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COAEPXAHME KOMNEHANYMA

TemaTtuyeckun nnaH 1 —ro cemecTpa.

Bbinucka 13 kaneHgapHoro nnaHa nekunin.

TeopeTnyeckun matepuman no Teopun.

Bonpochk! onst NOArOTOBKM K 3K3aMeHY.

Bbinncka 13 kaneHgapHOro nnaHa NpakTUYeckux 3aHATUN.

TecT no Teme 5. «AuddepeHumnansHoe ncuncrieHme QyHKUUn 0aHOM
nepemeHHomn». Yactb 1.

PekomeHayemas nutepaTtypa.

OTBeThI K TECTY.



1. TEMATUYECKWM NNAH 1 - ro CEMECTPA

Ta6nuya 1. TEMATUYECKUM MJIAH

PacnpegeneHue yacoB
AyanTopHble 3aHATUA
Ne Tembl HasBaHue Tembl W3 HUX CaMOCTOSITeNLHas
Bcero Bcero pa6oTa
AYANTOPHBbIX Jlekunn npz‘;:v;:rizkue
1 OnemMeHTbl NMHEHON anrebpsbl. 50 28 14 14 22
2 BekTopHas anrebpa. 18 8 4 4 10
3 AHanuTnyeckas reomeTpums. 48 28 14 14 20
4 Teopwusa npenenos. 48 28 14 14 20
5 ﬂm¢c?epeHumaan9e ncumcneHne yHKUMIA 26 16 8 8 10
OfHOW nepemeHHon. Yactb 1.
Bcero 3a 1 cemecTp 190 108 54 54 82




2. BbINWUCKA 13 KANEHOAPHOIrO MNAHA NEKLWN

5. AndcepeHumanbHoe ncumucrneHme (pyHKLUmn ogHON NnepeMeHHOMN.
Yactb 1 (8 yacos).

24.

25.

26.
27.

OnpepeneHve nNpovM3BOOHOW W €€ TEeOMETPUYECKMA U  MEXAaHWYECKUA CMbICH.
Onpegenenue guddepeHuupyemont yHKUMM B Tovke. Heobxogumoe n gocratodHoe
ycnosue andpepeHumpyemocTu. Cesasb Mexay HENPepbLIBHOCTLIO "
auddpepeHumpyemocTblo (2 yaca).

MponsBogHaa CyMMmbl, NPOM3BEAEHUS U YacTHOro yHKuun. NpousBogHasi CROXHOMW
dyHKLMK. MponssogHas obpaTHoOW yHKLMK (2 Yaca).

Tabnuua Npov3BOAHbLIX OCHOBHbIX 3fieMeHTapHbIX hyHKUM (2 yaca).

PesepBHas nekuusd (2 yaca).

3. TEOPETUYECKM MATEPWAN

Ta6bnuuya 2. OznaeneHue

e 1. OuddepeHumpoBaHue yHKLUNA OOQHON NepeMeHHOMN.

o 1.1. lMpousBogHasa 1 ee reoMeTpPUYECKUA CMbICH.

o 1.2 OudbdepeHumpyemas pyHKUnS.

o 1.3. HenpepblBHOCTL U AUt depeHUnpyeMoCcTb PYHKLNN.

o 14. Mpasuna gnddepeHLMpoBaHus.

o 1.5, Mpon3BogHbIE OCHOBHbLIX 3fIeMEHTaPHbIX (PYHKLMNA.

e 1.6. Mpumepbl BblYNCNEHNSI NPOU3BOAHbIX.

o 1.7. YpaBHeHne KacaTenbHOWM K KpUBOW. Yron Mexay KpvBbIMU.

1. OuddepeHumpoBaHme ¢pyHKLMA OQHON NepeMeHHOMN

1.1. TlpousBoaHas u ee reoMeTpUYECKUMN CMbICH

Onpedenexue 1

MycTb yHKLMS f(x) 3apaHa Ha NpoMeXxyTke (a, b) W NycTb TOYKa X € (a, b), a uucrno

Ax Takoe, 4TO HOBas Touka X +Ax € (a, b). Mpupaweruem Ay gyrkyuu f(x) B Touke X

Ha3blBA€TCA Pa3HOCTb 3Ha4YeHnn (*))/HKLI,VIVI B TOYKax X +Ax n Xp, TO €CTb

Ay = f(x, +Ax)—f(x0).

I'IpV| 3TOM yncno Ax HasbiBaeTcs npupaweHueMm apeymeHma.

OnpedeneHue 2

MycTb cyHKLMS f(x) 3apaHa Ha NpoMeXyTke (a, b) W NycTb TOYKa X € (a, b), a uucrno

Ax Takoe, 4To Touka X + Ax € (a, b). MpoussodHoii pyrkuuu f(x) 6 mouke x, HasbisaeTCs

npeden OTHOLIEHMS MpupaLLeHnst yHKLMK (Ay) K MpvpaLleHnio aprymeHTa (Ax) npu

yCnosuun, 41O npupawieHne aprymeHTa CTpeMnTCca K HyJI, ecrnun 3TOT npenen CywectByeT U
KOHEeYeH.

[nsa nponsBogHON Ncnonb3ytoTcs 0603Ha4YeHUs f'(xo), wnu npocto ' . Utak:

y= )= tim 2,

Ax—0

unu, yumTeiBas onpegenexue 1

v o f(x0+Ax)—f(x)
Y _f(XO)_Ego Ax :




Feomempuyeckuli cmbic1 NIPOou3800HOU

MpoussogHasi pyHKuum f (x) B TOUKE Xy paBHa ya/1080My KO3hebulyueHmy KkacamesibHol,

NpoBeAEeHHON K rpadouKy aToM PyHKLMM B TOUKe ¢ abcumccon X .

Jokazamenbcmeo

y A

YotAY

Yo

o

M X Xo+ Ax x

Puc.1.

Myctb f(x) - HenpepbIBHas Ha NPOMEXYTKe (a, b) dyHKumMs. B Touke A(xo, yo)e (a, b)
npoBegeM  HeBepTuKamnbHyt  kacatenbHyto  MN . Yepe3d  ToukM A(xo, yo) "
B(xo +Ax, ¥y +Ay) € (a, b)npOBep,eM cekyuyio AB (puc.1).

OGosHauum yepe3 [3 yron, KoTopbilii cekywas AB coctasnset ¢ ocbto Ox , a Yepe3 O —

yron mexay ocbto Ox 1 kacatenbHon MN .

M3 pucyHka 1 sicHo, yto ans yrma [, pasHoro yrmy ZBAK B npsaMOyronbHOM
BK Ay

TpeyronbHuke ABK , BbinonHeHo paseHctBo: tgf=——=—. MNpu Ax —> 0 Touka
AK  Ax

Xo +Ax, gurasce no ocu Ox CTpemuTcs K Touke X, @ Touka B, gBurasicb no rpaduky

hyHKUMM f(x) B CWUIY HenpepbIBHOCTM cTpeMutcs Kk Todke A . Torga npsmas AB npu

. A
Ax — 0 3aiimeT nonoxenne kacaternsHoit MN . Mostomy f'(xo)= lim = tgo =k,
Ax—0

roe k - yrnoBoi KOadhULMEHT KacaTenbHoW. Takum obpasom, AoKasaHo, YTo f'(xo ) =k.

1.2. OuddepeHunpyemas hyHKUMA

OnpedeneHue 1

DyHKLMA f(x) 3aflaHHas Ha NpoMmexyTke (a, b), HasblBaeTCca AuddepeHuupyemon B
TO4YKe XO S (a, b), ecnun ee npupalieHume Ay B 9TOMN TOYKE MOXHO npencraBnTb B BUAeE:

Ay=A-Ax + 9(Ax),

rope A — KOHeYyHoe 4ucro, a CUMBOJSIOM S(Ax) obo3HadyeHa yHKUMSA, sBRASKOLIAsCS
GeckoHeuHo manori npu Ax — 0.
3AMEYAHME 1

B onpepenexun anddepeHumpyemoi dyHKuMM npupawedme Ay npeactasrneHo B BUAE ABYX
cnaraemblx, KoTopble ABMsioTcs 6eckoHeuHo manbivu npu Ax — 0 . Mpu aToM nNepeoe criaraemoe

— BeckoHe4YHo Manas dyHKLMSA ofgHoro nopsaaka ¢ Ax , a BTopoe cnaraemoe — 6eckoHe4YHo Manas
Bonee BbICOKOro nopsaaka, Yem Ax .



Heob6xodumoe u docmamo4Hoe ycnosue dughghepeHyupyemocmu hyHKUuU
DyHKLMA f(x) 3alaHHasa Ha NPOMEXyTKe (a, b), aBnsetTca audpdepeHLnpyemMon B TOUKe

Xy € (a, b) TOrAa, U TOMbKO TOFAA, KOrga B 3TOM TOYKE CyLUECTBYET KOHeYHas Mpou3BoaHas
f(x).

ﬂoxa3ame.nbcmeo

[okasatenbcTBo 3ToM TeopeMbl OyaeT cocTosATb M3 ABYX yacten. Bo-nepsbix, crnegyet
JokasaTb, YTO ecnu pyHKkumna guddepeHumpyema B HEKOTOPON TOYKE, TO ¥ Hee B 3TOM TOYKe
cyllecTByeT KOHe4yHasi npou3BogHasi. Bo-BTOpbIX, HYXHO [oka3zaTb obOpaTHOe, a MMEHHO:
PYHKLMSA, UMEIOLLAsa KOHEYHYIO NMPOU3BOOHYI0 B KaKOW-TO TOYKe ABMSeTcs anddepeHumnpyemMon
B 9TOM TOYKe.

1) Myctb dyHKUMS f(x) - oudbchbepeHuvpyema B TOYKe X . Torga no onpeaeneHuto
AnddepeHUMpyeMoii (DyHKLUM ee NpupaLleHe MOXHO NPeaCcTaBuTb B BUAE
Ay =4- Ax + 9(Ax),
roe A - KoHeuyHoe 4ucno, a S(Ax) - GeckoHeyHo Manas npu  Ax — 0 dyHkumna Gonee

BbICOKOrO rnopsiaka, 4em Ax .
Paspenve aT1o paBeHcTBO Ha Ax # 0 1 nepenas k npegeny npu Ax — 0, nony4mm

, . A . IHAx
£'(xy)= lim Ay llmQ=A.
Ax—0 Ax Ax—0  Ax
CnepgosaterbHo, npoussoaHas | '(xo) CYLLECTBYET 1 paBHa KOHeYHOMY yucny A .
2) MNycTb B TOUKe X(; CYLIECTBYET KOHE4YHas Mpou3BogHas f '(xo). OT0 03HayaeT, 4To
CyLLeCTBYET M paBeH KOHEYHOMY Yncny npegen
. A . Xy +Ax)— f(x ,
lim =~ = lim flxy i O):f(xo).
Ax—0 Ax A0 Ax

O6o3Haunm f'(xo):A W BOCMONIb3yeMCA TeM, YTO PasHOCTb Mexay (yHKuueh u ee

KOHEeYHbIM npenernomMm 4ABndeTcA OecKoHe4YHO Marnow B TO4YKe, B KOTOpOVI BbIHNCIIAETCA 3TOT
npegen. Toraa

roe oc(Ax) - BeckoHeuHo manas npn Ax — 0.
Pelas nocnegHee paBeHCTBO OTHOCWUTENbBHO Npupallerns Ay, nonyyum
Ay = A-Ax +a(Ax)- Ax.
Tak kak o(Ax)- Ax sBnsieTcs GecKOHEUHO Mariol 6oree BLICOKOrO NOpsaKa, YeM Ax U MOXHO
0603HaunTL oc(Ax)- Ax:S(Ax), TO M3  MOMYyYEeHHOr0  COOTHOLIEeHWs  crnedyeT
anddpepeHUpyemMocTb PyHKUUK f(x) B TOYKE X .
3AMEYAHME 2

N3 nokasaTenbcTea Teopembl criedyeT cMmbicn uncna A B onpedeneHun auddepeHumpyemon
PyHKUMK: A:f'(xo). YunTbiBas AoKasaHHylo Teopemy, OMMMdepeHUMpyemylo B TOYKe X,

dhyHKLMIO f(x) MOXHO oOnpefenuTb Kak (YHKUMIO, NpupalleHue KOTOpoW B 3TOW TouKe
npeAcTaBUMO B BUAE!

Ay = f"(xo)- Ax + 9(Ax).



3AMEYAHUE 3

Tak kak guddepeHunpyeMocTb OYHKLMM B HEKOTOPON TOYKE PaBHOCWIbHA CYLLECTBOBAHMIO Y Hee
KOHEYHON NPOM3BOAHOM B 3TOW TO4YKE, TO OMNepauuio BbIYMCMEHWUS NPOU3BOAHOW HasbiBaloT
anddepeHUMpOBaHNEM.

3AMEYAHUE 4

Ecnn dyHKUMA He MMeeT KOHEeYHOW MPOM3BOAHOM B HEKOTOPOW TOYKEe, TO OHAa Ha3blBaeTCs He
anddepeHunpyemon B 3TON TOUKe

OnpedeneHue 2
PyHKUMA f(x) HasbliBaeTca AuddepeHuupyemort Ha MpoMexyTke (a, b), ecnn oHa

ABNAeTCA AMMMEPEHLMPYEMO B KaX 0N TOUKE X € (a, b).

1.3. HenpepbiBHOCTb U audcepeHUMpyeMoCcTb (PyHKLUU

Teopema

Ecnu dyHKkuus f(x) AnpepeHLmMpyema B TOUKE X, TO OHa HEMpepbIBHA B 9TON TOUKE.

Jokazamenbcmeo

N3 onpegeneHna dyHKUMKM, auddepeHUMpyeMon B TOYKe X, CNeayet, 4to ee
npupaLLeHne B 3TOM TOYKE MOXHO NpeacTaBuTb B BUAE:

Ay=f"(xy)- Ax+9(Ax).
Mepexoas B aToM paBeHcTBe K npeaeny npu Ax — 0 1 yuutsisas, uto £ (x, ) - koHeuHoe

uncrio, a 9(Ax) - GeckoHeuHo manas npu Ax — 0 cyHKUMS, MOMyYnM

limAy=0.
Ax—0

CnepoBaternbHo, Npu GeckoHeYHO ManoM npupalieHnn Ax, npupaiieHne gyHkuum Ay
TOXe ABnAeTCA 6€CKOHEYHO MarnbIM. 3Ha4MT, YHKUNS f(x) HenpepbIBHa B TOYKE X .
3AMEYAHUE 1

O6patHoe yTBepxaeHWe HesepHo. HempepbiBHas B TOUYKe X, (DYHKUMA MOXET He OblTb B 3TOW
Touke AndpdepeHumpyemor. ATO MOXHO MokasaTb Ha CreayLmnx npyumepax.

lNMpumep 1

®PyHKUMSA Yy = % (pnc.2) onpegeneHa v HenpepbiBHA Ha BCen yncnoson ocu. OgHako B
1

3352

3TON Toyke GeckoHeuHa. KacatenbHas Kk rpadwmky dyHkummn B Touke X, =0 nepneHaukynspHa

Touke x, =0 OHa He sBnAeTCA AMdEEepPeHLMPYeMONi, Tak Kak ee npoussogHas ' = B

ocu Ox .
lMpumep 2

®PyHKUMSA Y = | x| (pnc.3) onpepeneHa n HenpepbiBHa Ha BCEW YUCIIOBON OCU, @ B TOYKE
Xy =0 oHa He siBnNsieTCs AMddEpPeHLMpYeMOon, Tak Kak ee Npon3sogHasi V' B 3TOil TOUKE He

3 x, x=20 , | L x=0
cywiectByeT. [lencTBUTENbLHO, ) = =y = .
-x,x<0 -1, x<0
To, 4TO dyHKUMA Y :|x| He aunddepeHumpyema B To4Yke X, = 0 nerko BuaeTtb u3 ee

rpacdpmka. Mpu x <0 kacatenbHoW K rpaduky sBnsietcss npsimas y=-—x, a npu x>0

8



kacaTenbHoW sBnseTcs npsmas y = x . MNpu nepexopde yepe3 Touky x, =0 KacaTenbHas He
MEHsIeTCsl HEMPEPbLIBHO.

y =[x
y=3x
> >
X X
Puc.2. Puc.3.
OnpedeneHue
Ecru y PYHKLMK yv=f (x) cyliecTsyeT KOHEYHbIV
. A ) X, +Ax)— flx
lim 2V _ lim f( 0 ) f( 0), TO OH Ha3blBAeTCs NPou3BOAHONM B Touke X, =0
Ax—>+0 Ax  Ax—>+0 Ax
cnpasa.
Ecnn y OYHKLMNK y=f (x) cywectsyeT KOHEYHbI
. A ) xg +Ax)— flx
lim 2Y_ lim f( 0 ) f( 0), TO OH Ha3blBAETCA MPOWU3BOAHOW B Touke X, =0
Ax—>0 Ax  Ax——0 Ax
creea.

MponsBoaHble cripasa 1 crieBa Ha3blBatOTCst 0OHOCMOPOHHUMU MPON3BOAHBLIMU.
3AMEYAHME 2

DyHKUMA y=|x| anddpepeHumpyema cnpaBa M cneea, Tak KaK CyLLECTBYIOT W KOHEYHbI

OAHOCTOPOHHWE Mpou3BoaHble. Mpyu 3TOM NpoussBoaHas cripasa paBHa 1, a npoussogHas cresa
paBHa —1.

CnegyeT 3amMeTuUTb, YTO QYHKLMSA yzi/; He aBngeTca AnddepeHunpyemMon HU crnpasa, Hu

crneBa, NOCKOJIbKy €€ 0OHOCTOPOHHME NPON3BOAHbLIE B TOYKE X = 0 6eckoHeuHbI.

1.4. MpaBuna gudcdepeHumpoBaHus

lpou3eodHas ¢pyHKUuU, moxdecmeeHHO pagHOU MocmosiHHoOU

Ecnn  dyHkums f(x) TOXOECTBEHHO paBHA MOCTOSHHOW, TO MNpPOW3BOAHasA OT Hee
TOXAECTBEHHO paBHa Hymto, To ecTb, ecrn f(x)=c¢, 10 f'(x)=0.
[okasaTenbCTBO OYEBWOHO, TaK Kak ANs Takon dyHKUMM B mnobol Touke X npupalieHue
Ay:f(x+Ax)—f(x):c—CEO.
lMpou3eodHasi cyMMbI U pa3Hocmu ¢hyHKuul

Ecnv  dyHKkuun f(x) " g(x) anddepeHumpyeMbl B TOYKE X, TO YHKUUK

y= f(x)ir g(x) TOXe OnddepeHUMpyeEMbl B TOUKE X U MX NMPOU3BOAHBIE BbIMUCASIOTCS MO
npaeuny:



ﬂoxa3ame.nbcmeo

v =(f(x)+ g(x)) = lim (f(x+Ax)+ g +Aix))—(f(x)i g(x))_

MpvpalyeHre cymmbl (pasHOCTU) OYHKLMIA MOXHO NpeAcTaBUTb B BUAE CyMMbl (Pa3HOCTW)
NpUpaLLEHUii Kaxaoro craraemoro.

i U A9 7 (0) % gl + Ax) - gl)
Ax—0 Ax

Mockonbky dyHKUMK f(x) n g(x) onddepeHumpyemMbl B TOYKE X, TO MOXHO
ucnonb3oBaTb TeopeMy O npegene CyMMbl 1 pasHOCTU OYHKLUA.

yr: lim f(X+AX)—f(X)i lim g(x+Ax)_g(x):
Ax—0 Ax Ax—0 Ax

lpou3eodHasi npou3seedeHusi pyHKYUU
Ecnn  dyHkumm f(x) n g(x) anddepeHumpyeMbl B Touke X, TO pyHKumns

y =f(x)-g(x) ToXe AuddepeHUMpyeMa B TOYKE X U ee NpPoV3BOAHAasl BblYMCIAETCS MO
npasuny:

(F(x)-g(x)) = f'(x)- g(x)+ flx)- ' (x).
Hokazamenbcmeo
Cocrasum npupatlenne Ay ans dyHkumm y = f(x)-g(x).
Ay = fla+Ax)glr+Ax)- flx)g(x).
Mpn6aBnm U BbIMTEM BbipaxeHue f( ) (x + Ax) ¥ crpynnupyem criaraembie nonapHo.
Ay = [/ +Ax)- gl +Ax)= f(x)- g(x+ Ax)]+ [f(x)- glox+Ax)= £(x)- g(x)]
13 nepBoi CKOBKM MOXHO BbIHECTU OBLUMIA MHOXWTENb g(x + Ax) a 13 BTOPON — f(x)
Ay =[flr+ax)= ()] gl ax)+ £(x)- [g(x+ Ax)—g ()]

BbipaxeHus B ckobkax npeactasnsaoT cobon npypatieHns dyHKUUn f(x) Z g(x), noaTomy

Ay =A f(x) glx+Ax)+ f(x) A g(x).

Toraa, ncnonb3ysa onpenerneHne I'IpOI/I3BO,EI,HOI/I MOXHO 3anuncartb:

e i 2~ i AL sl 80D b sl
A)H()Ax A)Ho Ax
y’ﬂ%{%@'g("w)”(?‘)'%@)

|/|CI'IOJ'Ib3yFI TeopeMbl O npenerne CyMmmbl 1 npon3seaeHus beHKLI,VIVI, nony4nm:

= tim S0 i oo o) ) im 250

N3  gudpdpepeHumpyemoctn  yHkumm  f (x) cnegyeTt, 4TO CyWEeCTBYeT KOHEYHbIN
. Aflx
npegen lim ﬁ:f'(x).
Ax—0  Ax

3 gudpdpepeHumpyemoctn pyHKLMM g(x) cnefgyeT, YTO cyllecTByeT KOHeYHbI npenen

. Ag(x) ,
1 =/ = .
Jim =0 =g)

10



Tak kak guddepeHuMpyemas B Touke X (yHKLMSA g(x) HenpepbiBHA B 3TOW TOYKE, TO NO

onpeneneHuio HermpepbiBHOM yHKumK  lim g(x + Ax) = g(x). CneposaTenbsHo,
Ax—0

V' =(1(0)-g(0) = /') g@)+ £(x)- '(x)-
Cnedcmeue

Ecnu dyHkuns f(x) OnddepeHumpyema B TOUKE X, @ C - KOHEYHOE YMChOo, TO (PYHKLMS

y = cf(x) TOXe gnddepeHunpyema B TO4KE X U MpU 3TOM

(- f(x) =e- /().

Jokazamenbcmeo
!

(c-f(x) =c'- flx)+c- fx)=c- f'(x).

lpou3eodHast YacmHo20

Ecnn dpyHkuun f(x) " g(x) anddepeHunpyembl B Todke X U g(x);tO, TO pyHKUMA

f(x)

y= TOXe anddepeHuMpyema B TOMKE X U ee NPOM3BOAHAs BbIMUCIISETCS MO NpaBuny:

g(x)

(fuq[,fu»ga-f@ygux

Hokazamenbcmeo

CoctaBuM npupallenne Ay ana pyHkumm y =

S(x)
2lx)’
Ay= SO+ Ax)  flx) [+ Ax) gx)= f(x)-glo+ Ax)

glx+Ax)  glx) glx+Ax)- g(x)
|'|p|/|6aBMM N BbIMTEM B 4ucnuntTene BblpaXeHune f X g(x n Crpyl'lrwlpyeM cnaraemsbie

nonapHo. Monyyum

Ay = Ll Ax)g(x) =/ (x)egx)- ! (x)g(x +Ax)+ [/ (x)g(x) _

_ G+ AxJe(x)- £ (x)g

M3 nepBoii CKOBKM MOXHO BbIHECTM OBLLMIA MHOXWTENb g(x), a u3 BTOpon — f(x) Torga

npupawieHue Ay 3anuieTca B Buae:

py = Ll &0)= ()] glo)= f(x)-glo+ Ax) - ()]

glx+Ax)- g(x)

A S()-gle)- /() A gls)
AT ) g+ )

|/|CI'IOﬂb3y‘i| onpepgeneHve, sanviem BblipakeHne ansa ﬂpOVI3BOﬂ,HOIZ B Bnge

A i AS () g(x) = f(x)- A glx).

"= lim — = lim
a0 Ax - a0 g(x)- g(x + Ax)- Ax

3aTteM, nposeada nopg 3HaAKOM npepena ToXAeCTBEHHbIe I'IpeO6pa3OBaHVIﬂ N yyqnTbiBad, 4TO

, unu

g(x) He 3aBUCUT OT nepemeHHon Ax , npeobpasyem ero

11



y':L.nm(g( 1 [Af(x)-g(x)—f(x)-i(")n

g(x) Ax—0 x+Ax) Ax Ax

Tak kak f(x) n g(x) HEe 3aBUCAT OT nepemMeHHon Ax , To Mo Teopemam o npegenax nosyyYmm

=i g #1289,

N3 anddepeHumpyemoctn  f (x) crnenyeT, 4TO CyLlecTBYeT KOHeYHbI npeden

Af (x)

lim —:f'(x). U3 andpdpepeHumpyemMocT (M HENpPepbIBHOCTH) g(x) cregyet, 4To

Ax
CYLLECTBYIOT KOHEYHble Npeaensl  lim Ag_(x) =g'(x) n lim g(x + Ax) = g(x). Mostomy
Ax—0  Ax Ax—>0
/'(x) gla)- f(x)-'(x)

g’ (x)

V= o U ) £ 1) () =

Teopema o npou3eo0HOU o6pamHOU hyHKYUU

Ecnn dyHkums y(x) MOHOTOHHa Ha MNPOMEXYTKe (a;b) n anddepeHuupyema B Touke

xXe (a; b), TO cyuiecTByeT obpaTtHasa pyHKUMA X = x(y), KoTopas auddepeHumpyema B To4Ke
Yy W ee nNpon3BofHas onpeaenseTcs n3 COOTHOLIEHUS

Hokazamenbcmeo

®yHKUmA x(y) AnddepeHumpyema B TOMKE ), €Cnn CyLLeCTBYeT KOHEYHbIN npeaen

X = 1 Ax
g A;IEOAy'

. A
Ookaxem 3T0. [MOCKONbKY NO YCMOBUIO CYLLECTBYET KOHEYHbIN npenen lim Ey = y'(x),
Ax—0

npun4yem B cuiy MOHOTOHHOCTU y’(x) * 0, TO NO TeopemMe O npeaere 4aCTtHOoro cyulecTtsyet U

KoHeueH npegen lim —=——.
Ax—0 % '(x)
U3 andpdepeHumnpyemMoct dyHKUUN y(x) B TOYKE X crnefyeT ee HenpepbiBHOCTb B 3TOWM
Touke, a 310 o3HauyaeT, uto npu Ax — 0 npupawenue dyHkumm Ay — 0. YuuteiBas aTo,
MoxHo oT npeaena npu Ax — 0 nepentn k npeaeny npu Ay — 0. Torga

lim ——= lim ——= lim 2% = x(y)
A;gloﬂ Ay—0 AV Ay—>0 Ay Y7
Ax Ax

Mpou3eodHas cnoxHol hyHKYUU
Ecnv  dyHkuma u(x) anddepeHumpyema B TouYke X U QOYHKUMA yzf(u)
auddepeHumpyema B Touke uzu(x), TO cynepno3avums pyHKUMA (CrioXkHast yHKUUS)
12



y:f(u(x)) anddepeHumpyemMa B TOY4Ke X UM ee npous3BogHasi Mo MNepemMeHHom X
BblHYMCIIAETCA NO npaBuny:

"t '
yx - fu : ux '
npu 3TOM HWXHWE MHAEKChl MOKa3bIBaloT, NO Kakow nepemeHHon 6epeTcst NponsBoaHasi.
Hokazamenbcmeo
A ()
Yy = lim .
Ax—0

YMHOXUM YncnuTeslb U 3HamMeHaTenb Apobu noa 3HakoMm npefena Ha npupawenne Au # 0,
nony4nm

, .
y. = lim
o Ax—0

A flu) Au . Aflu) ,. Au
(A2 i 2L gy B
Tak kak yHKUMnA u(x) onddepeHupyemMa Todke X, criegoBaTeribHO, OHa B 3TOW TOYKe
HenpepbiBHa. Moatomy npupaieHme dyHkumm Au —> 0 npu Ax — 0. Mepexoas B nepsom
comHoxuTene ot npeaena npu Ax — 0 k npegeny npu Au — 0, nony4mm
Aflu) . Au

" = lim — " lim :
Y Au—0 Au Ai—)OAx

N3 audbdpepeHumpyemoctn dyHKumin f (u) " u(x) cnepyet, 4To 0D0a npegena CyLlecTBYHOT,

KOHEeYHbl U paBHbl MPOU3BOAHbLIM NO MNepemMeHHbIM U W X COOTBETCTBEHHO, TO €eCTb
'

y;c = fL; Uy
3AMEYAHUE
MpaBuno anddepeHunpoBaHma cynepnosnuum yHKUUn (CROXHON yHKLMKW) cnegyeT noHumaTb
Tak, YTo ecnum TpebyeTcs BbIMUCIUTE NPOU3BOAHYIO OT PYHKUMKN ) = sin? x , TO cnepyeT UMeTb B

- 2 .
BUAY, YTO BbIYMCMSIETCS MPOM3BOAHAs Cymeprnosvumn yHKuMn y =u", roe u =sinx. Toraa

!

!’
2 .
crieyeT BblUMCTIUTL MPOU3BOAHYID V), = (u )u =2u 1 Npon3BOAHYIO U’ = (sm x) x =COSX.
Oanee no npasuny anddepeHunpoBaHns CAOXHON YHKLUN
y'=2u-cosx=2sinx-cosx.

M3 pokasaHHbIX TeopemM [aHHOro naparpada MOXHO cdopmynmMpoBaTh criegyrowime
npasuna gngdepeHunpoBaHus:

1. (c) =
2 (f(0)+5()) = /' (x)+ /().

(o))
<
=

1l
e
=
=

=
N—
N
=

1l
=

INg
=

1.5. TlpousBoAHbLIE OCHOBHbLIX 3fIEeMEHTapHbIX PYHKLUUN

Mcnonb3ya TeopeMbl npegblgywero naparpadga, MOXHO nonyuutb opmynsl  Ans
BblYMCMNEHNS MPON3BOAHBLIX OCHOBHbIX 3N1eMEHTaPHbIX OYHKLMIA.

13



lpou3eodHasi cmeneHHOU hyHKUUU

’
(x“) =ax®!

Hokazamenbcmeo

! o o
. A ; x+Ax) —x
y'=(x°‘)= lim 2 = hm( ) :
A0 Ax  Ax—0 Ax
B uncnutene opobu nof 3Hakom npenerna MOXHO BbIHECTU 3a CKOBKy, a 3aTeM M 3a 3HaK

o < < o
npegena MHOXUTeNb X, KOTOPbIK HE 3aBUCUT OT NepeMeHHOU Ax . Torga ansa npon3BogHOU

MONYy4YMM BbIpaxeHne
, x“{ﬁ+§ﬁ“—q
y’ = (x(l) = hm = xa 111’1’1

Ar—0 Ax Ax—0 Ax

X

@+Mf—y

MockonbKy dyHKUNA % aBnsetca 6eckoHeyHo manor npu Ax — 0, To no Tabnuue

3KBUBANEHTHbIX 6@CKOHEYHO ManbiX cnpaseanneo

o
Ax Ax
I+— -1 ~ a-—.
X Ax—0 X
Ax\*
3ameHsisi nog 3Hakom npepena GeckoHeuHo manyt | 1+— | —1 Ha akeuBaneHTHywo eii
X
BeckoHeyHO Manylo o, - —, Nony4Yum
X
’ oc’ a 1: OL'% o3 o-1
y=x") =x" lim =x -Z=a-x .
Ax—0 Ax *

lMpou3eodHasi aKcnoHeHyuanbHOU U NokazamesbHOU yHKYUl

(ex)! =e”; (ax)' =a” -Ina)|

Hokazamenbcmeo

4 . A ‘ x+Ax  x
y'=(ex) = lim Y= lim & ~¢
Ax—0 Ax  Ax—0 Ax

B uucnutene aopobu non 3Hakom npegena MOXHO BbIHECTW 3a CKOOKY, a 3aTem U 3a 3Hak

X < < o
npegena MHOXUTENb € , KOTOPbI HEe 3aBUCUT OT NepeMeHHOU Ax . Torga gns npon3BogHOU
noJsly4ynMm BblpakeHune

Ax
, Y . ete™ =t ) et -1 Y -1
y'=l') = lim —— = lim =e" lim
Ax—0 Ax Ax—0 Ax A—0  Ax
Ax
Mo Tabnuue 3KBMBANEHTHbIX GeckoHeyHo manbix e —1 ~ Ax. 3ameHsia nog 3HaKom
Ax—0

Ax .

npenena 6eckoHe4YHO Many GyHkumio e~ —1 Ha okBMBaneHTHylo el GEeCKOHEYHO Manyo

Ax , nonyunm

!
. Ax
y'z(ex) =¢" lim —=¢"
Ax—0 Ax
[ns nokasaTenbHOM (yHKUMM C niobbiM ocHoBaHwem a >0 u a #1 npoussogHas

BblHYMCIIAETCA NO npaBuny:
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(ax)' =a*-Ina,

! !
_ _Ina x| _ | xIna
MOCKOSIbKY MO OCHOBHOMY rorapmdMmyeckomy Toxaectsy a=e , 170 |\a” | =\e .
Mcnonb3ys npasuno anddepeHunpoBaHus CrioXXHON yHKLUN, NOMy4nuM

(ax)l = (ex'ln“), = eI -(x~lna)' =a"-Ina.

lMpou3eodHasi no2apugmudeckoll hyHKyuu

!

(lnx)’ :l; (log,, x) =;.
X x-Ilna

Jokazamenbcmeo

Ons dyHkumm vy =Inx onpepeneHa obpaTtHas yHKLWS x=e. Mcnonb3ys npasuno
anddepeHunpoBaHma obpaTHOM OyHKLMK, MOSTYyYnM

(Inx), = ——==.

Mpasuno gudpdepeHumpoBaHns  norapummyeckon  yHkuMM € NPOM3BOSIbHBLIM
ocHoBaHveM a >0 wun a+#1, MOXHO BbIBECTM, WCMOMb3ys CBOWCTBA norapudma

Inx
log, x =——_Torpa
Ina

(loga x)’ :(ln_xJ =L-(lnx)' =L-l; (loga x)’ =—.
Ina Ina Ina x x-lna

lMpou3eo0dHbIe MpPu20HOMempuUYecKUX (OyHKYuUU

! ! !

(sinx) =cosx; (cosx) =—sinx; (tgx) :%; (Ctgx)’ _ )

ﬂoxa3ame.nbcmeo

Y . A
Mo onpegeneHuio NPOU3BOOHOWN y'=(smx) = lim Ey Mpencrasme npupatleHue
0

PYHKLMU Ay:sin(x+Ax)—sinx no copmyne npeobpasoBaHUs Pa3HOCTU CUHYCOB B

npousseneHve B Buae Ay:2-sin%-cos(x+%), nony4uM crieflylollee BblpakeHue Ons
npou3BoaHOM
o 2sin%cos(x+%)
(sinx) = lim .
Ax—0 Ax
Mcnonb3yss Tabnuuy  SKBMBANEHTHbIX OECKOHEYHO MarnbiX  (OYHKUMA, N0  KOTOPOM
sin% ~ % 3aMeHVM Moj, 3HaKkoMm npegena 6eCKoOHeYHO Marnylo sin% Ha GEeCKoHe4YHo
Ax—0
manyo %
o 2-%-cos(x+%) . N
(s1nx) = lim = lim cos(x+7).

Ax—0 Ax Ax—0

M3 HenpepbIBHOCTU (DYHKLMM COS X crieayeT, yto lim Cos(x+%)= COS X . 3HauuT,

Ax—0

!

(sinx) =cosx.

15



!

YTtobbl AokasaTtb, YTO (cos x) = —sinx, NpeacTtaBuM COSX = sin(% - x) no copmyrne

npuBeaeHns, a 3aTeM BbIYMCNUM MPOU3BOOHYIO MOMNYyYEeHHOM (PYHKLUMU, UCNONb3yd NpaBuio
anepeHunpoBaHna CROXHON YHKUUN.

(cos x), = (sin(% - x))'x = cos(% - x)- (% - x),x = cos(% - x)- (=1)=—sinx.

sin x
Tenepb BbIMUCAMM MPOU3BOAHYIO ANA YHKUMM y =tgx. lMockonbky tgx = , TO
cosXx

MOXXHO UCMOJIb30BaTb NPaBuUio AUdPEPEHLMPOBAHNSA YAaCTHOMO ABYX DYHKLMIMA.

!

(tgx)r :(Sinx)l _ (Sinx)’ 'COSX—sinx-(cogx)

CosXx 0052 X

B €oS X - cos x —sin x - (—sin x) B cos? x +sin” x

0052 X COS2 X

) 2
|/|CI'IOJ'Ib3yFI OCHOBHOE TpUroHoMeTpuyecKkoe ToXAeCcTBo SIN~ X+ COS™ X = 1 , nony4ynm

! 1
(tgx) =—L—
COS X

BbipaxeHue ans npom3BogHON OYHKLUUKM y = ctg X MOXKHO NOMYYnUTb, UCMONb3YS OCHOBHOE

TpUroHoMeTpuyeckoe ToxaecTBo tgx-ctgx =1 u BblpasvB U3 Hero dyHkuMO Ctgx no
1 -
dhopmyne ctgx=—-= (tg x) L Tenepb MOXHO ncnonb3oBaTtb npasuno
tgx

AnddepeHunpoBaHns CrOXHON OYHKLUN.

(etex) =((tgx)) =—1-(tgx)2 - (1gx) =

B (t )_2 I cos” x I 1
=-\gx 2 ) 2 .2
coS” x SIn“x cos” x sin” x

lMpou3e00HbIe 06pamHbIX MPU20HOMEeMPUYECKUX OYHKUUU

(arcsinx)l :%; (arccosx), = —;2.
I-x 1-x
' 1 ' 1
arctgx) = ; larcetgx) =— :
( s ) 1+ x> ( s ) 1+ x2

Hokazamenbcmeo

OyHKUMA Y = arcsinx onpegenieHa Ha NpPOMexyTke xe[—l; 1] M ee 3HayeHus

npuHagnexat npoMeXyTK el—5,5] paTHada HKUMA XISiIl onpepgeneHa Ha
ytky y€|-3;5[ O6 y y

NPOMEexXyTKe y € [—%; %] Mo npasuny anddepeHUMpoBaHnsa 06paTHOM OYHKLIMKN, BbIMUCTTUM

NPOU3BOAHYIO A4St (OYHKLMM ) = arcsinx .

(arcsinx)’ =y, = Lt 1

!

Xy (siny), Cosy

q)yHKLI,MIO COS Y MOXHO BblIpasnTb 4Yepes (byHKLI,I/IPO Sil’ly N3 OCHOBHOIO TPUrOHOMETPUYECKOIro

cosy = +4/1—sin’ y .

16
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Mockonbky y € [—%; % , 4TO COOTBETCTBYeT MNepBOA W YeTBEpPTOM  YeTBepTaM
22

TpuroHomeTpuyeckoro kpyra, To cosy > 0. CnegosatenbHo, cosy =4/1—sin”y, rge

sin y = x . Toraa Anst NPOM3BOAHOM ANs PYHKUMM ) = arcSin X crnpaseanyBo PaBeHCTBO:

(arcsinx)' = ! - :
\/l—sinzy \/l—x2

Ons BbluMcneHns I'IpOVI3BO,EI,HOl7I oT beHKLJ,I/IVI y=arccosx wucnonbdyem cCOOTHOLWEeHne

arcsin x + arccos x = % W BbIPa3UM K3 Hero arccosx =7 —arcsinx. [lonee MOXHO

ncnonb3oBaTb Npasuno A depeHuUMpoBaHns pasHOCTU ABYX (DYHKLUNNA.
1 _ 1
\/ 1-x? \/ 1-x?

CDyHKLI,I/IFl y= arctgx 3afjaHa Ha NPOMEXYTKE X € (— 0, OO) N ee 3Ha4YeHuda npuHagnexart

(arccos x)’ = (% — arcsin x)’ = (%)’ — (arcsin x), =0-

NPOMEXYTKY ye(—%,%). Ha npomexyTke ye(—%,%) onpegeneHa obpaTHas dyHKUUA
x=tgy. [Ona BbluMCNeHUSs ee MPOWU3BOAHOW MOXHO  UCMOMb30BaTb  MPaBWIIO

onddepeHumpoBaHnst obpaTHOM yHKLMK.

, o1 1 1 2
Yy =(arctgx)x =x_': = =Ccos” y.
y (tg y) y %os2 ¥
M3 ocHOBHOTO  TpUroHOMeTpuyeckoro Toxgectsa 1+ tg2 y= 12 cnegyet, 41O
cos” y
2 1 ! 2 1 1
cos” y= 5 CneposaTenbHo, (arctg x)x =cos" y= = 5 -
I+tg”y I+tg”y 1+x
Ons BblMUCNEHNA MPOM3BOAHON OT (OYHKLMM y =arcctg x WUCMOMb3yemM COOTHOLLEHWe
arctg x + arcctgx = % W BbIPA3UM 13 Hero arcctg x =7 — arctg x . [lonee MOXHO ucrornb3oBaTh

npasuno anggepeHunpoBaHnsa pasHoOCTUN ABYX (PYHKUUA.

(arcctg ) = (5 - arctgx) = (5) - (aretg x) =0~ 1
arcctgx) = (— —arctg x) = (—) —larctgx) =0— =— .
2 2 1+ x? 1+ x?
lMpou3eodHbie 2unepbonuyeckux hyHKUUl
'Mnepbonnyecknmmn HasbiBalTCS criegytowmne hyHKUNK:
et —e” . et +e” 5
shx = T — runep6onuyeckuin cuHyc; chx = T — rMnepOoNNYECKNIA KOCUHYC;

shx . chx .
thx = T — runep6onuyecknin TaHreHc, cth x = h_ — rMnepBonMYEeCcKNin KOTAHrEHC.
chx sh x

Ana runep6onuyeckmx yHKLUUIA cripaBeanuBbl COOTHOLLIEHUS:
ch? x—sh? x = 1; ch? x+sh? x= ch2x; 2shx-chx=sh2x;
1
l+cth?x=

2 2
ch” x sh” x
[ns nponsBoaHbIX runepbonuyecknx pyHKUMIN cnpaBeanvBbl COOTHOLLEHNS:

thx-cthx=1; 1+th?x=

(shx)’ =chx; (chx)' = sh x; (thx)' = 12 ; (cthx)' =— ,
ch” x sh”™ x
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ﬂoxa3ame.nbcmeo

(shx)' :(ex —exJ _etre” =chx; (chx)' =(ex +e_x] _ee” =shux.

2

(thx) = = , TaK Kak

' (shxj _sh'x-chx—ch'x~shx_chzx—shzx 1
ch? x ch? x ch? x

chx
ch?x—sh’x=1.
r(1 1 1 ch’x 1 1
th x th“x ch”x sh”x ch”x sh” x
Mony4yeHHble pe3ynbTaThl 3anuwiem B Tabnuuy 3.

Ta6nuya 3. lpou3eodHble OCHOBHbLIX 3/IeMeHMapHbIX hyHKUUU.

(x“) = o x*! (arcsin x), _ 1
1-x?
(ex) =e* (arccosx)’ __ !
1-x*
(ax) =a" ‘Ina (arctgx)’ _ ! >
I+x
(lnx)’ =7 (arcctgx), = —1+ 5
x
(log, x)’ _ 1 (shx) =chx
xIna
(sin x)' =COS X (ch x)l =shx
(cosx)’ =—sinx (thx g
ch? x
’ 1 ! 1
t = thx) =—
liex) cos? x (eth) sh? x
' 1
(ctgx) =——
sin” x

1.6. [lNpumepbl BbIYMCNEHUA NPOU3BOAHbIX

lMpumep 1
2
Bbluvicniute nponssoaHyto yHKUMM y =e
PeweHue

Mo npasuny guddepeHUMpoBaHUS CIIOXHOW (PYyHKUMKM criegyeT cHadvana BblMUCIUTL

2 .
NPpon3BOAHYIO 3KCMNOHEHTbI NO €€ CITIOKHOMY aprymeHTy —x . OT0 03Ha4aeT, YTo B TabNMYHOM

2

!
NPOV3BOAHOWM (ex) =e" nepeMeHHYId X HYXHO 3aMeHUTb NepemMeHHoin —x°. 3Ty

2
NPOW3BOLHYIO HEOOXOAMMO YMHOXWTb Ha MPOM3BOLHYK OT CIIOXHOIO aprymeHta —Xx~ no
nepemeHHon x . [pasuno audpdepeHumnpoBaHna 3agaHHOM YHKLMM MOXHO 3anucatb B
cneaywowem Buae
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lMpumep 2
Bbluncnute nponsBoaHyo yHKUMN ) = 1/cos(3x -2 )
PeweHue

1
3apaHHas yHKUMS ABRAsieTCa cynepnosvumen Tpex yHkumm y = (cos(3x—2))2. byaoem

aunddepeHumpoBatb 3Ty (PyHKUMIO, UCMOMb3ys npasBuna AnddepeHunpoBaHus, HauymMHas C
BHELUHeN, CTeneHHOoN OYHKLNN:

V= ((cos(3x - z))é)' (cos(3x-2)) -(3x—2)

Mpu aTom cneayeT MOHUMAaTb, YTO AUddEpeHLMpPYs BHELLHIOW YHKLUMIO (CTENEHHYIO Unu
KOCWHYC), HEMb351 MEHATb €€ CMNOXHbIA apryMeHT. Vicnonb3yst Tabnuuy nponsBogHbIX, NOy4mMm

y'=1 cos (3x—2)-(~sin(3x-2))-3.
yrlpOCTI/IM nony4yeHHoe ans I'IpOV|3BOﬂ,HOl7| BblpakeHne
,  3sin(3x-2)
2,Jcos(3x-2)

lMpumep 3

BbluvcnuTe NpousBoHyo pyHKUMK Y = arctg\/; ‘Inx.

PeweHue
Mo npasuny guddepeHumpoBaHus NponsseaeHNs QyHKLUA

V= (arctg \/;) ‘Inx+arctg/x - (In x)' :
Mo Tabnuue NponsBoaHbIX (1n x)' -1 :
x

®yHKUMA arctg+/x SBNAETCS CIOXHOW, ee NPOU3BOAHYIO CrieayeT BbIYMCNATL MO NpaBuny
AndpdepeHLMPOBaHUSA cynepnoavumm yHKLMN.

s 3] <ot 5] (5 =

lMpousBoaHasa 3agaHHON PyHKUMN paBHa

1 1 1
= -ln x + arct \/;-—.
Y 1+x 2\/; 8 X

N\'—

R B
j_?xzz .

3AMEYAHUE 1

I'Ipowasop,Haﬂ CTeneHHOon (*)yHKLI,VIVI Y =+ X O04eHb 4YacTo BCTpe4aeTcsd B 3afadvax. PeKomeH,u,yeM
€e 3alnoMHUTb

lMpumep 4

BbluncnunTe nponaBodHyo yHKUMN Y = ———.
3s1nx
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PeweHue

Mo npasuny guddepeHuMpoBaHMs YacTHOrO ABYX (PYHKUUKW, MPOM3BOAHYIO OT 3a4aHHOWN
PYHKLMN MOXKHO 3anucaTb B BUAE:

' (tgi)’ 3sinx —tg%~(3sinx)'
- s P

i o
DYHKLMM tg% n 3% _ crnoxHble. MMO3TOMY MPOM3BOAHBIE OT 3TWUX (PYHKLMIA MO

MepeMeHHON X  BbIYMCIIMM, UCMONb3ys npaBuiio  AnddEPEHUMPOBAHNA  Cyneprno3numum

dyHKUMNIA
() =ed) -(1).

npOI/I3BOD,Ha$-| oT CbYHKLI,I/IVI tg% no nepemeHHoﬁ % nony4yunTcd, ecnn B Ta6ﬂI/I‘-IHyI0

! 1
NPOV3BOAHYIO (tg x) = ——— MO/CTaBMTL NMepemeHHyHo % BMECTO NEepPeMeHHOI X , TO ecTb
COs” X
' 1
el L
¥ cos? L

X
!

1 -1
I'IpOI/IsBOLI,Haﬂ [_ MOET ObITb BblYMCIIEHa Mo Ta6ﬂV|L|,e, eClnn y4ecCTb, 4YTO %: X n
X

ncnonb3oBaTth Npasusio andgdepeHunpoBaHnsa cteneHHon OYHKLNN, TO eCTb

B R,

X

e s
X X

Torpa

Ccos X
AHarnormyHo, no npasuny AnddepeHuMpoBaHMa cynepnosvummn (yHKUUN Bbl4UCNAETCS
npon3BogHasa oT pyHKUMK 3smx
U !
. . [ .
(35"”) = (35””) -(sinx) =3""*.In3-cosx.

I'IO,D,CTaBVIM BblHMUCIIE€HHblIE MNPOU3BOAHbLIE B (bOpMyﬂy angd ﬂp0|/|3BO,U,HOl\;I 4aCTHOIo “
3anuem npon3BoaHyro OT 3a,D,aHHO|7| (pyHKU,VlVl B BUAe:
— 553 —tgL.3%"" . In3- cosx

’ 0052 L'XQ
X

Y= 32sinx
3AMEYAHUE 2

1
I'Ipowasop,Haﬂ CTeneHHOon d)yHKLI,VIVI Y =— 04€eHb 4acTo BCTpevaeTCcd B 3afa4ax. Pekomer.yeM ee
X

3anoOMHUTb
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lMpumep 5
x ctgx
BblumcnuTb NponsBogHyo yHKUMM Yy =| ——— .
arcsin2x

PeweHue

3agaHHas QyHKUMS HasbiBaeTcs MokasaTernbHo-cTeneHHol. [Mpexae YeM BblYMCNSTb ee
MPOM3BOAHYI0, 3anuweM 3Ty (PYHKLMIO, UCMOSb3ysi OCHOBHOE JorapnMmMyeckoe TOXOECTBO

X ctgx
Inf| ———
y=e (arcsin2xj

BblHOCS Mokasatenb cTeneHu 3a 3Hak norapmbma, N pacKpbiBasd norapmch YacCTHOro,

(Inx-1 i
MoMnyYeHHOE BbIPaXeHe MOXHO 3anucaThb B Buae: ) = gctex(lnx—In arcsin.x)

y= ey Monyunm

Torga, anddepeHunpys ero no npasuny aupdepeHUNpoBaHNA CRNOXHOM  YHKLMM,
nony4um

. '
yr — ectgx-(ln x—In arcsmx) . (ctgx . (lnx —In arcsinx)) —

= ectgx(nx-ln arcsinx), l(ctg x)’ -(In x —In arcsin x)+ ctg x - (In x — In arcsin x)' J:

ctg x-(In x—In arcsin x) .

. 1 1 1
=e 5 -(In x — In arcsin x)+ ctg x| — — .

sin”® x x arcsinx L/1_,2

1.7. YpaBHeHMue KacaTenbHOM K KpMBOW. Yron mexay KpuBbIMMU.

YpaeHeHue kacamesnibHOU

Ecnun dyHkuma y = f(x) andpdbepeHumpyema B TOUKE X, TO ypaBHEHWE KacaTenbHOW K

rpacpuky aToM OYHKLMK B TOYKe C abcumccon X umeeT Bua

y=f"x)-(x=x0)+ f(xo)|

Jokazamenbcmeo

Bbino gokasaHo, 4To NpousBoaHas AMdMEPEHLMPYEMON B TOUKE X YHKUUM ) = f(x)
paBHa yrnoBoMmy KO3(MPUUMEHTY KacaTernbHOW, NPOBEAEHHOW K rpaduky yHKLUUN B TOYKE C
abcumccont x(y . CnefoBaTenbHO, ECMW 3anMcaTb ypaBHeHWe kacaTenbHou B Buge y =kx+b,

10 k= f'(xo ) Toraa ypasHeHue npumeT Buz
y=f'(x0)-x+b.
MapameTp b onpegenuM, yunTbiBasi, YTO KacaTemnbHas MPOXOAUT Yepe3 TOYKY (xo, f (xo ))
MNMoacTaBue B ypaBHeHWE KacaTenbHOn X = X, ) = f(xo ) nosly4ymm
f(xo):f'(xo)'xo +b.
W3 aToro cooTHOWeHusi creayeT, 4to b= f(xo)—f'(xo)-xo N ypaBHEHWE KacaTeslbHOW

npumMmeT Bua:

y:f’(xo)'(x_xo)+f(xo)-
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lNMpumep 1
HanuwwuTe ypaBHeHWe KacaTerlbHOM K rpaduky PyHKUMM y =e* B Touke C abcumccom
Xog = 0.

PeweHue
YpaBHeHVE KacaTenbHONW 3anuwiemM B Buae:

y=f'(x0)-(x—x0)+f(x0).
Mockonbky  f"(x)= (e") =", f'(x)=€e"=1, f(x;)=€"=1, To kacatenbHas k rpacpuky
3ajaHHON (PYHKLMM B TOYKE X = 0 sapaetcsa ypasHeHuem y=x +1.

lMpumep 2
1

Hangute yron mexay KpmBbIMn ==Mn =4/ X B TOYKe UX nepeceveHuUs.
X

PeweHue
Yrnom mexay KpuebIMU, Nepecekarommmcs B Touke ¢ abcumuccon Xy, HasbiBaeTcs yron

Mexay WuX KacaTtelibHbiMWU, npoBefeHHbIMU B 3TON TOuKe. nOCKOﬂbe ypaBHeHue %:\/X

“MeeT OAMH KopeHb X = 1, To KpuBble NepecekaroTcs B Touke ¢ abeumccon X =1.

HanomHum, 4to yron wexany npAaMmbiMY, 3afaHHbIMWM  ypaBHEHUAMU y=k1X+b1 n

y=k,x+b,, onpegensietcs no dopmyne

T
1+k1 'k2 ’
!
1 1 5 y
Tak kak | — | = —— > TO yrnoBou koacbpuumMeHT k| kacaTenbHON K rpaduky yHKLMK
X X
y :% B Touke abcuuccont Xy =1 paseH: k; =—1.
!/ 1 5 5
Tak kak \/; = , TO YrmoBoi koapuumeHT k, KacaTenbHoW Kk rpacuky yHKLUMN

24/x

¥ =4/x BTouke abcumccoit xy =1 paBeH: k, = %
k2 — kl % +1

CnepoBaTenbHo, tg@ = = =3, oTkyoa cneayet, 4TO yrom Mexay
I+ki-ky 1- %

KpuBbIMK (p = arctg 3.

4. KOHTPOIbHbIE BOMPOCHI M0 TEOPUN

1. Kak onpegensietca npoussogHasi yHKLMK f(x) B TOYKe X ?

2. Kak xapakrtepuayeT rpaduk pyHKummn y = f(x) yucno f’(xo) - 3HayeHue Npou3BogHOMN
3TON (DYHKLMM B TOUKE Xy ?

3. Kakasa dyHkums f(x) HasblBaeTcs AndpdepeHLpyemMon B ToUke X ?

4. fensaetca nu anddepeHuMpyemast B TOYKe X (PYHKUMSA HENPepbIBHON B 3TOWN TOYKE?

5. Bcerga nu HenpepbiBHas B TOUYKE X (PYyHKUMA andepeHumpyema B 3TON TOUKe?
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10.

11.

12.

13.

14.

15.

16.

17.

&

©No o

9.

10.
1.
12.

3apaHa yHKUMa Yy = f(x) Kak BbisicHute OygeTr nu oHa anddepeHumpyemorn B
HEeKOTOpOn Touke?
MoxeT nun pyHKumna y = f(x)+ g(x) ObITb He AMddEepPEHLMPYEMON B HEKOTOPOW TOYKE 13

ee obnactm onpegeneHus, ecnn  YHKUMK f(x) n g(x) ABNSAOTCA

andpepeHumpyeMbiMy B 3TON ToUkKe?
Mo kakomy nNpaBuny BbIYUCNAETCHA NPOU3BOAHASA CyMMbl ABYX (OYHKLIMA?

Myctb pyHKUMM f(x) n g(x) ABnaTCa A depeHUnpyemMbIMU B HEKOTOPOM TOYKE.
Byoet nu dyHKumMA y=f(x)~g(x) anddepeHunpyemMornt B 9TON TOYKE U MO KaKoMy
npasuny BblYUCIISETCH ee Npon3sBoaHasn?

Myctb pyHKUMM f(x) n g(x) aBnaTca A depeHUnpyeMbIMU B HEKOTOPOM TOYKE.

f(x)

g(x)
BblYMCMSETCA ee Npon3BoaHasa?
Kakass dyHKUMA HasbiBaeTca Ccynepnosvuuert  (CNoXHOM  OYHKUMEN) HECKOIbKUX
3rieMeHTapHbIX PYHKLMIA 1 NO KakoMy npaBuiy oHa auddepeHumpyetcs?

Bcerga nu gudpdbepeHumpyema B 9TOM TOYKE (PYHKUMSA ) =

M MO Kakomy MnpaBumy

Mo kakomy npaBuny BbIMUCAAETCA NMPOU3BOAHAA ANS CTENEHHOW PYHKUUN ) = x"?
Mo kakoMy MpaBuny BLIYMCRSETCS NMPOM3BOAHAS ANS NoKasaTenbHOW yHKLMM y =a™ n

3KCMOHEHTHl Y = e ?

Mo kakoMy NpaBuIy BbIYMCASIETCS NPOU3BOAHAS ANS norapudmmyeckon yHkumn y = Inx
ny=log,x?

Kak BbIMAAST npaBuna BbIYUCTIEHUS] MPOW3BOAHbLIX TPUrOHOMETPUYECKUX  (DYHKLIMIA
y=sinx, y=cosx, y=tgxun y=ctgx?

Kak BbIrMSAAT npaBuna BbIYACTEHUS MPOWU3BOAHLIX OBPaTHBIX TPUrOHOMETPUYECKMX
yHKUWit y = arcsinx, y = arccosx, y =arctgx n y = arcctgx?

Kak BbIrmsgsT npasuna BblYUCTIEHWSI MPOM3BOAHBIX rMnepbonmMyeckux yHkuMin y =shx,
y=chx, y=thx n y=cthx?

5. BOMPOCbI ANnA NOAroTOBKM K SK3AMEHY

OnpepeneHve Npon3BO4HON U €€ FreOMETPUYECKNIA CMbICHT.

Onpegenexve dyHkuMKn, auddepeHupyemon B Toudke. Heobxogumoe u goctaTovHoe
ycnosue gndpdepeHunpyemMmocTu.

Teopema o0 cBA3M Mexay AMddepeHLMPYEMOCTbIO U HENPEPbLIBHOCTLIO.

MpousBoaHas QYHKUMKU, TOXOECTBEHHO paBHOM MNOCTOsIHHOW. [lpou3BoAHasi CyMMbl U
pasHOCTU (PYHKLMNA.

MpounssogHas npousseneHns QPyHKLUNA.

[MpounsBoaHasa YacTHOro (PYHKLMIA.

MpounssogHas cynepno3vumm hyHKLUI 1 NPOM3BoAHas 0OpaTHOM OyHKLUN.

MponseogHasa cteneHHOoN OYHKLNKN, SKCMOHEHTbI 1 NOKa3aTenbHOW (OYHKLNN.

MpounssogHas norapudmmnyeckon yHKLK.

[Mpon3BoaHbIE TPUTOHOMETPUYECKUX COYHKLINIA.

lMpoun3BoaHbIe 0OPATHBIX TPUFOHOMETPUYECKUX (PYHKLIMA.

MponssogHble rnnepbonuyecknx MyHKLUMNA.

6. BbINMWUCKA 13 KANEHOAPHOIO MNAHA NMPAKTUYECKMX 3AHATIAN

23



	ISBN 
	 
	(   СПбГМТУ, 2005 
	5. Дифференциальное исчисление функций одной переменной. Часть 1 (8 часов). 
	1. Дифференцирование функций одной переменной 
	1.1. Производная и ее геометрический смысл 
	Определение 1 
	Определение 2 
	Геометрический смысл производной 
	Доказательство 


	1.2. Дифференцируемая функция 
	Определение 1 
	Необходимое и достаточное условие дифференцируемости функции 
	Доказательство 
	Определение 2 


	1.3. Непрерывность и дифференцируемость функции 
	Теорема 
	Доказательство 
	Пример 1 
	Пример 2 
	Определение 


	1.4. Правила дифференцирования 
	Производная функции, тождественно равной постоянной 
	Производная суммы и разности функций 
	Доказательство 
	Производная произведения функций 
	Доказательство 
	Следствие 
	Доказательство 
	Производная частного 
	Доказательство 
	Теорема о производной обратной функции 
	Доказательство 
	Производная сложной функции 
	Доказательство 


	1.5. Производные основных элементарных функций 
	Производная степенной функции 
	Доказательство 
	Производная экспоненциальной и показательной функций 
	Доказательство 
	Производная логарифмической функции 
	Доказательство 
	Производные тригонометрических функций 
	Доказательство 
	Производные обратных тригонометрических функций 
	Доказательство 
	Производные гиперболических функций 
	Доказательство 


	1.6. Примеры вычисления производных 
	Пример 1 
	Решение 
	Пример 2 
	Решение 
	Пример 3 
	Решение 
	Пример 4 
	Решение 
	Пример 5 
	Решение 


	1.7. Уравнение касательной к кривой. Угол между кривыми. 
	Уравнение касательной 
	Доказательство 
	Пример 1 
	Решение 
	Пример 2 
	Решение 



	5. Дифференциальное исчисление функций одной переменной. Часть 1 (8 часов). 
	Основная 
	Дополнительная 





