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COOEPXAHME KOMNEROWYMA

TemaTuyeckuit NnaH 2 —ro cemecTpa.

Bbinncka n3 kaneHgapHoOro nnaHa nexkuun.

TeopeTnyeckun matepuman.

KoHTpornbHble BONPOCHI N0 TEOPUM.

Bonpochkl Anst NOArOTOBKM K 3K3aMeEHY.

Bbinncka 13 kaneHgapHOro nnaHa nNpakTUYeckux 3aHATUN.

Tect no Teme 5. «AndpepeHumnansHoe ncumcneHne yHKLMIN OOHOM NEPEMEHHOMY ..
PekomeHgoyemasa nutepartypa.

OTBeTHI K TECTY.



1. TEMATUYECKWUM NMNAH 2-r0 CEMECTPA

Tabnuuya 1. Temamu4eckul nnaH

PacnpepeneHue yacoB

Ay,EWITOpH ble 3aHATUA

Ne
TeMbi HasBaHue Tembl Beero U3 HUX CamocTonATenbHas
Bcero paGOTa
ayAUTOPHbIX Nekumu MpakTnyeckue
3aHATUSA
5 ﬂ?¢¢epeHuma~anoe ucumncrieHne  yHKUURA 48 8 16 12 20
O[HOW nepemeHHon. YacTb 2.
6 OuddepeHumansHoe  ncuncneHne  yHKUni 38 26 12 14 12
HECKOIbKMX NEPEMEHHbIX.
7 I/IHTerpavanoe ncunucneHne YHKUMA OfHON 66 44 o4 20 22
nepeMeHHOMN.
8 Panbl. 38 28 20 8 10
Bcero 3a 2 cemecTp 190 126 72 54 64




2. BbIMWCKA 13 KANIEHAAPHOIO MNAHA NEKLIA

5. OuddepeHumanbHoe ucunucneHme PyHKLUM O4HON NepeMeHHOMN.
Yactb 2 (16 yacos)

1.

1.

OuddpepeHumnan n ero reomeTpuyeckun cmbicn. dopmyna anddepeHumnana. lNpasuna
ouddepeHumposanma.  OuddepeHuman cnoxHon  dyHKkuuun.  MHBapmaHTHOCTb
dopmynbl nepsoro auddepeHumana. OudpdepeHumpoBaHme HesiBHbIX QYHKUMA W
YHKUMIN, 3adaHHbIX napameTpuyecku. [1pnbnvkeHHble BbIYMCEHUS C  MOMOLLIbIO
andpepeHumana (2 yaca).

MpoussogHble 1 AudepeHumansl BbICWMX MNOPSAKOB. MOHOTOHHbIE — PYHKUUN.
Heobxogumble n JoCTaTouHbIe YCNOBUSA BO3pacTaHns 1 ybbiBaHusa pyHKumi (2 yaca).
Teopembl ®epma, Ponns, n INlarpaHxa. MNpasuna Jlonutana. BelumcneHme npenenos ¢
nomoLubto npasuna Jlonutansa (2 yaca).

OnpepneneHne akctpemyma. Heobxogumoe ycnosue akcTpemyma. [ocTaTouHble
ycnoBust  akcTtpemyma. OcTpbii  akcTpemyM.  KpuTudeckne  TOYKM  OYHKUMM.
WccnenoBaHne dyHKLMI C MOMOLLBIO NEPBOV NPOM3BOAHON (2 Yaca).

BbINnyknocTe M BOrHYTOCTb (OYHKLUWA. YCMOBWE BBIMYKITOCTU (BOFHYTOCTU) hyHKUUN.
Toukn nepermba. [JoctaTouHble YCNoBusi TOUKM nepermba. ViccnegoBaHue yHKUMIA C
MOMOLLIbIO BTOPOM NpPon3BoaHON (2 yaca).

AcumnToTbl rpadumka OyHKUUKN (BEpTUKANbHbIE M HaKIMOHHbIE). [locTpoeHne rpadumkos
dyHKunn. Hanbonbllee 1 HauMeHbLUee 3Ha4YeHUs pyHKUmMI (2 Yaca).

MuorouneHn Tennopa. ®opmyna Tennopa n MaknopeHa. OcTaTouHbIN YneH opMynbl
Tewnnopa B dpopme [NeaHo n MlarpaHxa (2 4yaca).

dopmyna MaknopeHa Ansi OCHOBHbIX 3neMeHTapHbIX yHKUMA. BelumcneHne npegenos
c nomoupto dopmyn Tewnnopa u MaknopeHa. NccnegoBaHne yHKUMA C NOMOLLbIO
NPOn3BOAHbIX BbICLLMX NOPSAKOB (2 yaca).

3. TEOPETWYECKMM MATEPWAN

Ta6bnuua 2. Oz2naeneHue

OudbcpepeHumpoBaHue pyHKLUN OOQHON NepeMeHHOMN.

1.2. OnddepeHunan. MNMpounssoaHble 1 auddepeHumanbl BbICLLIMX NOPSAOKOB.

e [uddepeHuman. Popmyna guddepeHumana.

e [lpaBuna anddepeHUnpoBaHmus. "eomeTpuryeckmn CMbICI
andpgepeHumana.

e HBapuaHTHOCTb chopMyrbl AnddepeHumana.

e [lponsBogHkle YHKUMIA, 3aaHHbIX napamMmeTpUYeCKM.

OnbdbepeHumnpoBaHme HesIBHbIX YHKLWIA.

e Bbluucnenne anddepeHumana. [pubNMKEHHblE BbIMUCIEHUSI C
nomoLbto andpepeHumana.

e [lponsBogHble BbICLLUMX NOPSOKOB.

o [nddepeHumnansl BbICLLUMX NOPSOKOB.

UccnepoBaHue yHKUUNA.
2.1. MoHOTOHHbIE pyHKUMK. Teopembl ®Pepma, Ponna u IarpaHxa. [Npasuno

Jlonutana.
e MOHOTOHHbIE pyHKUMW. [IPU3HAKM MOHOTOHHOCTMW.
e CBowicTBa PYHKUMIN, HEMPEPBIBHBIX HA 3aMKHYTOM MPOMEXYTKE.
o Teopembl ®epma, Ponng , Narpanxa. MNpasunollonutans.

2.2. ViccnepoBaHue (OyHKUMIA U NOCTPOEHNE rpadonKoB.

e ccnepoBaHue (yHKUMIA C NOMOLLIbIO NEPBON MPOU3BOSHOMN.
e ViccnepoBaHue (yHKUMIA C MOMOLLLIO BTOPOW NPOM3BOSHON.
e AcumnToTbl rpadumka yHKUMK.

e Hawubonblee U HaMeHbLUee 3HAYEHUS HEMNPEPLIBHOM HA 3aMKHYTOM
NPOMEXYTKE (OYHKLMN.

2.3. ®opmyna Tennopa. WccnegoBaHne YHKUMA C MOMOLLBI MPOU3BOAHBLIX

BbICLLMX MNOPSOKOB.
e MHorouneH Tennopa.
o  ®opmynbl Tennopa n MaknopeHa.



e  ®opmynbl MaknopeHa ansg HEKOTOPbIX 3NeMeHTapHbIX (OYHKLMA.
e [lpumeHeHue copmynel Tennopa.
e lWccnepoBaHune OyHKUMIA C MOMOLLLIO NMPOU3BOAHbIX BbICLLUMX NOPAOKOB.

1. OudcdepeHumpoBaHme hyHKLUM OAHON NepeMeHHON
1.2. [OudcdepeHumnan. NMpoussogHblie u andcepeHumansbl BbICLUMX NOPSAAKOB

OudcdpepeHumnan. dopmyna auddepeHumnana
OnpedeneHue
MycTb yHKUMSA f(x) AndbdepeHumpyema B Touke X, NpuHagnexailen ee obnactu
onpegeneHnss u nycTb Ay=f(x0 +Ax)—f(x0) — npvipaileHne YHKUMKM B TOYKE X .
INnHenHasa OTHOCUTENbLHO MpupallleHns aprymeHta Ax 4acTb npupalleHvss pyHKUUMKU B 3TOW

TOuKe Ha3blBaeTCs ee dughghepeHyuanom n obosHavaeTca dy .

3AMEYAHUE
Tak kak npupalleHne Ay dyHKUMKM, AnddepeHLMpyemoin B TOYke X, NPeacTaBUMO B BuAe
Ay = f'(xo)- Ax + OL(A)C)'A)C, TO NIMHENHO OTHOCUTENLHO AX YacTbio NMpuUpaLLeHns PyHKLMM

siensieTcs nepeoe cnaraemoe f(x, ) Ax .

M3 onpeneneHnsa crnegyet oopmyna andpdpepeHumana:
dy = f'(xp)- Ax
B npounsBonbHOM ToYKe X dhopmyna auddepeHumana nmeeT BUA:
dy = f'(x) Ax
Mockonbky AnA  yHkuMM y =Xx B NOOOM Touyke nNpou3BoHas f’(x) =1, 7o

AnddpepeHuman Ans Hee COBMagaeT C ee nMpupalleHneM, To ecTb dy = dx = Ax . YunTbiBas
aTo, hopMyny Ana audpdepeHumana 3an1coiBatoT B BUAE:

dy = f'(x)-dx
N3 onpepenenns u dopmynbl  auddepeHunana cnegyet, 4YTO MNpUM  BbIYUCNEHUM
anddepeHumana cnpaseanunebl Npasuna, aHanornyHele npasunam auddepeHumnpoBaHns

MpaBuna audcdepeHumnpoBaHus
=0, ecnn ¢ = const .
d(c- f( )) (f(x)) ecnu ¢ = const .
)+ )) d(f(x)d(g(x)).
x)-glx))=d(f(x))- g(x)+ £ (x)-d(g(x)).
d(f (x )J d(f(x))-g(x)- f(x)-d(g(x))

gz(x) , ecnm g(x);t 0.

lMpumep
Boluncnute auddeperHuman @yHkuumn y = cos?x-V1-x% B NPOU3BOSIbHOM TOUKE X .

PeweHue
Mo npaBuny BblYMCReHNa auddepeHLumana nponsseaeHnsa aByx yHKLMI, 3anmem

dy:a’(coszx)‘\ll—x2 +coszx-a’( l—xz).

YuuTbIBas!, YTO a’(cos2 x): (cos2 x)x -dx =2cosx - (~sinx)-dv,



d(\/l—x2)=(\/l—x2 )'x -dx:%'(l—xz)_% -(—Zx)-dx, nomny4nm

dy =2cosx-(—sinx)-v1-x?dx+cos? x- —2 - (= 2x)dx =
2v1-x
=(2cosx-(—sinx)-\/1—x2 +cos? x-—-1 = -(—2x)}-dx.
2y1-x

Feomempuyeckuli cmbicn dugpgpepeHyuana
leomeTpnueckn aunddepeHuman paBeH rpupaweHuro opduHambl  KacamersibHOU,
nNpoBeZieHHON K rpaduky pyHKUMM B ToUKe auddepeHumpyemMocTi.

JHokazamenbcmeo

Mycte AB — kacaTenbHas, npoBefeHHasi k rpacuky PyHKUMM B Touke X . Mo cdopmyne
anddepeHumnana dy = f'(xo)- Ax . Takkak f'(xo)=tga, To dy = tgo- Ax . U3 TpeyromnbHMKa
ABK (puc.1), BugHo, uto tga-Ax = BK, roe kateT BK saBnsieTca npupalleHMem opauHaThl

KacaTenbHow k rpacpuky dpyHkumm. CnepgosatensHo, dy = BK .

YA Br-—

P ——

=Y

X Xy + Ax

Puc.1

UHBapuaHTHOCTL hopmynbl gudcepeHumana

Teopema 1

dopmyna ans auddeperumana dy = f'(x)'dx obnagaeTt CBOWICTBOM MHBApWUaHTHOCTY,
TO €CTb COXpaHsieT CBOW BUA U B TOM Crly4ae, ecfin X He NpocTasi nepeMeHHasi, a HekoTtopas
dyHKUMSA.

Hokazamenbcmeo

Bbino gokasaHo, 4To Ans AuddepeHumana cnpaseanuea dopmyna dy = f'(x)~ dx , ecnu
X - npocTas nepemMeHHas.

[ycTb Tenepb X aBnseTca yHKUMEN OPYron nepemeHHon f. To ectb X = x(t), roe t -

npocTtasi nepemeHHasl. Toraa dyHkums y = f (x) SABNAETCA CNOXHOW (PYHKLMEN npoCToun
nepemMeHHonm ¢: y = y(x(t)). Mo dopmyne ansa auddpepeHumana
dy = [y(x())] - .
Mo npasuny auddepeHLMpoBaHNs CIOXHOW OYHKLIMK
D) e = vy,
a Tak kak Xx;-dt=dx, TO QuddepeHuman dy MOXHO 3anucatb B Buae

dy=y, -dx= f'(x)-dx , TO ecTb dhopMmyra andpdepeHLmana CoxpaHaeT CBON BUA.



Cnedcmeue

W3 TEeopeEMbI 1 cnenyeT, 4YTo NPoOn3BOAHYHO y’ (byHKLI,VII/I y= f(X) MOXHO 3anuncbiBatb B

d y . y y
Buge |V’ = d—z He3aBUCUMO OT TOro, SBNSAETCA X MPOCTON NepeMeHHON Unn pyHKLUMen apyrow

nepemMeHHomn.
WHorga ygo6HO BblMMCHATb AndddepeHuman, He packpbiBas OO KOHUA MNpPOM3BOAHbIE
CNOXHbIX (PYHKLUMIA, @ NONb3YACh MHBAPUAHTHOCTbLIO €ro hopMYyIbl.

lMpumep

arctg3 x

Bbluncnute gnddepeHuman gyHkunm y = 3 B NPOU3BOSILHON TOYKE X .
3

—5x

PeweHue
Mo npaBuny BbluMcieHNa anddrepeHumana 4YacTHOro ABYX (PyHKLUMI, 3anuiiem

gy = d[arctg3 xj _ d(arctg3 x)-\3/3 —5x —alrctg3 x-d(3\/3 —Sx)
Y = 3/3—5)6 - (M)Z

PackpbiBas  guddepeHumansi a’(arctg3 x) " d(\3/3—5x), nonyYum BblpaxeHue Ans

anddbepeHumana dy B crnegytollem Buae
2
3arctg” x darctgxR/3 - 5x —arctg® x 1 (3-5x)73d(3 - 5x)

(3\/3 — 536)2

3arctg® x-dx-—L -3/3 — 5x—arctg’ %(3 - Sx)_% (=5)-dx

1432
(3\/ 3-5x )2

NN, oKOH4YaTerbHO,

2
3arctg? x - 12-3\/3—5x+arctg3x-§(3—5x)_§-
dy = Lx N dx .

(3\/3 — 5)6)2

MpousBoaHble byHKUMNA, 3afaHHbIX NapamMeTpuyecku. AuddepeHunpoBaHue HeIBHbIX
hyHKLMN

Teopema 1. lpou3zeodHas ¢hyHKyuuU, 3a0aHHOU NnapaMmempu4yecKu

* (p(t) roe t —
y=0()
napameTp u ecnu OyHKLUn (p(t) " (I)(t) anddepeHUMpyemMbl B TOYKE £, TO PYHKUMA ) = f(x)

Takxe ;J,Vlc*)cbepeHu,leyema B TO4Ke X(f) n ee npoum3soaHaaA BblHUCNAETCA NO npaBuny:

Ecnv dyHkums y :f(x) 3afjaHa napameTpUYECKUMMU YpaBHEHUSIMM {

Hokazamenbcmeo

Bbino  MokaszaHo, 4TO MPOM3BOAHY ). MOXHO MPEACTaBUTb Kak OTHOLIEHWE

d
AncepeHLmarnos: - &
dx
Mockonbky dyHKLMK (p(t) n ¢(l) andpepeHumpyeMbl B TOUKe {, COOTBETCTBYIOLLEN TOYKe

X, To, ucnonb3ys opmyny auddeperumana, dy u dx MOXHO NPeAcTaBuUTb B BUAE:

_4(0)-dr. dr=o/(0) )i _ o)
dy=0'(t)-dt, dx=¢'(t)-dt . Torpa y'. = o(0)-dr = o)
8



lNMpumep 1
Bbluncnnte  npousBoaHYO y; OYHKLMN y(x), 3ajaHHON  napameTpudecKumMm

x=-L
ypaBHEHUSIMM: Vi,

y=d

PeweHue

Mo Teopeme 0 Npon3BOAHON PYHKLMW, 3a4aHHON NapaMeTpPUYECKN, MOXKHO 3anmcaTtb
37) 13
1,473

ro_ (\/;)t 3 t

5
to.

W

Teopema 2. lpou3zeodHas ¢hyHKUuUU, 3a0aHHOU HesI8HO
Ecnu puddpepeHumpyemas B Touke X  pyHKUUSA y:y(x) 3ajjaHa COOTHOLUEeHneM
F(x, y):O N ecrnv mpu 3ToM (YHKLMS F(x, y(x)) - ouddepeHUpyeMa B TOYKe X, TO

npon3BoOAHYHO y’(.X) MOXHO onpeaennTtb N3 paBeHCTBa

(F(x. y(x))) x =0,
Tak Kak (yHKUUS F(x, y(x)) TOXOECTBEHHO paBHa MOCTOSIHHOW W, CreAoBaTenbHO, ee
Npou3BoaHas pasHa Hymio.
lMpumep 2
Bbiuucnute mpoussogHylo V.., ecrv AuddepeHUMpyemas dyHKums y = y(x) 3apaHa
HESIBHO PABEHCTBOM
Xy+x-p?=3x2=3p? +e¥ =0.
PeweHue
CornacHo Teopeme 2 Npon3BOAHYI0 V. CreAyeT onpeaensTb U3 paBeHcTBa
()c3y+x-y3 —3x2-3y? +exy),x =0.
BbluMCnIUM BCE MPOW3BOAHbIE B NIEBOM YacTM STOMO COOTHOLLEHWS, WCMOMb3ys npaBusia
anddepeHUnpoBaHmus.
3xly+ 7yl 4y  +x- 3%y —6x -6y +e¥(y+ 1. )=0.
W3 nomy4eHHOro paBeHCTBa ONpeaesiiM NPON3BOAHYI0 V' .
(x3 +3x 2 —6y+exyx)-y; =6x-3x2y—y —eVy.

. 6x—-3x2y—y°> —e%y
Yx =

X +3x-92 —6y+e¥x
3AMEYAHUE
AHanornyHo BblumcnaeTca anddepeHuman QyHKUMK, 3aAaHHON HESIBHO.
lMpumep 3
Hangute andpdeperHuman dyHkunm y = y(x), 3a[laHHOWN HESIBHO paBEHCTBOM

x2+y2+,/xy=0.

PeweHue
MockonbKky nepemeHHas y sBnseTcs MyHKUMEN X, TO Nnesas YacTb 33[aHHOr0 ypaBHEHUS

x2 +y2 +4/Xy Takke aBnsetcs yHKUMen Xx. 3Ta YHKUUS TOXOECTBEHHO paBHa HyMIo.

CnepoBartenbHo, ee ,D,Md)(*)epeHLl,VlaJ'l TOXOECTBEHHO paBeH HyIk, TO €CTb

9



d(x2 +y2 +1/xy):O.
Boumncnum  guddepeHuman Kagoro craraemoro B f1leBOW  4acTW, UCMOMb3yd npasBuna
andpepeHumpoBaHms

d(x2)+d(y2)+d(\/5)=0,mnm 2x~dx+2y~dy+wé};\/é.dx=0.

3 nonyyeHHoro paseHcTa onpeaenum auddepeHuman dy .

{ 2x+l\/Z
2y+l X -dy:—Zx-a’x—l Z-abc,vmm dy:—#-dx.
2\y 2\ x 2y+%\/2

y

3AMEYAHUE

Obpawaem Balwe BHMMaHWe Ha TO, 4TO B mpuMepax 2 n 3 npoussogHas u auddeperHuman
HesiBHbIX (PYHKUMIA TakkKe SBMASOTCA HesBHbIMW (PyHKUMAMU. B BblpaXeHns ANS HUX BXOAWUT
YHKUMS Y, BUA KOTOPON HEN3BECTEH.

Beluucnenune auddepeHumana. NpubnmxeHHbIe BbIYMCNEHUS C NOMOLLbIO
anddepeHuymnana.
OundbdbepeHuman aBnsaeTcs QyHKUMEN ABYX NepeMeHHbIX X U Ax . UTo6bl BbIMUCNIUTL €ro
3Ha4YeHWe B HEKOTOPOMW TOYKe X, creayeT 3adaTb He TOMbKO 3HaYeHUe X, HO U BENUuuHy

npupaileHuns aprymeHta Ax .
lNMpumep 1

Haitn 3HadeHve anddepeHumana ans dyHKUum y:m B TOUKE Xy =35 mpu
npupatweHun aprymenta Ax = 0,03 .

PeweHue
Tak Kak anddepeHumnan dy = f’(xo)-Ax, npounssoaHas paBHa
1
f’(x): %(2x—1) 2.2 = \/i , @ 3Ha4YeHNe NpoV3BOAHON B 3aaHHO TOYKe X =5 paBHO
! = 1 = L = l = l . = 1
f'0)= 5 ="5=5 10 dy=4-003=001.
3AMEYAHUE

Ecrmn f’(xo);t 0, To aucbcpeperuman dyHkummn f(x) B TOUKE X ABNAETCA GECKOHEYHO Manown

TOro XXe nopsdnka, 4to AX v oTnnyaeTcs ot npupatwieHua (*)yHKLI,MM Ha GeckoHe4Ho Manyto bonee
BbICOKOIo nopsnka, 4em Ax , TO eCTb Ay ~ dy 9710 Mcnonb3yrT B rlpVI6J'IVI)KeHHbIX BblYMCNEHUAX.

MycTe TpebyeTcs BbIMUCNUTL 3HAYeHWEe YHKUMM f(x) B Touke X, +Ax u umcno Ax

pocrtatoyHo mano. Torga w3 opMynbl npupaweHus yHKUMK Ay:f(xo +Ax)—f(x0)
MO>HO MOJSyYUTb COOTHOLLEHME
fxg +Ax) = fxg)+ Ay = fxq)+dy = fxg)+ f"(x0)- Ax,

B KOTOPOM MnpupaLleHne yHKUUM NpubnmkeHHo 3ameHeHo auddepeHLmanom.
lMpumep 2

Bbluncnntb npubnmkeHHo arctg 1,02 , 3aMeHss npupawieHue dyHKUUK ee
anddepeHumnanom.
PeweHue

TpebyeTcsi BbMMCIUTL 3HaveHWe dyHkummn » = arctgx B Touke x =1,02. MNpeacraBum
X = X + Ax TaK, 4TO6bl 3Ha4YEHNe DYHKLMM B TOUKE X( JIerko BblMMCHsANock, a Ax 6bino 6bl
[OCTaTOYHO (C Y4ETOM TOYHOCTM BbIYUCIIEHUIN) MasnbIM.

10



fAlcHo, 4To B npeanoxeHHoit 3apade yaobHo B3aTb Xy =1 n Ax=0,02. Tenepb
o6o3Haum ), = f(xo), a 3HaveHWe PYHKLMM B TOYKe X NpeAcTaBuM B Buae y = Y, + Ay,
rae Ay — npvpatleHue yHKLMK, COOTBETCTBYIOLLEE NPUPALLEHNIO aprymeHTa Ax .

YunTtblBas  3amevaHue, npupawleHve  GyHkuMM Ay NpUBNUXKEHHO — 3aMeHWM

AndbdepeHumanom B Touke X, npu npupaweHmn aprymenta  Ax = 0,02. TMonyunm

==

yo =arctgl =% ~0,7852, y'= f’(x) = 1% , f'(xo)— L= % Mockonbky
+X
Ay=dy= % -0,02=0,01,70 y=arctgl,02 ~0,7852 + 0,01 =0,7952.

3AMEYAHUE
CnepyeT 3amMeTuTb, 4TO, MOCKOSbKY NpupaLleHne dyHKLMK oTnMyaeTcs oT ee anddepeHumana Ha

6eCcKoHeYHO Manyto ©onee BbLICOKOrO nopdaaka, 4em Ax , TO BblMUCNEHNA caenaHbl C abcontTHOM
NorpeLHocTLI0, He npesocxoasawen 0,02 .
MpousBoaHble BbICWUNX NOPAAKOB
OnpedeneHue 1
MNycTb dyHKUMA y = f(x) AnddepeHuMpyema B Todkax X, U X + Ax. Ecnn cywectsyet
! ’
. Xo+Ax)— f'(x
KOHeYHbIn npegen lim S ( 0 ) S ( O)
Ax—0 Ax
oyrruuu y = f(x) e mouke x, v oGosnauaetcs ", umm f"(x, ).

, TO OH HasblBaeTcsi 8mopol Mpou38o0HOU

Mpu aTOM pyHKUMS y = f (x) Ha3biBaeTcs deax0b! OupepeHuUpyemoli B TOUKE X .

AHanorn4yHo onpeaensaTcs Npon3BoaHbIe Goree BbICOKOro nopsigka f’"(xo), fiv (xo),
7(x,).

3AMEYAHUE

N3 onpeneneHvss nMpousBOAHbLIX BbICLUMX MOPSAKOB CreayeTt, 4To BTOpas Npou3BOAaHas — 3TO
npousBoaHass OT NepBoVi NPOW3BOAHOW, TpeTbsA NpousBoAHas — 3TO Mpou3BodHas OT BTOPOMW
Npou3BOAHON, U Tak Aarnee.

lpumep 1

L4

X o
Bbluncnntb TPETbIO NPON3BOAHYHO Y (byHKLI,I/IM y= — B NMPON3BOJIbHOUN TOYKE X .
e

PeweHue
CHavana BblMMCIIMM MEPBYKO MPOU3BOAHYIO, WUCMOMb3ys MpaBuno AvddepeHumpoBaHns

YaCTHOro ABYX PYHKLINNA:
’
, X l-e* —x-e”
‘ le"f

, e (1-x) 1-x
YNnpocTum 370 BblpakeHne )’ = = Y BBIYMCTIUM BTOPYIO MPOM3BOAHY!O.
X

y”:(l_xj’ e _(l_x)'(ex)' _—e=(l=x)et

e

Mony4eHHOe BbIPaXeHNE MOXHO YPOCTUTD.
V= —e"(1+1-x) —-(2-x) x-2

er e e

N BbIMUCITUTb TPETbIO NMPOUN3BOOHYHO.
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4

y"'=[xe_sz _ (xz)lex(ex(;;ﬂ'(ex)’ e —()ecz—XZ).ex |

KoTopasi IOCHe BCeX BOMOXHbIX YNPOLLEHWI MPUMET BUA
w e (l-x+2) 3-x
y = = .

e2x ex

lMpumep 2
Mony4nte BbipaXKeHWe NPOU3BOAHOW 11 — ro nopsigka y(”) ANa PYHKUuKN y = ln(x + 1).

PeweHue
Monyynm BbIpaXeHWss NS NPOM3BOAHLIX MEPBOrO, BTOPOrO, TPETLEr0 M 4eTBEPTOro
NopsiaKoB, NPOBOAS NocneoBaTenbHoe AnddepeHUMpoBaHne 3agaHHON (YHKLNN.
ol U 12, 123
x+1’ (x+1)* (x+1) (x+1)*

M3 BblpaxeHun Ona  3TUX NPOM3BOAHBIX SCHO, YTO Kaxgoe nocrnegyollee

anddhepeHLMpoBaHe YBENUYMBAET Ha e4UHULY NokasaTenb CTENeHW BbIpaXkeHust (x+1) B

3HamMeHaTene n obasnseT B YMCNUTENb HaTypanbHbIi COMHOXWUTENb, Ha eanHuLy 6onbLumi
npeabigyLero.
3Hakv B MPOn3BOAHbIX YepeayoTes, NPUYeM B NPOU3BOAHLIX YETHOrO MOPSAKa 3HAK MUHYC.
YunTbiBas 370, 3anvLIeM BbipaxkeHue 4518 TPOU3BOLHON NPOU3BOMLHOIO (71 — ro) nopsiaka:
) (Cqy- 1:2:3-(n-1)
yooEw v
(x + 1)
Mpown3BeaeHne Bcex HaTypanbHbIX Yicen oT 1 fo 7 HasbiBaeTcss «n — ¢ghakmopuan» 1
o6osHavaetcsa: n!=1-2-3.--n.

YunTblBas 970 0603HAYEHNE, BbIpaXKEeHWe ANA 71— N NPOU3BOAHON PYHKUMN ) = ln(x + 1)
MO>HO nepenucaTtb B BUae:
oy a1t

g (x+1)" .

lMpumep 3
Mony4ynte BbipaXkeHWe NPOU3BOLHOWN 11 — ro nopsigka y(”) ANa PYHKUMN Y = COS X .

PeweHue

” _ 1

. : Vv
Bbluncrm nocnegosatensHo Y =-—sinx, y"=-cosx, y" =sinx, y" =cosx.

[Nanee npoussoaHble GyayT NoBTOPSATLCA NpU 1 =1+ 4.
Ecnu wncnonb3oBatbe opmynbl NpuBegeHWUs AONA  BbIYUCNEHWUS 3HAYEHUA  OYHKLUMK

cos(x+%) npm n=1,2,3,4, To nerko ybeguTbCsi, 4TO OHWM COBMAZalOT C MPOU3BOOHBIMM

nepBoro, BTOPOro, TPETLENO U YETBEPTOro NOPSIAKOB.
CnepoBaTenbHO, MPOU3BOAHYIO 1 — FO Nopsiaka Anst PyHKUMKM ) = COS X MOXHO 3anucaTtb

B BUAe

y(") = cos(x + %)

lMpumep 4
BblumcnnTb  Npou3BOAHYlO BTOPOro nopsgka oOT  dyHKuuM ) = y(x), 3aaHHoON
x=1>+3t> +4

napamMeTpuyYecKMMn ypaBHEHUSIMU )
y=sin“t

12



PeweHue
BbluMcnum nepByrd NPOM3BOAHYHO y; no npasuny anddepeHunpoBaHmsa ¢yHKLMK,
3a4aHHON napamMeTpUYECKu.
, (sin2 t); 2sint-cost  sin2t
yX = 7 = 2 = 2 .
(t3+3[2+4)t 3t +6t 3t +6t

YTtoObl BbIMUCIIUTD BTOPYHO NPOWM3BOAHYH, y4yTeM, 4YTO Npoun3BoAHas y; Takxke dBNndAeTCA

napameTpuyeckn 3agaHHon dyHKumen. To ecTb nepsasd npoun3sogHas y; 3ajaHa

x=1>+3t>+4
napamMeTpuyeckumun ypasHeHUAMun , sin 2¢

X = 2
3t° + 6t
Ona  BbluMCNEHUA BTOPOW  MPOU3BOAHOM  MOXHO  UCMOMb30BaTb TO >Xe  MpaBuIio
audpepeHLmpoBaHus, YTO 1 ANs NEPBOMN.

: ' 2coszz~(3z2+6t)Lsin 26(61+6)
"o (35112114—26tz ), _ (3t2+6t)z _ 6 (cos 2t (tz + 21)— sin 2¢ (¢ + 1))
2 = . - .
! (t3+3t2+4)¢ 3% +61 (3t2+6t)3

Teopema. MexaHu4yeckuli cMbIcJ1 nepeoli U emopol NPou3eo0HolU
Ecnun x(t) — NyTb, NPONAEHHbIA MaTepuanbHON TOYKOW, ABUXYLLENCS NpsMONUMHENHO, 3a

Bpemsa ¢, TO X,(l‘) — CKOPOCTb TOYKM B MOMEHT BpEeMeHU ¢, a x"(t) — €€ YyCKOpeHune B MOMEHT

BPEMEHM f.
Hokazamenbcmeo
Ax
CpeaHas CKOpOCTb Mexay MOMEHTamu BpeMeHu ¢ u t+ At paBHa Vjy :A—, roe
’ t

Ax = x(t+At)—x(t) — NyTb, NpoiaeHHbIV 3a Bpems Af . CkopocTb v(t) B MOMEHT BpeMeHu ¢
onpefenseTcs Kak npegen cpedHel CKOPOCTM 3a MpoMexyTok Bpemenn Atr npu Af — 0.
Torpa

. . Ax ,
W)= lim vy = lim == = x0).

Av
CpenHee yckopeHue 3a BpemeHs Af paBHO ajy =A—, roe Av:v(t+At)—v(t) -
' t

N3MeHeHne CKOpoCTU 3a Bpemsi At . YckopeHue a(t) B MOMEHT BPEMEHW [ OnpeaenseTcs Kak
npegen cpedHEro YCKOpeHuss 3a MNpPOMexyTok BpemeHu Af npu Ar—0. Torga

alt)= lim a, = lim A )= x"(r).

Cnedcmeue
Ecrun x(t) — CMeLLeHre MaTepuarnbHON ToYkM 3a Bpemsi ¢ BOomnb ocu Ox nop AelCTBUEM
cunbl F(t), TO, UCMOMb3ys BTOPOW 3aKoH HbloToOHa m-a = F', MOXHO 3anucaTb ypaBHeHue ee

OBWKEHNS m-x"(t)zF(t), roe m — macca TOYkM, a F - paBHOAOENCTBYOLLAA BCEX CuI,
NPUMNOXEHHBIX K HER.

OunddepeHumanbl BbiCLUIMX NOPAAKOB.
OnpedeneHue
MycTe dyHKUMs y = f (x) asaxabl avddepeHumpyema B Touke x . JughbghepeHyuanom

8mopoeo nopsidka oT pyHKUUM (x) unu emopsim dugbghepeHyuasiom B TOUKE X Ha3blBaeTCHA
13



anddepeHuman oT ee nepsoro AuddepeHuuana d(dy). Bropoit  andpdbepeHuman
o6o3Havaetcs d> V.

AHanoruyHo onpegensietcs audbdepeHuman TpeTbero nopsaka d 3 Yy, YeTBepTOro nopsaka
d4y, n Tak Janee.

Teopema
Ecnu dyHkuua y = f(x) ABaxabl anddepeHumpyema n x — HesaBucMMas nepemMeHHas,
TO (hopmyna gns BToporo andppepeHumana nmeeT Bua;:

d?y = f"(x)(ax)”.
Hokazamenbcmeo

Mo onpegeneHuto BTOpOro AvddepeHumana d2y=d(dy). WNcnonbays copmyny Aans

nepsoro anddepeHunana dy , nonyyYmm

d*y =d(f'(x)-dx)=d(f'(x))-dx+ f"(x)-d(dx).
Tak Kak Ans He3aBMCUMOWN nepemMeHHon auddepeHuman dx paseH npupaweHnio Ax un He
3aBMCKT OT nepemenHoit x , 1o d(dx)= 0. Torna

d?y=d(f'(x))-dx= f"(x)-dx-dx = f"(x)-dx*.

Cnedcmeue

Ecnun x — HesaBucumasa nepemMeHHasd, To hopmyna ana audpdepeHumana n — ro nopsagka
nveet Bna:

d"y = f(x)-(dx)".
lMpumep 1
HarTtn audpdepeHuman BToporo nopsaaka ans gyHkummu y = SNy
PeweHue
®dopmyna Ans BToporo AuddepeHumnana nMmeeT BUL;
d?y=y"(dx)*.

sinx

Bbiuncnum nepeyto npounssogHyto: y' = e - cosx . 3aTem BblYMCIUM BTOPYIO MPOV3BOAHYIO:

y"=e""" .cosx-cosx +eM - (~sinx).

MNpoBenemM B NOMyYEHHOM BblpaXXeHun BCe ynpoLleHus. Nonyynm
. 5 )
y'=em (cos x —sin x).
MoacTtaBmB, HavaeHHyo hopMyny Ans BTOPOM NPou3BOAHON B dopmyny auddpepeHumana,
OKOHYaTernbHO 3anuwiemM BTopon anddepeHunan B Buae:

d?y = e~ (cos2 x —sin x)- dx?.
lMpumep 2
Haintu doopmyny ans andpdepeHumana n —ro nopagka d"y dyHkumm y =sin x .
PeweHue
Mpwn peweHnn ncnonbdyem copmyny ans auddepeHumnana n — ro nopsiaka
d"y= 1" (x)-(ax)".

Bblumcniim  npouseoaHbie: ' =cosx, " =-sinx, " =-cosx, " =sinx,

y" =cosx=y", ' =" nTak nanee. 3ameTum, uTo y(") = sin(x+%), npn n=1,23,4.

Torpa
14



d"y =sin(x +22). (dx)".

3AMEYAHUE

OnddepeHumansl BTOporo u  6Goree BbICOKOTO MOPSAKOB He obnagalwT  CBOWCTBOM
WHBapuaHTHOCTW, TO €eCTb WX popMyna MeHsieTCsl, eCnM X He SBNAeTcs He3aBUCUMOWn
nepeMeHHON.

Ona He3aBMCMMOM nepemMeHHoW X copmyna BToporo AuddepeHumana uMeeT BUA:

d*y= £"(x)- (dx)z. ECrn X He SIBMISIETCA He3aBUCUMON nepemerHoit, To d(dx)# 0 . Toraa
d*y =d(dy)=d(f'(x)-dx)= f"(x)-(ax)" + f'(x)-d*x.
2. WUccnepoBaHue hyHKUMMN

21. MoHoTOHHbIe pyHKUUN. Teopembl Pepma, Ponns, Jlarpanxa. NMpasuno
NonwuTans.

MoHoTOHHbIe pyHKUMU. PpU3HaKN MOHOTOHHOCTHU
OnpedeneHue 1
OyHkumna  f (x) HasblBaeTCca e8o03pacmaroweli (CTpOro BoO3pacTalollen) Ha NPOoMexyTke
[a,b], ecnu ans nobbiX Xxi,x, e[a;b], YOOBNETBOPAIOLWMX YCMOBUIO X| > X, CrNpaBeasiMBo
fa)> f(x2).
OnpedeneHue 2

OyHkuma f (x) HasblBaeTcs ybrigarowieli (CTPoro ybbiBatoLLen) Ha NPoMexXyTKe [a,b], ecnu
Ans nbbIxX x;,X, € [a;b], y[IOBNETBOPSAIOWMX YCIOBMIO X; > X, cripaBeanmeo f(x; )< f(xz).
3AMEYAHUE 1

Ecnun beHKLI,I/Iﬂ y6bIBaeT nnn Bo3pacTtaeT Ha BCEM TMPOMEXYTKe [Cl,b], TO OHa HasblBaeTCA
MOHOMOHHOU (CTPOr0 MOHOTOHHOW) Ha MPOMEXYTKE [a,b].

3AMEYAHME 2

B onpepeneHun 1 1 2 3Hakn HepaBeHCTBa MeXay 3Ha4YeHUsIMU PYHKLUN MOryT ObiTb HECTPOTUMMU.
Mpwn atom:

ecnu npu x; > X, crnpaseanmso f(xl)z f(x2), TO hyHKUMSA f(x) HasblBaeTcs Heybblgaroujel
(He cTporo Bo3pacTarLLen);

ecnu  npu Xy > X, cnpaeeanveo f(xl ) < f(x2 ) TO  yHKUMS f(x) HasblBaeTcH
Hegospacmaroujeli (He CTPOro yobiBatoLLen).
Teopema 1
MycTb hyHKUMS f(x) oudpepeHLmpyema Ha NpoMexXyTke [a,b].
Ecrm npoussogHas f'(x)> 0 ans Bcex aHaueHmit x € [a; b], To dpyrkums f(x)
BO3pacTaeT Ha NPOMEXYTKe [a,b];
Ecnm npoussoaHas f'(x)< 0 Ans Bcex sHaueHui x [a; b], T0 coyHkums f(x) yGbiBaeT

Ha npomexyTke [a,b)].

Hokazamenbcmeo
Ecnu f'(x) > 0, TO Mo onpeAeneHnio NPOV3BOAHON B TOYKE X CNpaBeaIBO HEPaBEHCTBO
. A . x+Ax)— flx
11m—y>0,vu'|l/| lim f( ) f()>0.

Ax—0 Ax Ax—0 Ax
QOueBUaHO, YTO M3 3TOrO crieyeT HepaBEHCTBO
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x+Ax)— flx
Ax
B cnpaBeanvBocTV NocnegHero HepaBeHCTBAa Ierko yoeauTbesl, ecnv NpeanonioXuTb

S+ Ax)- £ (x)
Ax

obpaTHoe, TO ecTb

<0 u nepentn k npegeny npu Ax — 0. lMNonyyYeHHbI

pesynbTaT f ’(xO)SO NPOTMBOPEYMT YCIIOBMIO U [AOKa3biBaeT BEPHOCTb HepaBeHcTBa (1). U3
HepaBeHcTBa (1) cneayer:
Ax>0= f(x+Ax)> f(x)
Ax<0= f(x+Ax)< f(x)
MockonbKy 3TO BbIMOMHSAETCA BO BCEX TOYKaXx xe[a;b], TO (PYHKUMSI BO3pacTaeT Ha BCEM
npomexyTke [a,b).

= f(x) BospacTaer.

AHarnormyHo fokasbliBaeTcs Teopema Ans yobiBatoLien gyHkumm f (x)
3AMEYAHMUE 3
Ecnn f’(x)ZO Ans Bcex, TO f(x) — HeybblBaloLasa YHKLMA Ha NPOMEXyTKe [a,b]. Ecnu
f'(x)<0 ansscex xela;b], 0 f(x) - HesospacTatowan dyHkums Ha npomexyTke [a,b].
Teopema 2
MycTb pyHKumnA f (x) anddepeHumpyemMa BO BCEX TOYKax NpoMexyTKa [a,b].
Ecnu f(x) BO3pacTaeT Ha NPOMEXYTKe [a,b], TO f'(x)z 0 Ans Bcex 3Ha4eHuUn
x €la,b].
Ecrm f(x) y6biBaeT Ha npomexyTke [a,b], T0 f'(x)< 0 Ans BCex sHaveHuil x € [a,b].
Hokaszamenbcmeo
MycTtb yHKUMS [ (x) BO3pacTaeT Ha NPOMEXYTKe [a,b]. W3 onpepeneHns Bo3pacratoLLen
dyHKUuuKn criegyeT, 4to npu Ax > (0 BbINOMNHAETCS HEPABEHCTBO f(x + Ax) > f(x), KoTopoe
paBHOCUMLHO HepaseHcTBy f/(x + Ax)— f(x)>0.

Ecrun Ax <0, TO ans BO3pacTaloLen PYHKLUMM BbINOMHAETCH
HepaBeHcTBO f(x + Ax) < f(x), unn pasHocunbHoe emy HepaseHcTBo f(x + Ax)— f(x)<0.

CnepoBaTenbHO, BblpaXeHus f(x+Ax)—f(x) M Ax VMMelT OAMHaKOBbIE 3HaKW, U3 Yero
criegyert, 4To

Slsad)- 1)
Ax
Mepexops B nocrnegHem HepaseHCTBE K npegeny npu Ax — 0, nony4mm, 4To
. X+ Ax)- flx
f’(x)zhrn f( ) f()ZO.
Ax—0 Ax
AHanornyHo gokasbiBaeTcs Teopema ans yobisarowen gyHKLn f(x).

3ameyaHue 4

AHanorMyHo [oKasblBaeTcs TeopeMa 2, ecnm yHkums  f (x) BO3pacTaeT unuM yOblBaeT Ha

npoMexyTke [a,b] He cTporo.
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3ameyaHue 5

Puc. 2

CnepyeT vMeTb B BuAy, YTO NMPOM3BOAHAS CTPOrO BO3pacTalolleil UIM CTporo yobiBarollen Ha
npomexyTke [a,b] YHKLMIU MOXKET B KakMx-TO Toukax obpallaTbesl B HOMb. [prmepom siBnseTcs

3 o .
yHKUMA Y =X~ , KOTOpas CTPOro Bo3pacTaeT Ha BCEN YMCNOBOM ocU (p1c.2), HO ee NPOU3BOAHas

y'= 3x? obpalyaeTcs B Homnb npu x =0 .

CBoucTBa (PyHKLUNA, HenpepbIBHbIX Ha 3aMKHYTOM NPOMEXyTKe

HanomHum HEeKOoTOopble CBOWCTBa beHKLI,VIIZ, HenpepbIBHbIX Ha 3aMKHYTOM MPOMEXYTKe,

KOTOpble 6y,u,yT MCNoJ1ib30BaTbCA B 3TOM pa3aerne.

DyHKUNS f(x), HenpepbiBHas Ha NPOMEXYTKe [a,b], NPUHUMAET Ha 3TOM NPOMEXYTKe
Hanbornbllee N HaumeHbLlee 3HavyeHus (puc.3).

DyHKUNS f(x) HenpepbiBHas Ha NPOMEXYTKe [a,b], orpaHuyeHa Ha 3TOM MPOMEXYTKE.
®PyHKUMSA, rpadmnk KOTOPOW MoOKasaH Ha pucyHKke 3, OrpaHMyeHa, Tak Kak

Viaer . < S%)< Vigea -

A
Y VA
Yuaue.
i T -
yHCluM. a X0 bi X
a b X ;
Puc. 3 Puc. 4

Ecnn gyHKums f(x) HernpepbiBHA Ha 3aMKHYTOM MPOMEXYTKe [a,b] N NpUHUMaET Ha

KOHLLaX NPOMEXYyTKa 3HAa4YeHUs1 pasHbIX 3HAKOB, TO OHAa MMeeT XOTs Obl O4MH KOPEHb Ha
3TOM NpoMexyTke (puc.4).

Teopembl Pepma, Ponns, JlarpaHxa.

Teopema depma

Ecrm dyrkums £ (x):

HenpepbIBHA Ha [a,b];

anddepeHuupyema Ha (a,b);

17



MMeeT B TOUKE X( € (a,b) Haubonbllee UnM HanMeHbLLIee 3HaUYeHE;
10 f'(x)=0.
Hokazamenbcmeo

MycTs dyHkums f(x) umeeT B Touke X Haubonbliee 3HadveHue. M3 aToro cnepyet
(pnc.5), uto
npu a < x < x, MOyHKUMA f(x) BO3pacTaeT u f’(x)z 0;
npu xo <x <b cyrkuma f(x) y6uisaeTn f'(x)<0.

CnepoBartesbHo, f'(x) MEHSIET 3HaK B TOUKE X U f'(xo ) =0.

VA

>
X

Q-

a X0

Puc. 5

AHanornMyHo AokasbiBaeTcs Teopema, ecin f(x) MMEET B TOYKE X, HaUMeHblUee
3Ha4eHune.

Cnedcmeue

Ecrm x( € (a,b) (BHYTpPEHHSIA TOuKa) U f'(xo);t 0, To B Touke X (DYHKUMS HE MOXET
“MeTb HU HambonblUero, HU HaMMeHbLUEero 3HadeHus. Ecnm 6bl B Touke X € (a,b) dyHKUMSA
“Mena HamborbLLee UM HAaUMEHbLLIEE 3HAaYEHNE, TO BbINMOMHANOCH Obl PABEHCTBO f'(xo ) =0.

3AMEYAHUE

B nanbHeLleM TOYKU, B KOTOPbIX f '(xo ) =0, 6ynem HasblBaTb CMAULUOHAPHBIMU.

Teopema Ponns
Ecnu dpyHKLMS f(x):
HenpepbiBHa Ha [a,b];
anddepeHumpyemMa Ha (a,b);
fla)= 1),
TO CyLLEeCTBYeT XOTs! Gbl ofHa Touka ¢ € (a,b), Takasi uto f'(c)=0.

A

y

Puc. 6
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Hokazamenbcmeo

1. Ecnn yHKUMSA TOXOECTBEHHO paBHA MOCTOSHHOW, TO TeopemMa O4YeBMOHA, TakK Kak
£'(x)=0 na Bcem npomexyTke [a,b].

2. Ecnn dyHKuma f(x) HEe paBHa TOXOECTBEHHO MOCTOSHHOM, TO OHa WMeeT Ha

NPOMEXyTKe [a,b] Hanbonbllee W HauMeHbllee 3Ha4vyeHusi. Tak Kak f(a):f(b), TO
Hanbonbllee MNM HaMMeHbLUee 3HayeHue AOCTUraeTcs B Kakon-nmbo BHYTPEHHEN TOuKe
ce (a,b), a Torga no Teopeme ®epma f'(c) =0 (pvc.6).

Teopema JlacpaHxa.
Ecnu dpyHkums f(x) ;
HenpepbiBHA Ha [a,b];

anddepeHuupyema Ha (a,b),

TO cywiecTtsyeT TOYKa c € (a,b), ans KOTOpOMU BbINOSNHAETCH ycnosue
f(b)=f(a)=1'(c)-(b~a).
Hokazamenbcmeo

YUTtobbl foKasaTb 3Ty Teopemy, NOCTpouM yHKumo F (x) =f (x)+ AX 1 nogb6epem 4ncrno A

Tak, YToObl 3Ta OYHKUMS YOOBNETBOPSAA YCNOBUAM TeopeMbl Ponns.
MepBble ABa YCNOBWS BbIMOMHEHbI, YTO SICHO U3 BuAa (pyHKUMM. YTOGbI GbiNO BEpHbIM

TpeTbe YCroBMe YMCTIO A [IOMKHO onpeaensTses U3 cootHowenus f(a)+ A a = f(b)+Ab, n3

KOTOPOro crieayeT, YTo A = M .
a-b
Torga ans yHKUMK F(x): f(x)+L£(a)x, YAOBIETBOPSIOLLEN BCEM YCIOBUSIM
a f—

(a;b), takas, uto F'(c)=0. Mockonbky

F(O)= e+ LI g i) SOS) ) p(a)- )0,

a

Teopembl Ponnga, HangeTca Todka ¢

Puc.7

eomeTpunyecknMin cmbicn Teopemsbl JlarpaHxa COCTOMT B TOM, YTO ANsl HEMNpepbiBHOW Ha
NPOMEXYTKe [a,b] n anddepeHumpyemon, nNo KpanHen Mepe, BO BHYTPEHHUX ero Toukax
dyHKUMM BCerga HamgeTcs Todka ¢ € (a,b), KacaTenbHas B KOTOPOW MaparnnefibHa npsmon,

coeauHsIoLLEN TOYKM rpadmka dyHKUMmM ¢ abeumccamn a u b (puc.7).

() f(b)-f(a)

M3 pucyHka 7  [CHO,  uTO tga = f'c)=—————, oTkyga cnegyet

b—a
f(eNo~-a)=f(b)-1la).
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lpaeuno Jlonumans
Ecnun dyHKumm f(x) " g(x) — AnddepeHLpyeMbl B OKPECTHOCTM Us(xo) TOYKN X W

ecnn BbinonHaeTca ycrosne f(x)=g(xy)=0, npuuem f'(xo ) #0 unm g'(xo ) #0, T0

f(x) zm _ f"(x)

0 g’(xo)'

cywecTByeT npegen lim

X=X g(x) 0

Jokazamenbcmeo

f(x)

Mockonbky f(xo)zg(xo)zo, TO OTHOLUEeHne ﬂMO)KHO npeacraBute B BUAe
glx

S0x) _ fx)= 1)
glx)  glx)-glx)
O6e dyHkumn f(x) u g(x) ynosnetsopsioT ycrioBusiM Teopembi flarpakxa B OKDECTHOCTH

Us (xo). Torga no Teopeme Jlarpawxa HanWpytca Touka ¢ € Uy (xo) N TouKa c, € Us (xo),
Takue, 4To Ans Bcex 3HaveHun x € Us (xo) crnpaseanuso
Sx)=£(xo)= /e )(x=x),
glx)-glx)=g'(e;)lx—xo).
Toraa BbipaxeHue Noj 3HakoM npeaena MoXHo NpeacTaBuTs B BUAE
f(x)_f(xo): S e — xo) A
glx)-glx) fle)x-x) fle)

)
f(x) ( al f( ; TaK KaK Npy X —> Xy BbIMOMHSIOTCA

oTKyaa cneayet, yto lim ~——~< = lim

)
X=X g( ) x=xo f (02) (

YCRoBua ¢; —> Xy U Cp —> X;.

3AMEYAHUE 2
MoxHo aokasatb npasuno JlonuTans B o6Llem Buae

lim f(x):[o}: i )

XX, g(x) 0 x—X, g'(x)'

0

370 3aMeyvaHne Nos3BonseT NPUMEeHsTL Npasumno Jlonutansa Heckonbko pas, TO ecTb ANs ABaXAbl
AndepeHUmpyemMbiX B OKPECTHOCTH US (xo) byHKUMIA f(x) " g(x) npeaen ux oTHOLLEHUs
paBeH

€ 1y B € B 1 A CY
lim 1 [0] g"(xo)’

X=X g(x) o _xﬁxo g'x

)
0.
(

B TOM cryyae, Korga f"(xo ) #0 nnn g"(xo

Ecnn xe f"(xo)= g"(xo)= 0, a dyHkumMK f x) " g(x) — Tpyxabl AnddepeHunpyemsl B
okpectHocTn U'g (xo), TO MpPaBuUNO MPUMEHSIETCS elle pas3, U Tak garnee, A0 Tex Nop, noka He
YCTPaHWUTCSt HEONPEeAENEeHHOCTb.
lpumep 1
sinx+e ¥ -1

) , NICNONb3yA nNpaBuIo Jlonutans.

Bblumcnute npegen lim
x—0 X
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PeweHue

sinx+e ¥ —1 [0} . cosx—e {O} .m—sinx+e_x

I
—
=

I

lim—mM = =lim——— =
2 x—0 2x

0

D [ —

x—0 X

3AMEYAHUE 3

Mpasuno JlonuTans cnpaseanqeo 1 B ToM criydae, korga lim f(x)z lim g(x): 0.

XXy XXy
lMpumep 2
Boluncnute npegen lim “’—.x, ncnone3ys npasuno JlonuTans.
Insin x
x—0
PeweHue
1 sin x X
lim 05 = [2]= fim ——=— = lim = lim—— =1
x—>0 SImX xaosiﬁ-cosx x—0xcosx x—0x-1
lMpumep 3
. . tg3x
Bbumcnure npegen lim (sm x) , ncnonbe3ysa npasuno Jlonutans.
x—0
PeweHue
: . tg3x _ |00 o
lim(sin x) =[0"|. Takon BuO HeonpeOeneHHOCTU pPacKPLIBAETCA C MOMOLLLIO
—0

OCHOBHOro norapugmuyeckoro toxgecTtsa. [lpeactaBuM CrOXHO—MNOKa3aTeNbHY (YHKLUMIO
nopj 3Hakom npegena B Buge:

(sin x) 3 = ol _ tesvinGiny)

3arem BblUMCINM npeaen nokasarensa

lim (tg3x - In(sin x)) = [0 - 0] = lim Infsinx) _ F} .

x—0 x>0 ctg3x 0
MNpumeHss npasuno Jlonutans, Nnonyy4um
. 1 )
. In(sin x 00 . sy COSX . sin“3x-cosx
hmgz —|= hmsmx—3=—%hm_—.
x>0 ctg3x ©] x0 —— x—=0 sin x
sin“ 3x

cosx — 1, a 6eckoHeyHo Manble npu x — 0 YyHKUMM sin?3x 1 sinx MOXHO 3aMeHUTb nog
x—0

2
3HaKoOM npepnena 3KBMBaANEHTHbIMU BGeCKOHEeYHO MarnbiMu (pyHKLl,VIFIMVI (3x) n x. YyuTblBasa
3TO, Nony4ynm

. 2 2
L CLIE) IR )0 SRR S lim (9x)=0.
x—0 ctg3x 3550 x 3550 x 3550

Toraa lim(sinx)®> = lim e'®3*Msin¥ — 0 _1_

x—0 x—0
2.2. WccnepoBaHue hyHKUMNA M NOCTpOEHME rpadmkoB

UccnenoBaHue hyHKLUMIA C NOMOLLLIO NePBOM NPOU3IBOAHOMN
OnpedeneHue 1
oyukumst  f(x), onpenenenrasi Ha npomexytke [a,b], umeer B Touke X, € (a,b)
noKarnbHbIi MakCuMyM, €Cr  CyLLIeCTByeT okpecTHocTe U 5(x0), Takasi, uto f (x0)> f (x)

ans seex x € Us(xg).
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OnpedeneHue 2
dyHKUMS f(x), onpenerneHHas Ha NPOMEXyTKe [a,b], UMeeT B TOuKEe X € (a,b)
nokarnbHbI MUHUMYM, €CI CyLlecTBYeT okpecTHocTb Uy (xo), Takasi, uto f (x0)< f (x) ans
BCEX XEUs(xo)-
3AMEYAHME 1
Toukn Makcmmyma n MMHUMyMa d)yHKLl,VIVI Ha3bIBaKTCA TOYKaAMUN 3KCmMpemyma.
Heobxodumoe ycriosue akcmpemyma

Ecnun auddepeHuypyemasi B OKPECTHOCTU TOYKU X PyHKLMSA f (x) MMeeT B 9TOM TOYKe

QKCTpEeMYyM, TO €€ Npomn3BofHas B TOHKE X, paBHa Hynio.

Jokazamenbcmeo

OyHkumsa f (x) yaoBneTBOpSET BCeM ycroBuam Teopembl depma B okpectHocTn U'g (xo).

Toraa no Teopeme Pepma cnpaseanneo ycrosme [ (xo ) =0.

3AMEYAHUE 2
Ycrnosue paBeHCTBa HYMO MPOM3BOOHON SABNSETCH HEOBXOAUMbIM, HO He [0CTaTOYHbIM.

MpyMepom 3TOMY MOXET CRyXuUTb (OYHKUNS y:x3. Ee nponssogHas y':3x2 paBHa Hymno B
Touke x = 0. OnHako dyHKLMS BClofy Bo3pacTaeT (PUC.2) U He UMEET 3KCTPEMYMOB.
Ona wnccnepoBaHua PyHKUMM Ha IKCTpemMyM Gonee BaxHbIM SABMSETCA cChneacTsve u3
HeobX0AMMOro yCroBus.
Cnedcmeue

Ecnn npowssogHaa anddepeHUMpyeMon B ToUke Xy (YHKUUWM OTMMYHA OT Hyns, TO B

TOYKE X HeT aKCTpemymMa.

OnpedeneHue 3

Toukn, B KOTOPbIX MNPOM3BOAHAS 3adaHHOM (YHKUMM paBHa Hynioo, HasblBaKTCA
cmauyuoHapHbIMU.

M3  HeobGXxoammoro  ycrnoBms  9KCTpeMyma  criegyeT, 4TO U3 BCEeX  TOYeK
anddepeHUnpyemMocT PyHKLUN SKCTPEMYM MOXET ObiTb TONBKO B CTaLMOHApHbIX TO4YKaXx.
YT1o6bl BbIACHUTL OydeT N B STUX TOYKax SKCTPEMYM, HeoOGXOAMMO WCMOsb30BaTh
[0CTaToO4HOE YCroBuMe.

HocmamoyHoe ycrogue akcmpemyma
Ecnn dyHkums f(x) AnddepeHumpyema B OKPeCTHOCTM Ug,(xo) TOYKN X, f'(xo)zo "
npoussoaHas f’(x) MEeHSIeT 3HaK Mnpy nepexode Yepes TOYUKY X, TO (PyHKLMS f(x) nveeT B

TOYKE X(; IKCTPEMYM. l'IpM 9TOM:

Ecnu npu nepexoge uYepes TOuMKYy X

npousBoAHas f'(x) MeHsieT 3HaK C nnca Ha /\

MUHYC, TO 3TOT 3KCTPEMYM - MakCUMyM (puc.8); *——p *—p

Ecnn npu nepexode Yepes TOUKY X

npon3eBogHas f,(x) MeHAEeT 3HaK C MMHYyCa Ha - + 'Il\-r‘/
Xn Xo

Mroc, TO 3TOT SKCTPEMYM - MUHUMYM (prC.9).

Puc. 9
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Hokazamenbcmeo
MycTb f'(xo)zo 1 NyCTb NPV Nepexoae Yepes TOUKYy X, NPOV3BOAHas f'(x) MEHSIeT 3HaK
C NMtoca Ha MMUHYC, TO eCTb
1'(x)>0, x<x,
f(x)<0, x> x,
Ha ocHoBaHWUM 4OCTaTOYHbIX YCMOBUA MOHOTOHHOCTU (DYHKLIMKU 3TO O3HaYaeT, YTo AJst BCeX
xeUs (xo) dyHKUMs Bo3pacTaeT npu x < x; U ybblBaeT npu x > x,. Toraa

S)< flx) x<xq
f(x)<f(xo)a x>xp

CneposatensHo, f(x)< f(x,) ans Bcex xeUg(x,), 4To cormacHo onpesenexmo,

Ons BCeX x € Ué(xo).

03Ha4aeT, YTo ToYKa X — TOYKa Makcumyma yHKLWMN.

AHanorn4yHo JokasbiBaeTcsl Teopema, ecnn npousBodHas npu nepexoae 4epes TOUKy X,
MEHSIET 3HaK C MMHYyCa Ha Nnioc.
lMpumep 1

X
WUccneayite cdyHkumio f (x)z ¢ Ha JKCTpeMyM.
x

PeweHue
3agaHHasa yHKUMA onpedeneHa npu Bcex 3HaveHusix x # 0. MpoussogHas 3agaHHOW

, e x—et e'-(x-1
yHKUUK paBHa f (x)z 3 = (2 ) cneposatenbHo, QyHKUUA auddepeHumpyema
X X

Ha Bcen obnactu onpeaeneHuns.
Tak Kak f’(x)z 0 npu x =1, To 3KCTpeMyM MOXET BbiTb TOMbLKO B ToYke X = 1. YT06HI

BbIACHUTbL, €CTb N B 3TON TOYKe 9KCTpEMYM, HaOo BbIACHUTb MEHAET I 3HaK npou3BogHaa npu
nepexope yepes 3Ty Touky (puc.10).

— N + - ’
1 Yy
min
Puc. 10

|_|OCKOJ'Ibe npon3sBogHaA MeEHAET 3HaK B TOYKe x=1c¢ MUHYyCa Ha nJc, 1O B 3TON TO4Ke
3agaHHaA (byHKU,I/IFI nveet MUHNMYyM.

3AMEYAHUE 3
YuutbiBas Teopemy 0 AOCTaTOYHOM YCIIOBMU SKCTPEMYMA, MOXHO ONpedenuTb TOYKM SKCTpeMyMma,
KaK TOYKU, B KOTOPbIX MEHSIETCS XapakTep MOHOTOHHOCTM (OYHKLMN.

3AMEYAHUE 4
MpousBogHasi MOXET MEHSATb 3HaK M B TOYKax pa3pbiBa, TO €CTb B TeX TOYkax, B KOTOPbIX
npoussoaHas f'(x): o0 UMK He cyllecTByeT. Ecnn aTu ToukM BXOAAT B obnacTb onpedeneHvs
(hYHKUMU, TO OHW Takxke SIBNSIOTCS TOYKAMMW ee 3KCTPeMyMa, Tak Kak B HUX MEHSIETCS XapakTep
MOHOTOHHOCTW. TOYKM 3KCTpEeMyMa, B KOTOPbIX MPOW3BOAHAs f'(x):oo WMn He cyluecTByerT,
Ha3bIBalOTCSl TOYKAMU OCTPOrO IKCTPEMYMA: OCMPO20 MUHUMYMa U 0Cmpo20o Makcumyma (puci1).




3AMEYAHMUE 5

CTaumnoHapHble TOUKMU OYHKLMN f(x) a TaKkke TOYKM, B KOTOPbIX MPOM3BOAHAS f'(x)z 00 UMK He

CyliecTByeT, Ha3blBalOTCA Kpumu4YecKuMu. Tonbko B 3TUX TOYKax cnenyet UCkaTb 3KCTpemMyMm
(byHKLI,VIVI. K KpuTU4eCKNMM TOUKaM OTHOCAT TaKKe U TOYKWN paspbiBa (byHKLIMM, TakK KaK B 3TUX TOYKaxX
MOXET MEHATbCA XapaKkTtep ee MOHOTOHHOCTW.

lMpumep 2
Vcecnegynte doyHKkumio y = x3 (x— 2)2 Ha 3KCTPEeMyM.

PeweHue

y’=3/(x—2)2 +x-%(x—2)_% _ 3(x—2)+2x _ 5x-6

33x-2  33x-2
y'=0 npu x :%. y' =00 npu x, =2. MNockonbKy pyHKUMSI onpefeneHa Ha BCeil YNCIIOBO
ocu, TO APYIMX KPUTUYECKMX Tovek HeT. OTMEeTUM Ha YMCMOBOM OCKM TOYKM X U X,. OHun
pa3o6bioT YMCMOBYIO OCb Ha TPU WHTEpBana. BbiICHUM 3HAK NPOM3BOAHOM )’ Ha KaXZoM 13
NOMyYeHHbIX WMHTEPBArioB U MO 3HaKy MPOW3BOAHOM OMNPEAEnMM XapaKTep MOHOTOHHOCTM

dyHKunK (pnc.12). N3 pucyHka SICHO, YTO 3adaHHas PYHKUUS MMEeeT MakCUMyM B TOYUKE X; =%

1 OCTPbIA MUHUMYM B TOYKE X, =2 . Ha pucyHke 12 nokasaH rpadmvk qyHKLMN.

Puc. 12

Ymobbi uccnedosamb hyHKUUIO Ha IKCMpPeMyM Heo6x00uUMO:
BbIYMCINTb NPOM3BOAHYIO 3a4aHHON DYHKLNW;
HalTW BCE KPUTMYECKME TOUKM OYHKLMM, BKITtOYasi TOUKM paspbiBa pyHKUNK;
HaHEeCTU 3TN TOYKM Ha YNCMOBYIO OCb;
onpenenvTb 3HaKk NPOM3BOAHON Ha KaXaAoM U3 NOMyYeHHbIX MHTEPBAroB;
Mo 3HaKy NPOW3BOAHON OMNpeaenTb XapakTep MOHOTOHHOCTM (DYHKLINK;
onpeaenuTb HanMyne aKCTpeMyMa 1 ero xapaktep B KaX4on KpUTMYECKOM TOYKE,

UCKINoYas TOYKN paspbiBa OYHKLNN.

lMpumep 3

. b
Wccnegynte doyHKUmio y = Ha aKCTpemMyM.

eweHue ,:2x(x—1)—(x2+3):x2—2x—3:(x_3)(x+1)
Poenve T T T G

KpI/ITVIHECKVIMM TOYKaMun (*)yHKLI,MVI ABIAOTCA CTalMOHapPHbIE TOYKU X =3n Xy =-1, a Takke

Toyka paspbiBa x; =1. OTMETUM KX Ha YMCNOBOW OCK W OMNpedenuM 3HaK MPOW3BOAHOM Ha
KaXkgoM M3 NosnyYeHHbIX MHTepBanax (puc.13).

* &« — o >
-1 1 3 v
max  paspbie min

Puc. 13
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U3 PUCYHKa ACHO, 4TO (*)yHKLI,VI‘i-I MMEET MaKCUMyM B TOYKE X =—1 wu MWHUMYM B TO4YKe

X, = 3. B Touke pa3pblBa XapakTep MOHOTOHHOCTU HE MEHSIETCS.

UccnepnoBaHue hyHKUMI C NOMOLLLIO BTOPOWU Npon3BoaHon. TOYKN nepernda

OnpedeneHue 1
dyHkumsa f (x) Ha3blBaeTCsa 8bIMYK/IOU 6HU3 (BbIMYKION) HA NMPOMEXYTKE (a,b), ecnu ee

rpadvk NeXuT Bbllle KacaTerbHOM, NPOBEAEHHO B NGO Touke X € (a, b) (pnc.14 a).

OnpedeneHue 2
dyHkumsa f (x) Ha3blBaeTCa 8bIMyKJIol 88epx (BOrHYTON) HA NMPOMEXYTKe (a,b), ecnm ee

rpadvk NEXUT HIDKe KacaTenbHOW, NPOBEAeHHOW B N0OON Touke X € (a, b) (puc.14 b).

YA

|

i |

| |

| | -
a Xo b X

a X0

Puc. 14 a. Puc. 14 b.

Teopema 1

Ecrm dyrkuma f(x) meaxabl avddepeHuMpyema Ha npomexytke (a,b) u BTOpas
nponssoaHas f"(x)>0 ans Bcex 3HadveHnin x € (a,b), To f(x) BbINyKNa BHU3 Ha MPOMEXYTKE
(a,b).
JHokazamenscmeo

1) BosbMeM NponsBONbHYIO TOUKY X € (a, b). YpaBHeHue kacaTenbHOM K rpaduky yHKLMK
B 3TOM TOYKE MMeeT Bua:
= fx0)+ "(x0)- (x = %)
y=flxo)+ fx) (x—xp).
MokaxeMm, 4TO B ntOBON TOUKe xe(a, b) rpapuk  yHKUUKX pacnosioXeH Bbille 9TON
KacaTenbHOMN.
Paccmotpum niobyto Touky xe(a, b), YOOBNETBOPSAIOLLYIO YCNOBUIO X > Xj, U BbIMACITUM

pasHOCTb OpaMHaT hyHKLMK (f(x)) 1 KacaTenbHon (y) B 9TOM TOYKe:
1)y =10 = (o) + /(o) (= x0)) = (£ (x) = S oxg )= S (x0) - (x = x0).
Mockonbky dyHKUmMA f (x) YOOBMNEeTBOPSAET YCrnoBusAM TeopeMbl JlarpaHxa Ha npomexyTke
(x0> x), TO HaNAeTCs ToYKa ¢ € (xo, X), ANs KOTOPOIt CIPaBEANBO PaBEHCTBO

S(x)= f(xo)=f"er)- (x = xo).

YunTbiBas 370, pa3HOCTb OpAVHAT PYHKLMN U KacaTerlbHOM B TOYKE X MOXHO NpeacTaBuUTb B

BUAe
S )=y = 1) (e=30)= /(x0)- (v =)= (£ (1) = £ () (x = xo).
MpouseogHasi f'(x) ymoBneTBOpsieT ycrioBusiM TeopeMsl JlarpaHka Ha MpOMExXyTKe
(xo, ¢;). BHauNT, HaiieTCs TouKa ¢, € (X, ¢ ), ANS KOTOPOIl CIPABEANMBO PABEHCTBO

f'(cl)—f'(xo):f"(cl)'(cl _xo)-

YuuTtbiBas 370, PasHOCTb OPAMHAT YHKLIMKN 1 KacaTenbHOW B TOYKE X MOXHO 3anucaTh B Buae
f(x)—y = f"(cz)' (Cl —xo)-(x—xo).
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Tak kak f"(x)>0 npuecex xe(a,b), a xy<cy <¢; <x (pnc.15), 70 f"(c;)>0 , ¢;—x,>0 n
x—xy>0. CneposarensHo, f(x)—y >0 un rpapuk PyHKUMM B TOYKE X > X, PaCNONOXeH
BblLLEe KacaTernbHON.

XO 02 C] X
Puc. 15

2) PaccmoTpum nobyto TOUKy X € (a, b), YA0BNETBOPAIOLLYIO YCIOBUIO X < X, U BLIYUCIIUM
pa3HOCTb OpAMHAT hYHKLK ( f (x)) 1 KacaTenbHon (y) B 9TOW TOYKeE:!
Sx)=y= 1) = (floxg)+ fxg)- (x = x))= (f(x) = £ (x)) = f(x0)- (x = x0) =
=~(/(xo)= S () + f(x0)- (0 —x)-
Mockonbky yHKUUSA f(x) yOOBETBOPSAET YCMNoBUSAM TeopeMbl JlarpaHxa Ha npomexyTke
(x, xo), TO HaNAeTCs ToYKa ¢; € (x, xo), Ans KOTOPOWA CrpaBeAfIMBO PAaBEHCTBO
f(xg)= f(x)=f'(er) (g = x).
YuntbiBas 310, pa3HOCTb OpaANHAT PYHKLMKN U KacaTenbHON B TOYKE X MOXHO 3anucaTtbh B BUAE
S =y ==1"(er)-(xg = x)+ 1" (x)- (9 =) = (/" (0 )= £ (1)) (g — x).
I'Ip0|/|3Bo,u,Ha;| f’(x) yaoBneTBopAeT YyCnoBuaM TeopeMbl J'IarpaH>Ka Ha MNpOMEeXyTKe
(cl, xO). 3HaunT, HanaeTcs Touka ¢, € (cl, xo), Ansi KOTOPOW CrpaBeAnuBO PaBEHCTBO

f'(xo)_f'(cl)Z f”(cz)‘(xo _Cl)'
YuunTblBas 370, pasHOCTb OPAMHAT DYHKLMKN U KacaTemNbHOM B TOYKE X MOXHO 3anucaTb B BUAE
f(x)—y = f"(cz)'(xo _Cl)'(xo —x).
Tak kak f"(x)>0 npuecex x €(a,b),a x<c; <cy <x, (puc. 16), 10 f"(c;)>0 , xy—¢; >0 n
Xxo—x>0. CneposatenbHo, f(x)—y >0. Toraa rpaduk YHKUMKM B TOYKE X <X, TaKke
pacnonoXeH BbiLle KacaTernbHOW.

Teopema 2
Ecrm dyHkuus  f (x) OBaxabl AndpdpepeHunpyema Ha npomMexyTke (a,b) n BTOpas
npoussoaHas f"(x)<0 ans scex x €(a,b), o f(x) Ha npomexyTke (a,b) BbINyKNa BBEPX.

Hokazamenbcmeo
aHanorm4yHo JokasaTenbCTBy Teopembl 1.

OnpedeneHue 3
TOYKM, B KOTOPbIX MEHSIETCA XapakTep BbINYKNOCTM (YHKUMM, Ha3blBATCA mMoyYkamu
nepezuba.

Teopema 3
Ecnu f"(x0)=0 Z f”(x) MeHsIeT 3HaK Mpu nepexoae 4Yepes TOUKY X, , TO OYHKLMSA f(x)
nmeeT B ToUKe X, neperund.

3AMEYAHUE

BTopas npousBogHass MOXET MeHATb 3HaK M B TOYKe paspbiBa. [MoaTomy Toukamu nepernba
SBNAOTCA TOYKM, B KOTOPbIX BTOpas npou3BoAaHas obpallaeTca B HOnb v 6GeckoHedHa (a
yHKUMS orpedeneHa) u MeHsieT 3Hak.
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Umo6bi Halimu moyku nepeauba e2paghuka pyHKUUU HYIKHO:
e BbIYNCIUTb BTOPYHO MPOM3BOAHYIO 3a4aHHON (DYHKLIMU;
e HalTW BCE TOYKU, B KOTOPbLIX BTOpasi IPOM3BOAHAs paBHa HYMO UMW He CYLLECTBYET;
e HaHeCTU 3TN TOYKK, a TaKKe TOUKM pa3pbiBa PYHKLUN Ha YMCIIOBYHO OCb;
e OnpefenuTb 3HaK BTOPOWM NPON3BOAHOM Ha KaXA0M M3 MOMyYeHHbIX MHTEPBAIOB;
e 0 3HAKy BTOPOM NPOM3BOAHON ONpeaennTb XapakTep BbiMYKIOCTU (pyHKLNK;
e TOuKaMu nepervba GyayT Te TOUKU, B KOTOPbIX MEHSIETCS XapaKTep BbINYKNOCTU (OYHKLIMN,
MCKIoYast TOYKK pasphblBa.

lpumep 1
OnpegenuTe ToukKn nepernba rpadmka pyHKkumm (x) = ln(x2 + 1).

PeweHue

1

x?+1

lMepBasa npousBogHasa 3agaHHOM YHKUUKW paBHa f'(x): -2x. Wccnepys nepsyto

x=0
NPOWN3BOAHYIO Nerko ybeamTbes, YTo PyHKUMSA MMEeeT MUHUMYM B TOYKe 0
y =
Tenepb BbIYUCINM BTOPYIO NPOU3BOAHYIO
x*+1-x-2x _5 1-x? B 2-(1—x)-(1+x)

(x2 + 1)2 (x2 + 1)2 (x2 + 1)2

n uccnegyem ee. Bropasi npoussogHasi MeHsieT 3Hak B Todykax x ==1. lNo 3HaKky BTOpOW
MPOU3BOAHON 1" MOXHO BbISICHUTL XapakTep BbiMyKnocTy dyHKumu (puc. 17).

yﬂ=2.

- /+V y A
0 >
min
- Y In2
_1 1 i y »
nepecut nepeaut -1 o 1 X
Puc. 17
x==I
M3 pucyHka BMAHO, YTO (DYHKUWUS uUMeeT ABe TOoYku nepervnba n2’ Ha pwucyHke 17
y=In
nokasaH rpaduvk 3agaHHon yHKLUN.
lpumep 2
. 3[ s .
Wccnegynmte xapaktep BbINyKNOCTM rpaduka GyHKUMM Yy =3X" U HahguTe TOYKM
nepernba.
PeweHue
’ ’
5 2
Mockonbky nepsas npoussogHas YHKUMM y=(3\/x5j =|x3 =§x3 =%3 x2 BClOAY

NoNoXUTenbHa, TO beHKLI,I/IFl BO3pacTaeT Nnpu BcexX 3Ha4YeHnAx x.
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7~ —
- + "

—o—>
0 4 B
nepecut 0 X

Puc. 18

’

2 _1
BbluMcnivm BTOPYIO MPOU3BOAHYHO y"=(%x3J :%x 3 :T. Btopas npousBogHas He
91/ x

cywectsyeT npu x =0 1 MeHsIeT 3HaK B 3Ton Touke (purc.18). Mockonbky yHKLMSA onpeaeneHa
Ha Bcel yncroBor ocu, To x =0 - Touka nepermda. Npadmk pyHKUUM NOKa3aH Ha pUcyHke 18.

AcvMmnToTbl rpaduka dyHKLUN.

OnpedeneHue 1
MpaAmas x =a HasbliBaeTcs eepmukanbHol acumnmomol rpacduka hyHkummn f (x) ecnu

lim f(x)=oo.

xX—a

3AMEYAHUE 1
7] onpegeneHnd BepTVIKaJ'IbHOVI acuMnToTbl crneayeT, YTO BepTuKalribHble aCMMNTOTbl crieayet
nckatb B To4Kax 6€CKOHEeYHOro paspbiBa beHKLI,VIVI.

3AMEYAHUE 2

Ecrm  lim f(x): © wm lim f(x): 00, TO NpsMas X = d ABNSETCA epmuKabHOL
x—>a+0 x—>a—0

acumnmomodu crnpasea ursnu criesa.

lMpumep 1
Haingute BepTukanbHble aCMMNTOThI rpadvka yHKUMK y = ( 1) ( : 2) ( 3) '
x—=1)\x=2)\x~-
PeweHue
lim 1 =0 lim 1 =
ol (x=1)-(x-2)-(x-3) =2 (x-1)-(x=2)-(x=3)
lim 1 =®.

x—3 (x—l)-(x—2)-(x—3)
W3 atoro cnepyeT, 4to npsimble x =1, x=2 1 x =3 ABNSAOTCA BEpTUKaNbHbIMU acUMMATOTaMK

rpaduka yHkuun. Ytobbl BbIACHUTL noBeAeHne yHKUMU BOMM3N BepTMKanbHbIX acUMMTOT,
ncecnegyem 3afaHHyo yHKUMIO Ha 3HaK.

— e o — o »
1 2 3 )%
Puc. 19

M3 pucyHka 19 MoXHO onpegenntb 3Hakn 6eCKoOHEeYHbIX NPeaerioB.
lim f(x)=40u lim f(x)=—c0.
0 x—>1-0

x—>1+
li =— li = .
Jim fle)=—eon lim flx)=+o0

28



li = li =—0,
Jim fx)=om lim f(x)=—oo

Jlerko BBISICHUTb, 4TO lim f(x)=0. Ackuna I'pa(*)l/IKa d)yHKLI,VIVI MOXHO MNOCTPOUTL, He
x—>towo

npoBoasA MccrnenoBaHus (OYHKUMM Ha 3KCTPEMYM W HE BbISICHAS XapakTep ee BbIMyKNocTu
(pwnc.20).

YA

Puc. 20

OnpedeneHue 2
Mpacuk pyHkUUM y = f x) UMeeT HaK/MoHHyI acumnmomy Buga y=kx+b npn x - two,
ecrm lim (f(x)—kx—b)=0.
X

—t0

Teopema
Mpamasa y =k x+b aBnAeTcs HAKMOHHOW acMMNTOTON rpadouka PyHKUMN p = f(x) Torga u
TONbKO TOrAa, Korga CyLLEeCTBYHOT Y KOHEYHbI Npeaerbl:
. b
tim ) _ g

x—two X

lirf (f(x)—kx)zb'

Hokazamenbcmeo
1) Myctb npsmaa y=kx+b ABNAETCA HAKMNOHHOW acuMNTOTOW rpaduka yHKLUM

y= f(x) Torp,a no onpeaeneHuto HaKITOHHOM acUMNTOTh! cnpasennnBo
lim (f(x)-kx—-5)=0.
x—>to0

Pasgenus BblpaxkeHne nog 3Hakom npenena Ha x, nonyydmm

lim [M—k—éjzo,mnm lim ﬂzk.

x—>to0 X X x—to X

Takkak lim (f(x)-kx—5)=0,710 lim (f(x)-kx)=b.

x—+0 x—>to0
2) Myctb  lim (f(x)—kx)z b,roe lim f(x)
xX—>t0 x—too X

= k. Torna dyHkums f(x)—kx —b sensetcs
BeckoHeuHo Maroii mpu x — +o. W3 atoro creayet, yto lim (f(x)—kx—5)=0, a aro
x—>to0

03HayaeT, YTo NpsiMast y =k x + b aABNsieTcA HAaKMOHHOW acUMNTOTOW rpaduka pyHKUMK Y = f(x)
3AMEYAHME 1

- f(x)
Ecrm lim ——~=

xX—>to X
acMMNTOTa Ha3bIBaeTCs 20PU30HMarTBHOU.

3AMEYAHME 2

(DyHKLI,VIﬂ MOXeT BeCcTu cebs no-pa3HomMy BONN3M HAKINMOHHOWM acUMMTOTbI:

29
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e OHa MOXET UMETb OAHY M Ty Xe HaKIMOHHY acumnToTy npu x — oo (puc.21 a);

e OHa MOXET UMETb pasHble HAKIOHHbIE aCUMNTOThI MpU X —> +00 U X — —0 (puc.21 b);

e OHa MOXET MMETb HAKITOHHYIO aCUMMTOTY TOMbKO MpU X —> +00 Unu npu X — —o0 (puc. 21 ¢)

A yA YA
X X X
Puc. 21 a Puc.21b Puc. 21 ¢
lpumep 2
e +1

Hanagnte acumnTtoThl rpaduka pyHKLmMm f(x)z - .
e +4

PeweHue
3agaHHas QyHKUMA onpegenieHa M HenpepbiBHA Ha BCEW YMCMOBOW OCW, CriedoBaTenbHO,

ee rpacdhvk He MeeT BepTMKanbHbIX aCUMNTOT.
BbiSicCHUM, nMeeT nu rpachuk OYHKLMM HAKMOHHbIE acMMNTOTbI Buga y = kx +b .

X
ke tim L0 i €L
x>t X xoto e +4 ) x

0, X —> 400
, TO aCMMNTOTbI pasHble Npn x — +00 U x —> —0. [1oaTomy

Mockonbky lim e* =
X—>300 0,x > —0

T+l i o1
¢+ = lim —=0.

. . e
ky = lim = lim
X—>+00 iex +4 ' x xotoe¥.xy x4 X

X X
e+l jim € -1

b = lim (f(x)-kx)= lim
x—>+00 xo>+0 ¥ 4 x—o+0 e
Mpu x — +oo rpaduk PYHKUMN UMEET rOPU3OHTarnbHY acumnToTy y=1.
e"+1

¢t him 20, b, = tim (f(x)-kyx)= lim

k2 = lim
X—>—00 iex 14 ) x x—o+od.x X—>—0 x—>-0 ¥ 4+ 4

Mpn x — —o0 rpaduk PyHKUUN MMEEeT ropn3oHTarnbHyl0 acuMnNToTy ) = %. Mpaduk yHKLMK

nokasaH Ha pucCyHke 22.

>&mw -

Puc. 22

lMpumep 3

= 1 NoCTpoiTe ee rpadvk.

MpoBeauTe NofHoe nccrnegoBaHve QYHKLMN f(x)
x—

PeweHue
[Mposenem vccnegoBaHne 3agaHHON OYHKLUN MO cneayoLen cxeme.
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Ob6nacTtb onpegeneHus gyHkumm (OOD) n BepTuKanbHble aCUMNTOThI.
0.0.0.: x # 2. MNockonbky lim f(x) =00, TO NpsAMas X = 2 — BepTuKarnbHas acuMnToTa.
x—2

YeTHOCTb (PyHKLUMU, NEPUOANYHOCTb PYHKLINN.

DyHKLMA obLLEero Buaa u Henepuoanyeckas.
KopHu 1 3Haku pyHKLMK.

KopeHb yHKUMM X = 1. OyHKUMA HeoTpuLaTenbHA NPY BCEX 3HAYEHUAX X .
MOHOTOHHOCTb PYHKLUKN. SKCTPEMYMbI.

Bbluncnum nepsyto NPon3BogHy YHKLNN.

s x-1 x—2—x+l_—2-(x—1)
f(x)‘z'(x_zj' -2 (-2

OTMETUM Ha YMCMOBOM OCW CTaLMOHApHYK Touky, X =1 ¥ TOYKy pa3spbiBa YHKUUM X =2 .

OnpepenvmM 3Hak NepBOM MPOM3BOAHOM Ha KaXAOM W3 MOMYYEHHbIX UHTEPBANOB U OTMETUM
CTperikaMmm xapakTep MOHOTOHHOCTM yHKUuK (prc.23).

i N N
—.—Q—}y
1

min  paspels

Puc. 23

r

M3 pucyHka 23 scHo, 4To x =1 — Touka MMHUMYMa. [ns nocTpoeHust rpaduka Tpebyetcs
HanTW 3HadYeHne DYHKLUN B TOUKE MUHUMYMA: f(l)z 0. B Touke paspblBa MEHSIETCSl XapakTep

MOHOTOHHOCTU PYHKLUN.
BbinyknocTe pyHkumn. Touku nepernda.
Bbl4mcnum BTOpYHO MPOM3BOAHYO 3a4aHHON PyHKLUMMN.

(e p G=2P=(r=1)-3- (=2 _ , x-2-3x+3_, 2x-1
fx)=2 (c_2F 2 el

BTOpaFI npon3sogHas 06pau.|,aeTc;| B HOJIb B TOYKE X Z% N MeHSsIeT 3HaK. ITO Touka neperw6a.

B Touke paspbiBa x=2 BTOpas MPOM3BOAHAs 3HaK He MeHsieT. Onpegenum 3Hak BTOPOW

NPOM3BOAHON Ha BCEW YMCMOBOM OCM M OTMETMM Ha HeW XxapakTtep BbINyKNoCcTU (YHKUMM
(pnc.24).

' N R N
_ + + "

. > v
0,5 2
nepezut paspuig
Puc. 24

3HayeHne byHKLMM B TOUKE nepernba f(%)z 3

HakrnoHHble (ropn3oHTarnbHbIe) aCUMNTOThI.
BbiicHMM, uMeeT N YHKUMS HaKMOHHY0 acumntoTy Buaa y=hkx+b. [Ona atoro

BbIHUCITUM npenesbl:

2 2
k= tim T8 g G0 i L
X—© X x—)oox.(x_z) X—®0 x X—0 X
. . . (x—1)2 X
b=hm(f(x)—lcx)zhmf(x)zhm—zz11m—2=1
X—>00 X—>00 X—>00 (x — 2) X—0 x

CnepoBaternbHO, rpaduk yHKLMN MMEET ropu3oHTarnbHyo acumnToty y =1.

BBegem npsAMOyronbHyl0 AekapToBy CUCTEMY KOOpAMHAT. [nsa Toro, 4tobbl MOCTPOUTHL
rpaduk nccnefoBaHHOM OYHKUNU, HY>XHO:

L] npoBeCTN BePTUKalIbHble N HAaKINOHHbIE aCUMNTOTbI,

. OTMETUTb BCE XapaKTepHble TOYKN (KOpHVI, TOYKM IKCTpEMYyMa, TOYKN neperM6a);
31



L] COEeIMHNTb XapaKTepHble TOYKM KpuBbIMM B COOTBETCTBUMM C uUcCcnenoBaHuem (byHKLI,VIVI Ha
BbINYKINOCTb.

"pacurk 3agaHHOM YHKLUKN NOCTPOEH Ha pUCyHKe 25.

—

0,51 2 X

\ 4

Puc. 25

Hanbonbliee n HaMMeHbLIee 3Ha4YeHUA HenpepbIBHOM Ha 3aMKHYTOM NMPOMEXyTKe
hyHKLUMN
®PyHKUMA, HeNpepbiBHAsi Ha 3aMKHYTOM MPOMEXYTKE NMPUHMMAET Ha HEM Haubonbllee u
HavMeHbLUee 3HayYeHUs. OTW 3HAYEHUs MOryT OOCTUraTbCs B TOYKax 3KCTpEMyMa U OCTpPOro
3KCTPEMYMaA, a TaKkKe Ha KOHLaX NpoMeXyTKa.

VA

=Y

Puc. 26

®yHKUMS, rpadmk KOTOPOKW NOKasaH Ha pUCYHKe 26, AocTuraetT HanbomnbLlUero 3Ha4YeHus Ha
NeBOM KOHLIe MPOMEXYTKa B TOYKE X =a W HaUMEHbLLEro — B TOYKE MUHUMYMA X3.

Umo6bbl Halimu Haubonbwee U HauMeHbWee 3Ha4YeHuss pyHkyuu | (x), HenpepbieHOU Ha
npomexymeke [a; b] HYJKHO:
L] HanTu BCe ee KPUTUHECKNE TOYKN;

° BbIYUCNNTL 3HAYEHNSA (PYHKLUUN BO BCEX KPUTUYECKUX TOYUKAX;
e BormcuTe sHaverns f(a) u f(b);
e Cpeau nony4vYeHHbIX Yncen HalTn camoe BornbLioe N caMoe MarneHbKoe.
lMpumep
Hangute Haubonbluee u HaumeHblee 3Ha4YeHus yHKLUK f(x) = %xz - %Tz Ha
NpoOMexyTKe [— g, 8].

PeweHue
3agaHHas pyHKUUSA HenpepbiBHA Ha BCeW YMcnoBon ocu. [pon3BogHas yHKUMN paBHa
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4 _of L)y x¥a-l
3 I ) 3 iy
MpoussoaHas f'(x): 0 npn x =%1 u npounssoaHas f'(x) He cywectayeT npu x =0.
Bbluncnum 3HadeHns pyHKUUN B 3TUX TOYKaX: f(i 1) = —%. f(O) = 0. 3Ha4yeHns yHKUMK Ha
KOHLIaX 3a4aHHOro MPOMEXYTKa PaBHbI: f(i 8) = 17% )

CnepoBaTernbHo, Hanborbluee 3HavyeHue pyHKUUM paBHO 17% npy x = 8, HauMeHblLEee

3HayeHne pyHKUUM paBHO —% npu x = %1.

2.3. ®opmyna Teunopa n ee npumeHeHune. UccnegoBaHmne pyHKLUMA C NOMOLL IO
NPOun3BOAHbIX BbICLUNX MOPAAKOB
MHorouneH Tennopa

Hamu yxe roBopunocb, YTO MHOFQYSIEHOM 7 — W CTEMNEHU OTHOCUTENIBHO NMEPEMEHHON X

Ha3blBaeTCA MHOro4neH Buaa
P,(x)=ay + ayx + a;x* + ...+ a,x".
MHorouneH Buaa
2 71
Tn(x)zao +al(x—x0)+a2(x—xo) +...+an(x—x0) .

Takke ABMNSETCA MHOIMOYNEHOM 71 - 1 CTENeHN OTHOCUTENbHO nepemMeHHol x . Ecnu packpbiTb
BCE CKOOKM M NpMBECTUN NOAO0OHbIE YNEHbl, TO ero MOXHO MPUBECTU K BUAY, B KOTOPOM 3anmcaH

MHOrou4s1eH Pn(x). MHorouneH Tn(x) B OTNMuYMe OT MHOrousieHa Pn(x) Ha3blBaloT

MHOIFOYSIEHOM 71 - 1 CTENEHU OTHOCUTENTbHO nepemeHHoﬁ X, 3alMncaHHbIM Mo CTENEHAM X — X .

OnpedeneHue

MycTb pyHKUMA f(x) n pa3s audpdepeHumpyema B Touke Xx,. MHorouneH n — i cTeneHu
OTHOCUTENbHO NEPEMEHHON X, 3anuUCaHHbl N0 CTEMEHAM X — X, Ha3blBaeTCA MHO204/18HOM
Tetinopa pnsa yHKUMK f(x) B TOYKE X, ECINN: B ITON TOUKE paBHbl 3HAYEHUA PYHKLNN f(x)

N MHOro4sneHa Tn(x), a TakKkKe 3Ha4veHua BCeX UX MPOou3BOAHbIX OO NMPOU3BOAOHbLIX 71 — TO

nopsiaka.
M3 onpepenexus crniegyeT, YTO MHOTOYEH Buaa

Tn(x) =ay + al(x — x0)+ az(x — x0)2 +..+ an(x — xo)"
sIBMNsieTCA MHorodrieHom Tennopa ans gyHKUMK f(x) B TOYKE X(, €CNU BbIMOMHAOTCS
paBeHcTBa:

!
T,(x0)=f(x0); T (x0)= 1" (x0); ---;Tn(n)(xo):f(n)(x ).
Ha ocHoBaHMM onpegeneHnMss MOXHO MOMyYnTb  popmynbl  Ana KO3 dULIMEHTOB
ag, ay,..., d, MHorouneHa Tennopa.

Teopema
Ecnn mHorouneH
2 n
Tn(x): ag +a1(x—x0)+a2(x—x0) +...+an(x—x0)
ABnsieTcsa MHorouneHom Tennopa yHKLMK f(x) B TOYKE X, TO €ro koadpPULNEHTbI

ag, dj,..., a, ONPeAensioTcs no popmynam:

S"(x) ()

feeeees . a, =———.
21 7 n!

ag Zf(xo); a :f'(xo); a, =
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ﬂor(asame.nbcmeo.

Tak kak Tn(xo)zao " Tn(xo)zf(xo), 10 ay = f(x,).

Bblumcnivm npon3BogHyo oT MHorodsieHa Tennopa
Tn'(x)zal +a, -2-(x—x0)+a3 -3-(x—x0)2 + ...
M NOACTABNM B 3TO PABEHCTBO x = X, . Monyuum T (x,) = .
MockonbKy M3 onpeaeneHnst MHorodneHa Tennopa crneayet, YTo OOMMKHO BbiTb BbIMOMHEHO
yenosue T (x,)= 1" (x,), T0
ay = f"(xo).

Bbluncnvm BTOPYIO NPOU3BOAHYH OT MHOroYneHa Tennopa
T,"(x)=2-ay +a;-3-2-(x—xp)+ay -4-3-(x—x0)2 +...

n

MOACTaBMB B 3TO PaBEHCTBO X = X,, nomyuum, uto 7T1(x,)=2a,. Tak Kak Ans MHOrouneHa
Teiinopa cnpaeeanueo 7. (x,)= /"(x,), To 2a, = f"(x, ), oTkyna cneayeT, uTo

_ /(%) _ /"(x0)
2 2!
Bblumcnmm TpeTbio NpoM3BOAHYH0 OT MHOrouneHa Tennopa
T'(x)=ay-3-2+a4-4-3-2 (x—xp)+...

M NoAcTaBMM B Hee x =x,. Momyunm T.(x,)=3-2a;. Tak kak AOMKHO GbiTb BBIMOMHEHO

ycnosue T)(x,)= f"(x,), T0 3-2-a5 = f"(x, ), oTkyma creqyer, 4to

) _ ()
37 3.2 30

MocnepoBatensHo AuddepeHumMpys 7 pa3 MHorounieH Tennopa W noacTaBnsAs B

BbIYUCMEHHYIO NPOU3BOAHYIO X = Xy, NONy4nM dopmyny Ana koadpduuveHta a, npu nobdom
3HaYEeHUN n:

S ) (o)

n!

a, =
®dopmynbl Tennopa n MaknopeHa
MycTb yHKUMSA f(x) n pas audepeHumpyema B HEKOTOPOW OKPECTHOCTU Ué(xo) TOYKM

Xxp u nyctb T,(x) — ee mMHorouneH Teinopa B Touke X,. ECnM 06O3HaunTH

n
R, (x)z f(x)—Tn (x) TO OYHKLUMIO f(x) B OKPECTHOCTM Us(xo) TOYKU X, MOXHO NpeacTaBuTb
dopmynom:

f(x)=T,(x)+R,(x) (1)

nnn

f(x)=f(x)+

OnpedeneHue 1
dopmyna (1) unu (2) HasbiBaroTCa popmynamu Telnopa Ans pyHkuMm | (x) B TOYKE X;, a

BbipaxeHve R, (x) — 0CMamoyYHbIM YrieHoMm dhopMysbl Tennopa.

Teopema.
lim R, (x)=0
X—>X
Hokazamenbcmeo
O4YEBUHO, TaK Kak f(xo)z Tn(xo), a dyHKUMA f(x) Tak e, Kak 1 ee mHorouneH Tennopa,

HenpepbiBHbI. Torga
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lim R, (x)= lim (f(x)-T,(x))=f{x)-T,(x,)=0.

X—=>X() X—=>X(

3AMEYAHUE 1

MoXHO [j0ka3aTb, YTO OCTATOYHbI UneH R, (x) npu x — X, ABnsietcs GeckoHeuHo mManoi Gonee
n
BLICOKOTO  Mopsifika,  uYeM (x - xo) . OTo 3anucbiBaeTcs B Ccriefylollem  Bupe:

R, (x) = 3((x — Xy )") MopobHasi dopma 3anmMcu ocTaTodyHOro uyneHa copmynel Tennopa
HasbIBaeTCA OCTAaTOYHbIM YreHoM 8 ghopme [leaHo.

Wcnonb3sysa copmy NeaHo Ans ocTaTodHOro 4YneHa, MOXHO 3anucatb dopmyny Tennopa B
crnegywowem Buae.

f(x)zf(x0)+ f'SCO)-(x—xOH f"2(70)~(x—x0)2+ ...... +%(x—xo)n+8((x—xo)").

OnpedeneHue 2
MycTb pyHkuma [ (x) n pas gudpgepeHumpyema B HEKOTOPON OKPECTHOCTH US(O) TOYKM
x =0. dopmyna

' " (”)
f(x)=r(0)+ fl('o)-x+ fzgo)-xz ot S '(O)-x" + S(X"),
Ha3sblBaeTcsa ghopmyrioli MakopeHa.

3AMEYAHUE 2
M3 onpegeneHnsa dcHo, 4to cdopmyna MaknopeHa nonyuntca u3 dopmynel Tewnnopa, ecnu
nonoxuts Xy =0 .

3AMEYAHUE 3
MoxHo  pokasaTb, YTO  OCTaTOYHbIN  uneH  dopmynbl  Tennopa umeetr  BuUA:

f(n+1) 9)
R,(x)= Wl()'

Ha3bIBaeTCsl OCTAaTOYHbIM YnieHOM 8 ghopme SlagpaHxa.

+1
(x—xo)" , roe X <0< x. Takas ¢dopma 3anMcm OCTaTOYHOrO ureHa

®dopmyna MaknopeHa AN OCHOBHbIX 3fleMEHTapHbIX PYyHKUNIN

2 3 n
Mockonbky £(0)= 7'(0)=...= 7¥)(0)=1, 70 & :1+£+x—+x—+...+x—+8(x”).

o2 3 n!
2. f(x)=sinx. £(0)=0.
Tak kak (sinx)(”) = sin(x+%), TO BCE NPOM3BO/JHbIE YETHOro Nops/Ka B TOYKE X PaBHbI
Hymto, @ NMPOM3BOAHbIE HEYETHOIO Mopsidka paBHbl * 1, NnpuyemM 3Haku Yepeaytotcs. Mockornbky

!
(sinx) =cosx, TO f’(O):c050:1>0, TO ecTb nepen NepBbiM 4YrieHoOM B ¢hopMyne 3Hak +.

YuntbiBas Bce 310 cbopmyny MaknopeHa anga 3agaHHoN hyHKLMM MOXHO 3anucaTb B BUAE:
5 2n-1
. X x Xx X _
sin x :———+——...+(—1)”Jrl ~—+8(x2” l);
I3 s (2n-1)

3. f(x)=cosx

£(0)=1. Mockonbky (cosx)(") :cos(x+”—2”), TO f(Z”“)(O):O, f(zn)(O)zJ_rl ANs NtoBbix
3HayeHuin n . MNpy 3ToM BTOpasi NPoM3BOAHas f”(O)z —cos(0 =—1. 3HaunT, BCe NponsBoaHbIe
nopsaaka 2n paBHbl —1, a BCe Npou3BodHble nopsaka 4n pasHbl 1. dopmyna MaknopeHa ans

yHKUMM f(x) = COS X UMeeT BUA:

2 4 6 2n
cosle—x—+x——x—+...+(—1)"- ad +8(x2").
21 4! 6!
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4. f(x)=In(1+x).

£(0)=1n1=0. Mockonbky f(")(x) = (-1 ((n;l)ln)ll , TO f(”)(O) = (-1 (n-1). Torma
x+

dopmyny MaknopeHa ans yHKUUM f(x) = ln(l + x) MOXHO 3anucaTb B BUAe

In(x+1)= Tty et (1) (=) _,1)!x” + S(xn), unm
n.

2! 3! 41
1n(x+1):x—ﬁ+x—3—ﬁ—...+(—1)”_l£+S(x").
2 3 4 n

lMpumep 1

2
MpeacTtaBbTe PyHKUMIO f(x) =e dopmynon MaknopeHa.

PeweHue
dopmyna MaknopeHa ans PyHKUUN f(x) =e" umeet BUg
x 2 3 X"
e* =1+ F + 7 + ? +...+ - + S(x”). YT100bI Nonyunts cpopmyny MakrnopeHa onsa 3agaHHOWN
! ! ! n!
PYHKUMUN, HYXKHO X 3aMEHUTb Ha — x2.
2 4 6 2n
2 X X X X
e =l T (1) +8(x2”)
noo2r 3 n!
lMpumep 2

MpencraBbTe PYHKLMIO f(x) =Inx dpopmynoi Teinnopa B Touke x, =1.

PeweHue
Cpoenaem 3ameHy y=x-1, torgma x=1+y wn Inx= ln(l +y). DyHKUMIO ln(l + y)
npeacrasum opmyrnon MaknopeHa. Torga
2 3 4 n
n(y+1)=y-2-+2Z -2 4 syt S(x”).
2 3 4 n
3ameHsis B nocnegHeit gopmyne y =x—1, nonyusm copmyny Teinopa Ans gyHKUWK
f(x)=Inx BTouke x( =1

)— (x=1)" + (x=1) - (x-1)* +o (=1t (1)’ +8(x”).

2 3 4 n

Inx=(x-1

MpumeHeHue cbopmyn Tennopa n MaknopeHa

lMpumep 1
Bblumcnute npegen, ncnonssysa opmyny MaknopeHa
2
. e —Sin(xz)—COSZX
lim T .
x—0 X~ sinx
PeweHue
MNpegcrasmm cnegyowme dyHkumMm oopmynon MaknopeHa
2 4 6
2
e :1_X_+x__x_+9(x6),
n 20 31

sinx=x—3—3!+5—5!+8(x5),
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6
sinx? = x° —?+ 8(x6),

2 4 6
cos2x:1—4x +16x _64x +8(x6),

2! 4! 6!

noa 3HakoM npeagena, orpaHM4nBasACb NMpmM 3ToM 4YjieHaMum COo CTeneHAMU He Bbllle, Yem x4.

Torpa ato Bblpa>keHne MOXHO npeo6pasoBaTb TakK, YToObI npeagen nerko Bbl4ncnancs.

— 2 .
e —51n(x2)—cos2x B

lim T
x>0 x’sinx
4 4
. 1—x2+%—x2—1+2x2—%+9(x4)
= lim 3 =
x>0 I -(x—%+8(x4)]
4 4 4
ooategld)  —tegld)
= lim 2 2 = lim 7 =%
x>0 x +8x) x>0 x +8x)

lMpumep 2
Bbluncnnte npegen, ucnonb3ysa opmyny MakrnopeHa

cos(sinx)—1+0,5x% + 2x*

lim 2

x—0 X

PeweHue
Mo bopmyne MaknopeHa

sinx=x—§—3!+8(x3)=x—%+8(x3),
cosx=1—x2—2!+%+8(x4).

MoacTaenss BoipaxkeHue Ans gyHKuMK sinx B dpopmyny MaknopeHa anst cosx , Nony4nm

b= b=t o)

cos(sinx)=1-

2! 4!
2 4 6 4 2 4
. X 5x
cos(s1nx)=1—x—+x——x—+x—+8(x4)= l-——+—+ S(x4).
2 6 T2 24 2 24
Tenepb MOXHO BbIMMCNNTL Npeaen
2 4
coslsind) 14052 426t 1-S a3l )orros? v2t Byt 5
lim 4 = lim = lim =—.
x—0 X x—=0 x4 x—0 x4 24
lMpumep 3
1
Bbluncnutb 27~ C TOHHOCTBIO & = 0,001.
e
PeweHue
1 -1 _
Mockonbky — =¢ 4 =¢ 0’25, TO TpebyeTca BblYUCINUTL 3HAYEHME (DYHKLUU f(x)z e''B

e

Touke x =-0,25. Ncnonb3yem onsi BbluncrneHmn cpopmyny MaknopeHa

2 3 n
e’ =1+£+—+x—+...+—+8(x”),
no2r 3 n!

noacraenss B Hee x =—0,25 ¥ OrpaHMYMBLLNCHL YNIEeHaMy YeTBEPTOro nNopsaka.
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025y 0.25 (-0,25) . (-0,25) . (-0,25)* . 9(x4)_
I 2! 3! 4!
HDOBeﬂ,ﬂ BblHMCNEHUA, NONy4Ynm
0,0625 0,0156  0,0039
6 24

M3 oueHkM BenmuMHbl octaTouHoro uneHa Rs <0,00097 sicHo, 4TO BbluMCHEHUS

e 0% x1-025+

NpoBOAATCA C TOHYHOCTbIO He Bonbluen, yem ¢ = 0,001 . MNMoaTtomy

e %2 0,75+ 0,03125-0,00753 + 0,0016 = 0,7753 .

MccnepoBaHue hyHKUUM C NOMOLLbI NPOU3BOAHBIX BbICLIUX NOPSAAKOB
Teopema

Ecnn dyHkumsa f(x) n+1 pas auddepeHunpyema B OKPECTHOCTUM TOYKM X, U BCe ee
NPOon3BOAHbIE [0 MNPOM3BOAHOW n — TrO Mnopsgka B OTOW TOYKE paBHbl HymMO, TO €eCTb

()= 1) == f")xy) =0, 2 £ (x)) %0, 70:
ecnn n+1 — He4YeTHoe YNCno => B TOYKe X neperno;

ecnn n+1 —4eTHOE YMCNO = B TOUKE Xy SKCTPEMYM.

Ecnu npu yetHom n+1:

f(n+1)(x0 )< 0= x, — Touka MaKcumyma;
f(”+1)(x0 )> 0= x, — TouKa MUHUMYMa.

Hokazamenbcmeo

[MpencraBmM pyHKUMIO B OKPECTHOCTM TOYKKN X, dhopmyrnon Tennopa:

16)= r(a)e L0 (o) L00)

...+M-(x—xo)” +—f(n+l)(x )-(x—xo)”+1 +9((x—x0)”+1)-

n! (n+1)!

Takkak f(x0)= f"(x0)="..= f(”)(xo)z 0, To dhopmyna NpumeT Bug,

(n+1)
10= 1)+ L0 (e o) ol ),
YyntbiBas aTto u ncnonb3ys cbopmy J'IarpaH>Ka OnAa 3anmcn oCTaTovHOro 4rieHa, nony4ynm
(x) ) S"2(0) (n+2)
f(x)—f(xo)—w‘(x—xo) +m'(x—xo) ;
roe x, < 0 < x . NpoBeaem HekOTOpble YNPOLLEHNS

—-xp \lx—x (n+1)
)= )= 100 o r00) 20 ol

(1)

n caenaem samMmeHy

xX=xp=t, fx)=flxo)=z,
7 )+ 2 0) =20

n+2

=d.

(n+1)!
AcHo, yTo B A0CTaTO4YHO marnom OKpPEeCTHOCTH US(XO) npu OONbLUMX 3HAYEHUSIX 1 3HaK a

onpeaensaeTca 3HakoM NPOU3BOOHOW f(”“)(xo). YuuTtbiBas caenaHHylo 3aMeHy, paBeHcTBo (1)
nepenuiLem B NEPEMEHHbIX z U .
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z=a-t"".

B pocratouHo manoi okpectHocTn Us (xo) nccnenyemMasi yHKUMS BedeT cebs Tak e, Kak

n+l

N cteneHHasa d)yHKLIMﬂ z=at B OKPECTHOCTU TOYKU [ = 0. B 3aBMCMMOCTM OT YETHOCTM

nokasartens creneHu n+1 1 oT 3Haka koaddpuumeHTa a (puc.27), MOXHO caenaTb BbIBOA:
zZ A zA

a>0

i 4

a<0

Puc. 27 a Puc. 27 b

ecnm yncno n+1 - HedeTHoe, To B Touke ¢ =0 nepernd (puc.27 a);
ecnu yncno n+1 —yeTHoe, To B Touke ¢ =0 3KCTPEMYM; MakcuMyM npu a <0 u
MUHUMYM Npy a >0 (pnc.27 b).
lMpumep

Wccnepyinte noBegeHne pyHKLMK f(x) =xe"* — sin(xz)—%x3 —Xx BTOYke x5 =0.

PeweHue
f'(x)=e* +xe* - cos(x2)2x —%xz 1= £'(0)=0.
f'(x)=e* +e* +xe* + sin(x2 )4x2 -2 cos(x2 )— 32x = /"(0)=0
f"(x)=2e" +e* +xe* + cos(x2 )8x3 + sin(x2 )Sx + 2sin(x2 )2x 3= f"(0)=0.
YNpoCTUM TPETbI0 MPOV3BOAHYIO U NPOANMDMEPEHLIMPYEM (YHKLMIO eLue pas:
f"(x)=3e" + xe* + cos(x2 )8x3 +12x sin(x2 )— 3.
7 (x)=3e" +e" +xe* - sin(x2 )16)c4 + cos(x2 )24x2 + IZSin(x2 )+ 12x cos(x2 )Zx :

MockonbKy fW (O) =4 >0, 10 pyHKUMA nMeeT B Touke X =0 MUHUMYM.

4. KOHTPOINbHbIE BOMPOCHI MO TEOPU

1. Yro HasbiBaeTcHa AvddepeHumanom yHKkuun y = f(x)?

2. Kakomy ycrnoBuio [OMmKHa YAOBMNETBOPATb (PYHKUMA B TOUKE Xy, YTOOLI B 3TON TOYKe Bbin

onpegerneH ee anddepeHunan?

B uem cocTout reomeTpuyecknii cmbicn nepeoro auddepeHumnana?

Kak Bbirnaant popmyna ans Bel4ucrneHus nepsoro auddepeHumana?

Mo kakomy npaBwny BbluucnseTcs guddepeHuman cyMmbl ABYX (PYyHKLUA?

Mo kakomy npaswuny BbluUcnseTcs auddepeHuman NnponsseaeHns AByx yHKLUWn?
Mo kakomy npaBuny BbluUcnseTca anddepeHuman YacTHOro AByxX yHKUMA?

© No oA

Kak moxeT 6bITb 3anucaHa dopmyna Ans nepsBov MPOU3BOAHON DYHKUMKU ) = f(x) c
nomoLubto andpdepeHumnana?

9. [lo kakomn chopmyne BblUMCASETCS NPOU3BOAHAA PYHKLNW, 3alaHHON NapaMeTpruyeckn?

10. Kak cBsizaHbl npupalleHne n gudpdepeHuman dpyHkummn?

11. OT KakMx NepeMeHHbIX 3aBucnUT anddepeHumnan?

12. [ns kakux dyHkuun gnddepeHuman coBnagaeT ¢ npupawieHnem?

13. Kak onpegensieTca nponsBogHas BTOPOro nopsaka?

14. KakoB MexaHW4ecKkuii CMbICI NPOM3BOAHLIX MEPBOro 1 BTOPOro nopsaka?
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15.
16.
17.
18.

19.
20.
21.
22.
23.

24.
25.

26.
27.

28.

29.
30.
31.
32.
33.

34.

35.

36.
37.

38.

39.
40.

4.

42.

43.

44,

45.

46.

47.
48.

YT0 HasbiBaeTcs guddepeHLmanom BTOporo nopsgka?

YTto Takoe MHBapmMaHTHOCTbL (hopMynbl nepBoro anddepeHunana?

MmeeT nn mecTo nHBapuaHTHOCTb dhopmyrbl AuddepeHumana BToporo nopsgka?

Kak BbirnaguT dopmMyna Ans BbluMcneHus anddepeHumnana n — ro nopsgka ans yHKLmmn

y= f(x) ecnu X — He3aBKCMMasi NepeMeHHan?

Kakas dyHKkums HasbiBaeTcs Bo3dpacTatoLen? HeyboisatoLwwen?

Kakas cdyHKkums HasbiBaeTcs ybbiBatowen? He Bo3pacTatoLen?

Kak cBAA3aHbl MOHOTOHHOCTb (PYHKLUMW M 3HAK ee NepBON MPON3BOAHON?

Kakol reomeTpuyeckmii cmbICIt UMeeT Teopema JlarpaHxa?

ObsasatensHo nun TpeboBaHue AuddepeHumpyemMocT yHKLUUNM BO BCEX BHYTPEHHMUX
To4kax B Teopeme Jlarpanxa? MNoyemy?

Kakor reomeTpuyeckmii cmbicri umeeT Teopema Ponna?

ObsasatensHo nun TpeboBaHue AuddepeHumpyemMocT YyHKLUNM BO BCEX BHYTPEHHMUX
To4Ykax B Teopeme Ponna? MNovemy?

[nsa packpblTUsi KaKUX HeoNpeaeneHHOCTEN MOXHO MCMONb3oBaTh Npasuo Jlonutana?

Mo>xHO N1 ncnonb3oBaTth NpPaBuo Jlonutansa Anga packpbiTUS HeonpeaeneHHoCTEN [0 . oo]?

Kak npu aTom crniegyeT npeacTaBUTb 3aAaHHY0 YHKUMIO?
Mo>XHO nu ucnonb3oBaTtb NpaBumno JlonuTansa Ans packpbiTUS HeonpeaeneHHOCTeN Buaa

[00]? Yem npu 3TOM crneayeT nosnb3oBaTbea?

PyHKUMSA f(x) MMeeT B TOUKe X MakcMmyMm. YTo 3TO 03Ha4aeT no onpeneneHno?
PyHKUMSA f(x) MMeeT B TOYKE X MUHUMYM. YTO 3TO O3Ha4aeT no onpeaeneHuno?

Kakoe ycrnosue saBnsieTcst HEO6X0ANMbIM AMS CYLLECTBOBAHNUSA 3KCTPEMyMa B TOUKe X ?
Kakine ToUkM Ha3bIBaKOTCS KPUTUHECKUMM AN OYHKUMK (x)?

NmeeT nn yHKUMA B TOUKE X OKCTPEMYM, eCrnv ee Npou3BO[Has B 3TON TOYKE MeHseT
3HaK ¢ MMHyca Ha nnoc? Ecnn nveet, TO Kakow 3TO IKCTPEMyM?

NmeeT nu yHKUMA B TOYKE X OKCTPEMyM, eCrnv ee Npou3BoAHas B 3TOW TOUKE MeHseT
3HaK C nntoca Ha MUHyc? Ecnu nmeet, To Kakon 3TO IKCTpeMyM?

MoxeT nn pyHKUMS UMETb 3KCTPEMYM B TOYKE X, €CNN OHa He AuddbepeHuvpyema B

aTon Touke? Kak HasbiBaeTcs Nogo6HbIN SKCTpeEMYM?
Kak Ha3blBaeTCs To4Yka, B KOTOPOW (DYHKLMSA MEHSET XapakTep MOHOTOHHOCTMN?

Kakas dpyHKLMS Ha3blBaeTCs BbINYKIOM BHU3 HA MPOMEXYTKe (a, b)?
Kakas dyHKUMSA Ha3biBaeTCH BbIMyKNOW BBEPX HA MPOMEXYTKE (a, b)?

Kak cBsizaH 3HaKk BTOpOW NPOU3BOAHOM (DYHKLNKN C XapaKTEPOM €€ BbIMyKINoCcTn?
Kak HasblBaeTCs TOUKa, B KOTOPOW MEHSAETCH XapakTep BbINyKOCTU yHKUMN?

KakoBo Heobxoammoe ycrosue TOro, Y4To TouKa X SBMSAETCA TOYKoW nepermba rpaduka

ykumn f(x)?
KakoBo [ocTaTouHOe YCroBMe TOro, YTO TOuKa X, SIBMSIETCS TOYKOM neperunba rpaduka
cyHkumn f(x)?
MoxeT nu (DyHKUMS UMeTb neperué B TOYKE, B KOTOPOW ee BTOpasi MPOM3BOAHasi He

onpegerneHa?
Mpn Kkakom ycroBuM npsiMas X =a sIBRsieTcs BepTUKarnbHOW acMMNTOTOW rpadmka

pyHKLMM f(x) ?
Mpu kakoM ycrnoBuu npsiMas y =kx+b ABNAETCA HAKMOHHOW (FOPU3OHTANbHOW)
acuMmnToTON rpadhmka pyHKUMm f(x) ?
Kakas dhopmyna HasbiBaeTcs oopMyrnon Tennopa gns yHKumm f(x) B TOYKE X ?
Kakow Bug umeet dpopmyna MaknopeHa ang gyHKUum f(x)?
YUT0 Ha3bIBaeTCs OCTaTOYHbIM YrieHoM hopmynbl Tennopa?
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49.

50.
51.

52.

53.
54.

N

©oo NGO R

10.

11.
12.

13.
14.

15.
16.

5.

Kak BegeT cebs ocTaTouHbI YneH dopmynbl Tennopa onsg dyHkuum (x) B TOYKE X, Mpu
X—>Xxy?

Kakon sug 6ynet umetb popmyna MaknopeHa ans mHorouneHa b, (x)?

Mo>xkHo nu npeacTaBuTb yHKUMIO y = Inx cpopmynoit MaknopeHa?

MoxHo nu npeactaBuTb (OYHKUMIO Y :|x| cdopmynon Tennopa B OKPECTHOCTM TOYKU
x =17 Ecnun pa, To kakon BUA, OHa AOMKHa UMeTb?

MoxHo nu npeacTaBUTb PYHKLUIO Y =% ¢opmynon MaknopeHa?

Kak ncenegyeTtcqa nosegeHue d)yHKLI,MI/I B OKpPeCTHOCTU HEKOTODOIZ TOYKM C MOMOLLbIO
NPON3BOAHbIX BbICLUNX I'IOpFI,D,KOB?

5. BOMPOCHI AnA NOoAroToBKM K 3KSAMEHY

OudbdpepeHuman yHkUMM 1 ero reomeTpudeckmin cmbicn. ®opmyna auddpepeHumana n ee
WHBAPWaHTHOCTb.

MpaBuna o depeHLmMpoBaHus. OvddepeHuman CINOXHOM dyHKUMN.
AdnddepeHunpoBaHme HEABHON 1 NapaMeTpu4eckn 3agaHHON PyHKUUA.

MponssoaHble 1 anddepeHumarnsl BbICLLIMX NOPSAKOB.

MoHoToHHasa dyHKuMsA. Heobxogumble ycrnoBus Bo3pacTaHus n yobiBaHUS pyHKLMN.
MoHoTOHHas dyHKUMSA. [locTaTouHbIe YCNOBUS Bo3pacTaHus 1 ybbiBaHNSA YHKUMW.
Teopema Pepma. Teopema Ponns.

Teopema JlarpaHxa n ee reomeTpuyeckuii cmbics. lNpasuno Jlonutang.

CaoricTBa hyHKUMIA, HENPEPBIBHBIX HA 3aMKHYTOM MPOMEXYTKE.

OnpepeneHne akcTpeMyma (Makcumyma U MuHMMyma). Heobxogumoe  ycnosue
3KCTpEMyMA.

[ocTtaTtouyHble ycnosusa akcTpemyma. MccrnegoBaHne (PyHKUUMW Ha 3KCTPEMYM C MOMOLLBbIO
nepBoKr NPon3BoaHON. Kputnuyeckme Touku.

Bbinyknoctb doyHkumn. [locTaTouHble YCNoBMS BbiNyKocTy dyHKUMK. Toukm nepernba.
BepTukanbHble 1 HAaKNMOHHbIE aCMMNTOTLI Fpadhmka PyHKUNK.

MHorouneH Tennopa gns gyHKUun f(x)

dopmyna Tennopa u MaknopeHa ansa yHKUMK f(x). OcTaToyHbIi uneH dopmynbl
Tennopa.

dopmyna MaknopeHa Ans dyHKUMiA e*, sin X, COS X, ln(l + x).

WcenegoBaHue oyHKUMIA C NOMOLLIBHO MPOM3BOAHBIX BbICLUMX NOPSALKOB.

6. BbIMWCKA 13 KANIEHAAPHOTO MTAHA MPAKTUYECKMX 3AHATUN

OnddepeHumanbHoe ncuncneHne pyHKUMN OQHON NepeMeHHOMN.
YacTtb 2 (12 yacoB)

1. OuddepeHumnan cdyHkumun. MNMpasuna guddepeHunpoBanus. OuddepeHumnan cnoxHom
dyHKUUK. MpnbnumxeHHble BblYMCIIEHMS c NOMOLLIbHO andpgepeHumana.
OunddepeHumpoBaHme HesBHbIX OYHKUMA U (PYHKLMIA, 3agaHHbIX napaMmeTpudeckn (2
yaca). TunoBou pacyer no Temam: «lpousBogHasi» U «DPYHKUMM MHOTFUX
nepemMeHHbIX».

J1.3.: 884, 889(17-22), 900,901, 806. 809, 811, 846, 862, 841 — 844, 963

2. BbluucneHne Nnpom3BoaHbIX U AnddepeHLnanos BbICLLMX NOPAOKOB (2 Yaca).
.3.: 1019, 1026, 1030, 1034, 1056, 1058, 1062, 1070, 1071.

3. BbluncneHne npegenos OyHKLMI ¢ NOMOLLbI0 NpaBuna JlonuTtansa un cdopmynel Tennopa
(2 vaca).

J1.3.: 1332, 1335, 1338, 1341, 1344, 1351, 1358, 1355, 1359, 1365.

4. WccnepoBaHue yHKUMIA U NOCTPOEHME rpadunkoB (2 yaca).

11.3.: 1407, 1408, 1413, 1418, 1411, 1424, 1434.

5. Haubonbluee 1 HauMeHblUee 3Ha4YeHns PyHKUMA. ViccnegoBaHne oyHKUMA C MOMOLLbHO
NPOU3BOAHbIX BbICLUMX NOPSOKOB (2 Yaca).

J.3.: 1185, 1188, 1191, 1196, 1514, 1518.
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