnoxeHuto yHKLMK f(x) =arctgx s pag Tennopa,
MOXHO MOMy4YNTb pas3noXxeHne B pag  Tewnopa wu - PyHKUMM

f(xD]= ln(l + x) . PasnoxeHue 6ygeT umeTs BUA

30 4 1
In(1+x)= x—x—2j+x——x—+...+(—1)"£+...:
2 3 4 n+l1
R n X!
- ,,Z: n+l’
roe pan cxoantes npu —1 < x <1 (npu x =1 ycnoeHas cxogmmocTs).
(PasnoxeHue dyHKUMK f( ) ( —x) B psa Tennopa moxeT 6biTb
o 1
MOMy4YeHO N3 PasNoXeHUs ln(1+x) = Z(—l » 280 nyTéM 3ameHbl

=0 n+1
X=-X.)
8.2.7. MpunoxeHusi cmeneHHbIX psidoe8
1. MpubnmxéHHoe BblYUCIIEHNEe 3HAYEeHUN PYHKLUUN
lMpumep

Bbiumenutb sinl ¢ TouHocteio & =0.001.
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PeweHue

2n+1

. = n X
Monaraas B dopmyne sinx= 1) ——— x=1 (s
;( ) (2n+1)!
inl=1 + ! + P
paguaHax), nonydum sinl= TRTIE TR a0 chnpasa —

3HaKoYepeayoLWMACs, uYrneHbl KOToporo Yy6biBalT MO MoAynio U
cTpemsATcs K Hymo ¢ poctom #nl] Ero ocrtatok MeHblue nepBoro

OTOPOLUEHHOrO  YreHa. Tak  Kak l = L >0.001, a
6! 720
1 1
—= < 0.001, 1o ¢ TouHocTbio Ao 0.001, nonyuunm:
7! 5040

sinlzl—l+lz0.842.
3! 5!

2. TMpubnuxEHHOE BbIYMCIIEHME MHTErpanos

lMpumep

nx

dx[]

S1
Bbluncnutb nHTEerpan j

0 X

PeweHue

sin x

CooTBEeTCTBYHOLNIA HEOoNpeAenEHHbIN MHTerpan J dx[He

x[]
MOXeT ObiTb BblMUCNIEH B  3MEMEHTapHbIX  PYHKUMSAX, T.e.
npeacraendetr cobon «HebepyLmncsa uHTerpany», cnegoBaTenbHo,
3[0ecb Henb3s NpuMeHUTb dopmMyny HbetoToHa JlenbHuuua. Tem He
MeHee, 3TOT MHTEerpan MOXHO BbIYUCIIUTE NPUOMAKEHHO C MOMOLLbIO
pSAoB.

Pasgenvs nouyneHHo psa ans sin x| Ha x|, nonyymm

' P B e T 2 4
siny 731 51 71 zl_x_+x_—£ﬂ+....
. e 3150 7

MpouHTerpupyem obe 4actu paBeHcTBa
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1 1 1 1

. 1 1 1 1
!Slié%xi !deilxﬁixﬁalxmxgﬁ_’;xﬁixE..:

1

1 x
“af il

0

1 1 1
- —— ...
505, 70T 331 550 77!

Ecnn OrpaHN4nNTbCA YeTblIpbM4A YileHaMu, TO
1

jsmx%x@l— Lot b 00461
- 331 5.5] 7.7

npu STOM MOrPELHOCTb HEe MNPeBOCXOAUT  MEepBoro U3
OTOPOLLUEHHOTIO YNEHOB

0

1 1
99! 3265920

3. MNpunbnuxéHHoe BblYUCIIEHME CYMMbI psiaa

lMpumep
< 3
Bblumcnute cymmy psga Z —— CTOYHOCTbO €=107".
n=1 3}’! n
PeweHue

s 1 11 1 1 1

— ———+————+Rs

San 3018 81 324 1215

rae Rs - cymma octaTtka psiaa nocre nstoro vneHa. Mogynb natoro

1
4yneHa as = m < €, a TaK KakK 4neHbl pdaa y6bIBa|'OT no moaynto, To

M BCe nocnegylolwme YneHbl MeHble €. Torga no npuaHaky

NebHnua cymma octatka psga Rs < as <& . CnepoBaTenbHo, Cymma
1 1 1 1 31

21
pa Y —x——F+———+——=———,
P nZ::l:;”nj 3718 81 324 108

4. KOHTPOIIbHbIE BOMPOCHI MO TEOPUN

1. [anTe onpegeneHne 4YMCnoBoro psaa.
2. Kakon psig HasbiBaeTcsa CXogaLmnmes?
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10.
1.
12.
13.
14.

15.
16.
17.

18.

19.

20.
21.
22.
23.
24.
25.

26.
27.

Kakon psig HasbiBaeTcsa pacxoasawmmcs?

[Mepeuncnmte OCHOBHbIE CBOWCTBA CXOASLUMXCS YMCMOBbIX
pSOoB.

Kak nsmeHuTCS cymMMa CXofsiLLerocs YMcrioBoro psifa, ecnu
OT HEero oTépoCnUTb KOHEYHOE YMCIIO YIIEHOB?
Cdopmynupyiite  HeobxoguMble MNPU3HAKM  CXOLMMOCTU
YMCOBbLIX PSAOB.

UTo MOXHO cKasaTb O pside, OOLIMI YMEeH KOTOpOro He
CTPEMUTCS K HYm0?

Hante dpopmynumposky npusHaka Janambepa 0 CXxO0AMMOCTU
psaa.

B uém 3aknovaeTcsa pagukanbHbii NpudHak Kown?
Ccbopmynupynte nHTerpanbHbivi npusHak MaknopeHa-Kowuu.
[HanTte onpegeneHne 3Hakoyepeayowerocs psaa.

B uém 3akntouaeTcs npusHak cxogumocTtu JlenbHuua?

[Hanite onpegeneHne 3HakonepeMeHHoro psga.

B 4ém pasnuune abCconmTHOW W YCMOBHOM CXOOMMOCTU
psinoB?

Mepeuncnmte ceoncTBa abCONOTHO CXOOSALLMXCA PAOOB.
Hante onpegeneHne pyHKUMOHANBLHOMO psaga.

Haiite onpegeneHve obnactm cxognMoctu yHKLMOHaNbHOIo
psaa.

Cdopmynupyiite  nNpu3HaK  paBHOMEPHOM  CXOOAMMOCTMU
BenepuwTpacca.

Cdopmynupynte TeopeMy O HENPEPbLIBHOCTU  CyMMBbI
pPaBHOMEPHO CXOASALLErocs psga HenpepbIBHbIX (PYHKUNNA.
Cdopmynupynte TeopeMmy 00 MHTErPUPOBaHUM PSAOB.
Cdopmynupynte Teopemy o anddepeHUMpoBaHun psagos.
[anTe onpegeneHune cteneHHOro psaa.

Havite popmynmposky Teopemsl Abens.

lMepeuncnuTe CBONCTBA CTEMEHHbIX PAAOB.

CdopmynumpyiiTe TeopemMy O CBS3N CyMMbl CTEMEHHOrO psaa
1 ero KoapduumneHToB.

Kakow psg HasbiBaeTcsa psagom MaknopeHa?

Hante onpepgeneHune psga Tennopa. KakoBbl HeobxogmMmbie 1
OOCTaTOYHbIE YCMOBUS PA3NOXUMOCTUN (DYHKLMU B CTEMNEHHON
pag?
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

5. BOMPOCHI ANA NOAroToBKA K IK3AMEHY

OnpepeneHne yMcnoBoro psiga u ero cxogumoctu. O6Lwuin
uneH psga. YactnyHasa cymma psga.

VccnegoBaHne cXxoaMMOCTM rEOMETPUYECKOro psaa.
[okasaTensCcTBo pacxognMOCTV rapMOHUYECKOTO psja.
OcHoBHble cBONCTBa YMCMoBbIX pagos. OcTaTok psaa.
Heobxoaumble Npu3HakuM CXOAMMOCTU YUCIOBbLIX PSOOB.
Hocrato4Hble NpU3HaKu CXOAMMOCTH psSAaoB c
HeoTpuLaTenbHbIMU yneHamu: NpusHaK  CpaBHEHWs,
npeaenbHbIN NpU3HaK CpaBHEHMS.

MpusHak Janambepa. MNpumepsi.

PagvkanbHbin npu3Hak Kowwn W WMHTEerpasnbHbIA  NpU3HaK
MaknopeHa-KoLum cxogumMocTy NoNOXUTENbHBLIX PSAOOB.
3HakouepegywoLwmecs psabl. Mpun3Hak CXOAMMOCTM
Jlenbuuua.

3HakonepemeHHble  psgbl.  ADCONTHass W ycrnoBHas
CXOAMMOCTb U CBSI3b Mexay Humu. CBowncTtBa abCcomnoTHO
CXOASLLINXCHA pAgoB.

BblumMcneHne cyMmmMbl YUCIIOBOrO psifa ¢ 3a4aHHON TOYHOCTLIO.
®PyHKuMoHanbHbIM psig. OcHoBHble onpegeneHus. ObnacTb
CXOAMMOCTM PYHKLMOHANbLHOro psaa.

PaBHoMepHas CXOANMOCTb. CeolicTBa paBHOMEPHO
cxoaswmxes pagos. [NpusHak Benepwtpacca.
HenpepbIBHOCTE CyMMbl paBHOMEPHO CXoAdALlerocsl psga.
[NouneHHoe guddepeHunpoBaHne U UHTErpupoBaHue
paBHOMEPHO CXOOALLMXCSA PAAOB.

CrteneHHoON psig, 1 ero ceoncTea. Teopema Abensi.

Teopema o0 KoachduumMeHTax CTENEHHOro psga v CrieacTeus
n3 Heé. Pspgbl Ternopa n MaknopeHa.

PasnoxeHne HeKOTOpbIX 3fEeMeHTapHbIX (YHKUMA B pAabl

Tennopa n Maknopena: ef] sin x!.
PasnoxeHne anemeHTapHbiX (PyHKUMA B psabl Tennopa wu

MakropeHa: cos x, (l + x)m .

PasnoxeHne ¢yHKUMIA B CTeneHHble psabl  (MeToapl
noAcTaHOBKM, AnddepeHLMPOBaHNS U UHTENPUPOBAHNS).
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24

25.

26.

27.

6. BbINCKA N3 KANEHOAPHOT O MNAHA MPAKTUYECKKX
SAHATN

8. Pagbl. YacTtb 1. YucnoBble n (pyHKLUMOHANbHbIE
psaabl (8 yacoB)

. Uncnoson pAaa. WcenenoBaHme NONOXUTENbHbLIX YNCOBbIX pAaOoB

Ha cxoaMMocCTb (2 yaca).

nA: 2730, 2737, 2738, 2739, 2743, 2754, 2758, 2762, 2764,
2768, 2780, 2784

3HakonepeMeHHbI pag. ABGCOMTHAs M yCNoBHAs CXOOUMOCTb.
MpunaHak abcontoTHOM cxoammocTu. MNpusHak NlenbHuua (2 vaca).
N.1: 2790, 2791, 2792, 2793, 2794, 2795, 2796, 2797

CteneHHon psg. Teopema Abens. Crtpyktypa obnactu
CXOAMMOCTM CTeneHHoro psga. PaBHOMepHas C©x0AMMOCTb
cTeneHHoro psga (2 vaca).

J1.1: 2802, 2803, 2805, 2806, 2809, 2811, 2817, 2819

Pag Tennopa wu MaknopeHa. Pa3snoxeHne  OCHOBHbIX
aneMeHTapHbIX yHKUMiA B pag MaknopeHa. BuHoMmmnanbHbIn pag.
MpnGnmkeHHbIe BblYUCIEHMS (2 Yaca).

J1.1: 2841, 2843, 2844, 2857, 2864, 2867

Mpuem TMNOBOro pacyera no Teme «Paabi».

7. Tect no teme 8: «YNCNOBBLIE N ®YHKLIMOHANBHbIE
PAObI»

o0
Kak Bepét cebsa umucnoson psag Zaﬂ Yy KOTOpOro anZO,

n=l

I 1
1m
n=® nf a
n
Tabnuya 3

=00 ? YkaxuTe HoMep BepHoro oTeeTa B Tabnuue 3.

1 2 3

HUYEro ckasaTb

cxoguTcA acxoauTcA
A P A Henb3da

0 0
3afaHbl OBa 4YMCMOBbLIX psaa Zam n an, rae a, =20,
n=l n=l

. a,r
b, 20. UssectHo, yto lim -
n»oo Un

=00 W nepsbIn pag cxoauTtca. Kak
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BeaéT cebs BTOpol pan? YKkaxute HOMep BEpHOro OTBeTa B
Tabnuue 4.

Tabnuuya 4
1 2 3
HUYero ckasaTb
cxoamTes pacxogurtcs
Henb3si
Kakoe wn3 yTtBepxgeHun B Tabnuue 5 ABNseTca BepHbIM AnNA
0]
. 3+nlln
YMCIIOBOIO pdaa: 345 -
n=l
Tabnuuya 5
1 2
cxoamTes pacxogutcs

Kakoe u3 yTBepxaeHuin B Tabnuue 6 sABnsieTcss BepHbIM AN

o0
4YMCIIOBOroO psaa: Z(%) ?
n=l1
Tabnuuya 6
1 2
cxoamTces pacxogurcs

Kakoe u3 yTtBepxgeHun B Tabnuue 7 sBNAETCS BEPHbIM Ans

n?+2n+1 )

0
YMCNOBOIo pAna: Z 5n3+1 ln(n—E2) !

n=l
Tabnuuya 7

1 2

cxoauTcAa pacxoanTcAa

Kakoe u3 yTBepxaeHuin B Tabnuue 8 sABnsieTcs BepHbIM AN

0
1
4YKUCNoBOro psiaa: Z%H?

n=l
Tabnuuya 8

1 2

cxoaunTcAa pacxoanTcAa
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0
7. Yucnoson psag Z|a

n=l

n\|

-cxopmTesi. Toraa Kakoe U3 yTBepXaeHun B

0

Tabnuue 9 sBNseTca BEPHbIM 41151 YACNOBOro psaa: Zan[?

nel
Ta6bnuuya 9
1 2 3
cxoauTes MOXEeT CXOOUTbCA
CXOANTCS YCNOBHO
abcontoTHO TOSbKO abconiTHO

8. Kakoe u3 ytBepxgeHun B Tabnuue 10 sBnAeTcs BepHbIM Anis
a0
4MCcnoBoro pspa: ) <247
1+3n7]
n=l
Ta6bnuuya 10
1 2 3
cxoauTcs
A6COMIOTHO pacxogurcs CX0QUTCS YCNOBHO
9. Kakoe u3 yTBepxaeHun B Tabnuue 11 siBNsSeTca BepHbIM ANA
0 (—l)n ]
. ?
4YNCIOBOrO psAaa: z YL
n=l
Tabnuya 11
1 2 3
cxoauTcs
A6COMIOTHO pacxogurcs CX0QUTCS YCNOBHO
s n
10. Ha kakoM M3 NPOMEXYTKOB CTENEeHHOW psa Zﬁj cxoamTes
n=l
abcontoTHO? YKaxnte HoMep BepHOro otTeeTa B Tabnuue 12.
Tabnuuya 12
1 2 3 4
(-1;1) (-22) (-0,5;0,5) [-2; 2]
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11. Ha kakom 13 NpoMexyTKOB CTEeneHHOW psag z XE}‘:’T) ‘CXOD,I/ITCH
n=l
abcontoTHO? YKaxunte HOMep BEpHOro otTeeTa B Tabnumue 13.
Tabnuya 13
1 2 3 4
(-L1) [-6:0) (-6;0) [-1:1]
o0 0
12. Ha kakomM M3 NPOMEXYTKOB CTEMEHHOW psag Z%L cxoauTes
nEel
paBHOMepPHO? YKaxnte HoMep BepHoro oteeTa B Tabnuue 14.
Ta6bnuya 14
1 2 3 4
(-L1) [02) (0:2) [0:2]

13. Ha «kakom npomexyTke pag MaknopeHa pgns  dyHKUum
fﬁxl= ejcg‘ CXOAWTCA PaBHOMEPHO? YKaXuTe HOMEp BEPHOro
oTBeTa B Tabnuue 15.

Ta6bnuuya 15
1 2 3 4
(-1;1) [0; +0) (—o0; +0) (0;+0)
o (1)
14. Yemy paBHa cymma psga ZW? YKaXute HOMep BEPHOro
ne=l
oTBeTa B Tabnuue 16.
Ta6bnuuya 16
1 2 3 4
cos x! cosxf efl-1 cosxf1
L0y 2ns
15. Yemy paBHa cymma psga Z%? YKaXute HOMep BEPHOro
n=l
oTBeTa B Tabnuue 17.
Ta6bnuuya 17
1 2 3 4
xTsin x[J sinx? sinx?-1 x§in x2
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16.

Ha «kakom npomexyTtke psg MaknopeHa Ana  yHKLMK
f(x)]: COS X CXOoOuTca paBHOMEPHO? YKaXuTe HOMep BEPHOro

oTBeTa B Tabnuue 18.

Ta6bnuuya 18
1 2 3 4
(-L1) [0; 1] (=005 +0) (0; +0)

17.

Ha kakom npomexyTke cxogutcs psa MaknopeHa ans dyHKUUK
sin x y
f(x) =E)—D ABnseTca  nM CXOOUMOCTb  paBHOMEpPHOWN?
b

YKaxute HOMep BEpPHOro oTeeTa B Tabnmue 19.

Ta6bnuya 19
1 2 3
HepaBHOMEpPHO Ha
paBHOMEPHO Ha HepaBHOMEpHO Ha (005 +0) 1
(—o0; +0) (—o0; +0) paBHOMEPHO Ha

(=005 0) U (0; +0)

18.

w

Ecrm obwwin yneH u) | pspa ZMJQ npu HeorpaHW4YeHHOM
n=l1

BO3pacTaHUMN M K HYIO HEe CTPEMUTCS, TO YTO MOXHO CKasaTb Mpo

3afaHHbIN paa? Ykaxute HoOMep BEpHOro oteeTa B Tabnuvue 20.

Tabnuuya 20
1 2 3
HUYero ckasaTtb
cxoguTtcs pacxogutcs
Henb3s

19.

o0
Ha kakom u3 NPOMEKYTKOB CTEeNneHHon pan Z2"x'i cxoauTce4d
n=1

abcontTHO? YKauTe HOMeEp BEPHOro oTeeTa B Tabnumue 21.

Ta6bnuuya 21
1 2 3 4
(—l; 1) (—0,5; 0,5) (—2; 2) [—0,5; 0,5]
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o0
2n
20. Yemy paBHa cymma psiga Z);_n? YKaxute HOMeEp BEpPHOro

n=1

oTBeTa B Tabnuue 22.

Tabnuya 22
1 2 3 4
cosx=1 ln(l—xﬁ) —0.51n(1—x2) efl-1
2
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9. OTBETbIKTECTY

Tabnuya 23 Omeemsi kK mecmy

Ne 1 | 2| 3| 4|5 6| 7| 8] 910
3agaHusA

Omer | 1 | 1 | 2 2| 2 21 2 1] 3] 2

Ne 11 | 12 | 13 | 14 | 15 | 16 | 17 | 18 | 19 | 20
3agaHus

OTBet 3 3 3 4 1 3 3 2 2 3

82




