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COAEPXAHME KOMNEHANYMA

TemaTuyeckuin nnaH 1-ro cemectpa.

Bbinncka 13 kaneHgapHoOro nnaHa nexkuun.
TeopeTnyeckun matepuman.

KoHTporbHble BONPOCKEI NO Teopuu.

Bonpockl 4ns noagroToBKM K aK3amMeHy.

Bbinucka 13 kaneHgapHOro nnaHa npakTMyYecknx 3aHATUN.
TecT no Teme 1 «3NemMeHTbl IMHENHON anredpbl».
PekomeHngyemasa nutepartypa.

OTBeTHI K TECTY.



1. TEMATUYECKWM NNAH 1 - ro CEMECTPA

Ta6bnuuya 1. Temamuy4eckuli nnaH

PacnpeneneHMe yacoB
AyaunTopHble 3aHATUSA
Ne TemblI Ha3BaHue Tembl
M3 Hux CamocTtosaTenbHas
Bcero Bcero pa60Ta
ayAUTOPHBIX Nexunn MpakTnyeckne
3aHATUSA
1 OnemeHTbl NMHeNHo anrebpbl. 50 28 14 14 22
2 BekTopHas anrebpa. 18 8 4 4 10
3 AHanuTnyeckasa reomeTpus. 48 28 14 14 20
4 Teopusi npegenos. 48 28 14 14 20
5 ,Elmd)qv)epeHuwaanvoe ncumcneHne  OyHKUMM 26 16 8 8 10
OflHOM nepemeHHon. YacTtb 1.
Bcero 3a 1 cemecTp 190 108 54 54 82




2. BbIMWCKA 13 KANEHAAPHOIO MNAHA NIEKLI

1. OnemeHTbl NMHenHon anre6pbl (14 YacoB)

Cuctema m nuWHeNHbIX anrebpavyecknx ypaBHeHWA C n  HeusBecTHbiMu (CJIAY).
PeweHne CJIAY. Matpuua CJIAY. PasmepHocTb Mmatpuubl. CJIAY 2-ro, 3-ro m n-ro
nopsgka. Onpegenurtenu 2-ro u 3-ro nopsigka. ®opmynel Kpamepa (2 yaca).

Ceonctea onpegenutenen. Buasl matpuu. Jencteusa ¢ matpuuamm (2 yaca).
HeBbipoxaeHHass maTpuua. OOpaTtHaa Matpuua. PelieHne MaTpuyHbIX  YpaBHEHUN.
Matpununaa 3anucb CITAY n-ro nopsgka. ®opmynbl Kpamepa gna CITAY n -ro nopsgka
(2 vaca).

PacwupeHHas wmatpuua CJIAY. 3OnemeHTapHble npeobpasoBaHus. MeTog [aycca.
BasuncHble 1 cBOOOAHbIE NEPEMEHHBIE (2 Yaca).

MuHop matpuubl. PaHr matpuubl. [peobpasoBaHus, HE MEHSIIOWME paHr MaTpuLbl.
Teopema KpoHekepa-Kanennu (2 yaca).

OpHopopHast CJIAY. TpuBnanbHoe peweHne. Teopema KpoHekepa-Kanennu ans
ogHopogHon CJIAY. dyHaameHTanbHas cucTema pelleHui. JInHerHoe (BEKTOpPHOE)

npocTpaHcTBO. JIMHelHoe npoctpaHctBo R”. JIMHeHO 3aBUCUMblE W FUHEHO
He3aBMCHMbIe BEKTOPLI (2 yaca).
Pa3smepHoCcTb nuHenHoro npocTpaHcTBa. basuc. PasnoxeHne BekTopa no 6asucy.

EBkNMAoBO npocTpaHcTBo. CkansipHoe npousseaeHve Bektopos B R” . OpToroHanbHble
BekTopbl. Hopma Bektopa. HepaBeHcTBO Kowwu-byHsikoBckoro. CrtaHgapTHbii 6asnc
(2 vaca).

3. TEOPETUYECKM MATEPWAT

Tabnuya 2. OznaeneHue

1.

OnemeHTbl IMHEHON anrebpsbl.

1.1.

Cuctema nMHenHbIX anrebpanyeckmx ypaBHEHWU.

1.2. CJIAY BT1oporo, TpeTbero n n—oro nopsgka. Onpegenutenu. ®opmynsl Kpamepa.
1.3. CaowicTBa onpegenvTenen.

1.4. MaTtpuupl. lenctensa ¢ maTpuuamu.

1.5. OGpaTHasa maTpuua.

1.6. MaTpuuHble ypaBHeHusi. MaTpuyHas 3anmck CJTAY. ®opmynbl Kpamepa.

1.7. Pacwwupernas matpuua CITAY. SnemeHTapHble npeobpa3oBaHus.

1.8. MeTtop Naycca.

1.9. PaHr matpuubl. Teopema KpoHekepa — Kanennu.

1.10.

OpaHopogaHble CITAY.

1.11.

OnpepeneHve NMHENHOro NPOCTPaHCTBA.

1.12.

- n
JInHenHast 3aBUCMMOCTb M HE3ABUCUMOCTb BEKTOPOB B R".

1.13.

PaamepHoCTb nMHenHoro npocTtpaHcTea. basuc.

1.14.

EBknnaoBo npocTpaHcTBo. HopmypoBaHHOe NpocTpaHcTBo. OpTOHOPMUPOBaHHLIN Gaswc.




1. dnemMeHTbl NIMHENHOU anrebpbl

1.1. Cuctema nuHenHbIX anredbpanyeckmx ypaBHeHUmn

OnpedeneHue 1
Cuctemolnt m NUHeNHbIX anredbpandecknx ypaBHeHu ¢ n HeuaecTHbiMu (CJTAY) Ha3biBaeTcs

a,x, +a,x, +...+a, x, =b

Ay X, +ayX, +...+a,,x, =D,
cucTema Buaa: ,roe a;;

j- KO3 (PULMEHT B 1 -OM ypaBHEHUM

a,x, +a,,x,+...+a, x =b

m

npu HeussecTHom X, i=L12,...,m; j=12,...,n; X|,X,,...,X, - HEN3BECTHbIE; b,b,,....,b, -

m

cBOBOAHBIE YNEHBI.
OnpedeneHue 2

Pewennem CJIAY HasbiBaeTca ynopsaoveHHbIn Habop uucen X ,X,,...,X KOTOpbIN

n?

o6pau.|,aeT KaXaoe ypaBHeHne CUCTEMbl B BEPHOE PaBEeHCTBO (TO)K,EI,eCTBO).

OnpedeneHue 3
Tabnuua koaddpuumeHToB nMpu HemseecTHbiXx B CJIAY HasbiBaeTcss MaTpuuen cuctembl u

all alz vee aln
azl 6122 v a2n

obosHavaeTcs: A = ﬂpM 3TOM TOpPWU3OHTallbHble pAabl B MaTtpuue
aml amZ te amn

Ha3blBalOTCA €€ CTpOKaMu, a BepTUKalibHble — €€ cronbuamun. Yucna, o6paayrou.u4e maTtpuuy,

Ha3blBaIOTCS €€ drieMeHTamu. ONIEMEHT @, ; HaxoAWTCsi B mMaTtpuue B i-O CTpOKE U B j -OM
ctonbue.
OnpedeneHue 4

Ecnu uyucno ctpok m He paBHO 4ucny cTonbuoB n (m;tn) mMaTpuua HasblBaeTcs

NPSIMOYrorbHO pa3mMepHocTh m X 1. O6o3HavaeTcst: A,,,,, -

OnpedeneHue 5

MaTpuua, nmetowas oguH ctondew, unu ogHy CTPOKy, Ha3blBaeTCH, COOTBETCTBEHHO, MaTpuuen
— CTONOLOM U MaTpuLEen — CTPOKOM.

OnpedeneHue 6

X1 by

%) b,
Matpuua Bupga: X, = - HasblBaeTCA CTONOLOM HEeusBecTHbX, a B, = -

xn bm

cTonéuom cBoboaHbIx YneHoB B CIIAY.



OnpedeneHue 7

all a12 aln
a, a, ... a .
Matpuua pasmepHocT nxn: A = HasblBaeTCa KBaapaTHOW 71 -0ro
anl anZ ann
nopsigka. dnemMeHTsl a

;i-roe i=12,...,n, kBagpaTHO MaTpyLibl HAa3bIBAOTCH AWAroHanbHbLIMM,

9TW 3NTIEMEHTbI pacnosioXXeHbl Ha, TaK Ha3blBaeMOMW, rMaBHOM AnaroHanum mMaTpuubl.
3AMEYAHUE

CNAY n -oro nopsigka HasblBaeTcs cuctema 71 NUHEeWHbIX anrebpanyecknx ypaBHeHun ¢ 1
a,x, +a,x,+...+a, x, =b

Ay X, +apX, +...+a,,x, =D,
Hen3BeCTHbIMU:

a,x, +a,x,+...+a,x =b,

1.2. CJIAY BTOpOIrO, TpeTbero u n-oro nopsaaka. Onpegenutenu. ®opmynbl
Kpamepa
Teopema 1

Canx; +apx; =b
PaccmoTpum CJTIAY BTOpOro nopsigka:
Ay Xy +anx; =b

2
peLleHune, KOTOpoe onpegendaeTca no
byay| —byay)

. Ecnn apdyy —anayn 750, TO
cucremMa nveet eanHCTBEeHHOoe

dopmynam:
biay, —bya,

apdyy —dsdyp apdn —djrdyp

ﬂoxasamenbcmeo

YMHOXVM NepBoe ypaBHEHWe CUCTEMbI Ha d,,, @ BTOPOE ypaBHeHWe - Ha (— alz) N CNOXuMm
ux. [llonyyum nunHenHoe YypaBHeHWe, B

KOTOpOE€ BXOAWUT TOJIbKO HEeun3BeCTHoOe X1

(a11a22 —a21a12)x1 =bjay,, —bya;,. Ecrm aqyay, —a,jay;, #0, 1o 310 ypaBHeHWe umeeT

bja,, —bya
€AVHCTBEHHOE pelleHne: X; = 14922 — 02412

ayay —ayay,
Tenepb YMHOXVM NepBoe ypaBHeHne cuctembl Ha (— d,; ), @ BTopoe ypaBHeHue - Ha a;| W
CINOXUM  UX. rlOJ'Iy‘-II/IM NUHENHoe ypaBHEHNE, B KOTOPOE BXOAUT TOJIbKO HEU3BECTHOE X, ,
(ay1ay —ayia1y)xy =byay, —byay,. Ecin ay1@yy —ayja;, 20, To 3T0 ypaBHeHMe UMeeT

. _ byay; —byay)
€O0UHCTBEHHOE peLleHune: x2 =

a1 —dndyp
OnpedeneHue 1

o % a2
MycTb 3agaHa maTtpuua BToporo nopsaka: A=

. Uucno, koTtopoe onpegenseTcs
ay; dap

yepe3 3J1IeMEHTbI aTON MaTpuubl NO nNpasuiy: djidjyp —djp1d)p, HAa3bIBAETCA onpeaennutenem



mMaTpuubl Nnin onpepenutenemMm BTOpOro nopsaaka n obo3HavaeTcs:

h 2
A= |A| = =a),4y; —dy 4y -
a 2

OnpedeneHue 2

_ ay Xy +apxy = b
Paccmotpym  CJIAY  BTOporo nopsgka: . Onpepenutens A,
ay x| +axx; =b,
COCTaBIIE€HHbIN U3 KOS(*)(*)I/ILI,I/IGHTOB npn HensBecCTHbIX, Ha3blBaeTCA onpegenutenemMm CUCTEMbI.
b, a, a, b y
nA,= , nonyvatowmecs u3 A 3ameHol cTonbuos n3
» Ay ay b

Onpepenuterm A, =

K03hPULMEHTOB NPU X, M, COOTBETCTBEHHO, NPU X, CTONGLOM CBOGOAHLIX YNIEHOB Ha3blBAKOTCA
BCMomMoraTtesbHbIMU ONpeaennTensMmun.
3AMEYAHME 1
Ecrnu o6paTtuTb BHUMaHWe Ha (POPMYTibl, MO KOTOPbIM BLIYMCTISIIOTCS X, U X, B Teopeme 1, TO MOXHO
YBUAETb, 4YTO 3HaMeHaTenb Apobu Anst X; U X, - ato A, uncnutens apobu ans x; — A,

uncnuTens apobu Ans X, — A, 1 chopmynuposaTth crieaytoLLyto Teopemy.

Teopema 2

Ecnu onpepenutens CITAY BToporo nopsiaka A OTNM4YeH OT Hyns (A # O), TO cUCTEMa UMeeT,

A
M NpPUTOM EAMHCTBEHHOE, pelleHue, KOTopoe MOXeT ObiTb HaligeHo no copmynam: X, ZA—I,

A
X, = Xz . 3T dopmynbl HasbiBatoTca hopmynamu Kpamepa.

OnpedeneHue 3
a, a4y

Myctb 3agaHa Matpuua TpeTbero nopsigka: A=|d, d,, @, |- “vcro, koTopoe
a1 4y Ay

onpenenaeTca yepes AJNIeMEHTbI 3TOM MaTpuubl no npasuny:

A,y 033 + Q1,0 305 + Q130505 — 3105015 — A3 0530, — A33d,,4), , HasblBaeTCA

onpepgennTenem MaTpuubl nnn onpeaennTenem TpeTbero nopaaka n O603HaqaeTCﬂ:

a, 4y 4a;

A:|A| =Gy Gy Ay =

Q3 Ay
T30y A3 — Ay Aysa) — iy Ay, -

3AMEYAHUE 2

06pa|.|.|,aeM Balle BHMMaHuMe, 4TO B KaXXgoe crnaraemoe BXOAUT OAMH M TONbKO OAWH 3NIEMEHT 13
Kakgoro ctonbua u CTPOKU MaTpuLbl.



OnpedeneHue 4
ay X, +apXx, +a;x; = b,
Paccmotpum  CITAY  TpeTbero nopsgka: 4 d, X, +ay,X, +a,x; =b, . Onpeaenutenu
a3, + a5 X, +ayx; = b
b a, a; a, b ay a, a, b
A =b, a, ay|l, A,=la, b, ay|l v A,=l|a, a, b,|, nonyyaowmecs un3 A
by ay aj ay by ay ay ay by
3ameHoM Nno oYepean CToNbLOB U3 KOIPULMEHTOB NPU X, MPX X, M NPU X; CTONGLOM CBOGOAHBIX

YNIEHOB, HA3bIBAKOTCS BCMOMOraTebHbIMU ONpeaenuTensamu.
Ona CJITAY TpeTbero nopsgka Takke cnpasegnmebl opmyrnbl Kpamepa.

Teopema 3
Ecnun onpenenutens CIIAY TpeTtbero nopsaka A oTnnyeH oT Hyna (A;tO), TO cuctema
UMeeT, U MPUTOM €AWHCTBEHHOE, pelleHne, KOTopoe MOXeT OblTb HalngeHo no dopmynam
Kpamepa: Xx, :ﬁ, X, :ﬁ, X, :ﬁ.
A A
lMpumep
2x, +3x, +2x, =9
Pewwuts CNAY: <x, +2x, —3x, =14 .
3x, +4x, +x, =16

PeweHue
Bbluncnum onpegenutens cuctembl: A =|1 2=4-27+8-12+24-3=-6 .

BcnomoraTenbHble onpenennutenn BblMUCNAEM NO TakOMYy XXe npaBuiy, 4To KU onpenennTerb A.

9 3 2 2.9 2 2 3 9
Monyuum: A, =14 2 -3/=-12, A, =1 14 -3=-18, A, =|1 2 14{=12. Tak kak
16 4 1 3 16 1 3 4 16
A # 0, To faHHas cucTeMa UMeeT TONbKo OAHO pelueHne. Haxoaum ero no copmynam Kpamepa:
x1:£:—_12:2’x2:&:—_18: ,x3:£:£:—2.
A -6 -6 A -6

a, x, +a,x, +...+a, x, =b

Ay X, +ayx, +...+a,x, =b,

Paccmotpum CJIAY n-oro nopsigka: . Ona Hee Tak xe

cnpaseanuebl hopmynsel Kpamepa.
Teopema 4
Ecnv onpegenutens CIAY 7 -oro nopsigka A oTnvyeH oT Hyns (A # O), TO cucTemMa UMeeT, U

nNpUTOM €OUHCTBEHHOE, pelleHne, KOTOpoe MOXeT ObITb HaMgeHo no cbopmynaM Kpamepa:
9



a, a, .. q

n

A A, A, Ay Ay e Gy,
X,=—, X, =—,..,X, = , rae A= - onpegenutens CUCTEMbI, a

A A A

anl anZ ann
a4y a ;. b, a a,,
ay) 4y a; b, a i a,

BCromoraTerbHble onpeaenuTenu: A, =

anl anZ an j-1 n an J+l oo ann

nony4yatTcsa U3 A sameHol ctonéua u3 KoaOULNEHTOB NpU X, cTon6uom CBOBOAHBIX YrEHOB

(j=12,....n).

3AMEYAHUE 3
[okasatenbcTBo Teopembl 4 6yaeT npuBeaeHo aanee.

1.3. CBowucTtBa onpegenurteneun

OnpedeneHue 1

all a12 aln
. Gy Ay - Gy, . y
ManI/ILI,a, nony4vyeHHaa M3 gaHHOU MaTpuulbl A: 3aMeHOon KaXXgou ee
anl anZ ann

CTPOKM CTONBLOM C TEM XE HOMEPOM, Ha3biBaeTCa MaTpuuen, TPAHCMIOHNPOBAHHOW MO OTHOLLUEHWIO

a4y a,
- T ap dy a,,

K aHHOM, 1 obo3HavaeTcs: A =
aln aZn arm

Ceoticmeo 1
OnpegennTtenb TPAHCNOHNPOBAHHOW MaTpULbl paBeH onpeaenuTento NCXoOHOMN.

Ceolicmeo 2

Ecnu B onpegennTernie NOMeHATb MeCTtaMn OBe CTPOKU (CTOJ'I6U,a), TO onpeagenuTterib NoMeHAeT
3HaK.

Ceolicmeo 3

Onpegenutens C [ABYMsi MpoOMopuMOHanbHbIMM (B 4aCTHOCTW, PaBHbIMU) CTpOKamu
(cTonbuamun) paBeH Hynio.

Ceoticmeo 4

Ecnu B onpegenutene ctpoka (ctondeu) Lenvkom COCTOUT U3 Hynew, To onpeaenvTens paBeH
HYI0.
Ceolicmeo 5

OBWnin MHOXMTENb BCEX 3MEMEHTOB Kakon nNnbo cTpoku (cTonbua) MOXHO BbIHECTU 3a 3HaK
onpegenuTens.

10



Ceolicmeo 6

Mpaeuno cnoxeHusi onpedenumenel:

all a12 tee aln all a12 aln all a12 aln

/ /I / /I / VA / / / /I /! /I
a21 +a o1 6122 +a22 a2n +a2n _ a21 a22 a2n n a o1 a22 azn
anl anZ te ann anl anZ ann anl anZ i ann

T.. €CNnM KaxObll 3MEMEHT HEKOTOPOW CTpoku (cTonGua) npefcTaBnsieT cobol Cymmy [BYyX
cnaraemblx, TO onpeAenuTens MOXeT ObiTb NpeAcTaBneH B BUAE CyMMbl ABYX onpefenuTenen,
npuyem B OOHOM K3 HUX COOTBETCTBYIOLLAs CTPOKa (CTonbel) COCTOUT M3 NepPBbIX CraraemblX, a B
APYroM — 13 BTOPbIX CriaraeMblX, OCTanbHbIE € CTPOKM (CTOMGUbI) — Te Ke, YTO U B UCXOOHOM
onpegenuTene.

Ceoticmeo 7
Onpepenvrtens He U3MEHUTCS, €CNK KO BCEM 3fIEMEHTaM OAHOM CTPOkKM (cTonbdua) npubaButb
COOTBETCTBYIOLLME 3MEMEHTbI OPYroi CTPOoKM (CTonbua), YMHOXKEHHbIE Ha OOHO U TOXe YMcrno A :

ay 4y ... 4, a, a, a,,
Ay Ay e Gy,| Ay F Aa,, a,+Aa, ... a, +Aa,
anl anZ ce ann anl anZ ce ann

OnpedeneHue 2

all a12 cee aln
3 3 3 0 a, .. a,
BepxHelt TpeyronbHon MaTpuLen HasbiBaeTca MaTpyua Buga: A =
0 0 a,
OnpedeneHue 3
a, 0 0
y y y ay ap 0
HwxxHel TpeyronbHoi maTpuLei HasbiBaeTca matpuua suaa: A =
anl anZ ann
OnpedeneHue 4
a, 0 ... 0
3 3 0 a, ... O
[varoHanbHon maTpuLiein HasbiBaeTcs matpuua suaa: A =
0 0 a

Ceoliicmeo 8
Onpegenutens guaroHanbHOW, TPEYronbHOW (BEPXHENW WU HWXKHEW) maTpuvubl paBeH
NPON3BEAEHNIO AMaroHarbHbIX 31EMEHTOB.

11



OnpedeneHue 5

MVIHOpOM rieMeHTa onpegennTend aij Ha3blBa€TCA onpenerinTernb, nonyqaeMan 13 gaHHoro

OnpeAenuTens Bbi4ePKUBaHNEM [ -Oif CTPOKW 1 j -oro cTonbua. OBosHauaeTcs: A, ;.

3AMEYAHME 1
MVIHOp — 9TO onpeaennTesnb, NOPAAOK KOTOPOro Ha eaAnHMUyY MeHblle, YeM y NCXOOHOro.
OnpedeneHue 6
Anrebpandeckum  [OMOMHEHWEM  dMfeMeHTa  OnpefenuTenst d,; HasblBAETCH  UMCO:
— i+j
A, ;= (-D"™A

i j»TA€ A, ; - COOTBETCTBYIOLNIA MUHOP.

lMpumep 1
3 2 -1
OaH onpepenutens: A={ 6 0 5 |.Bblumciute Ay, n A4,,.
-4 1 -3
PeweHue

Tak Kak HYXHO BbIMACIUTL MUHOP W anrebpanyeckoe [OMOSIHEHWE 3NeMeHTa d,,,

BblMEPKMBaAEM B onpenenutene BTOPYKD CTPOKYy U TpeTMVI ctonbeu;: Torpa:

-4 1 -
A, = 32 =11, 4, =(-1)’"A,, =-11.
-4 1
3AMEYAHMUE 2

Tak Kak 3Hak nepea MMHOPOM B anre6pamquK0M O0onoJIHeHUn onpenendeTcAa TofibKoO MeCTOM
ANeMeHTa B onpeaenuTene, To npaBuno Bbl60pa 3HaKOB BbIMMAOUT crnegyrwmm 06pa30M:

+ - +

Ceolicmeo 9

Teopema pa3snoxeHusi

Onpepenvrenb paBeH CyMMe NPOuN3BeAeHUN SNIEMEHTOB Kakom — NMbo CTpoku (cTtonbua) Ha ux
anrebpaunyeckvie AOMOMHEHMs.

OTO O3HayaeT, 4YTO ecnu B3ATb B OMpedenuTene i-yw CTPOKY, TO €ro BenuYuHy MOXHO
BbIYMCIUTL MO criedyowein dopmyne: a; Ay +a;An +...+a;,4;, . Takoit cnocob BbluMCNEHUS

onpepenvTenst HasbiBaeTCs pasfioKeHWem ero Mo 3fieMeHTaM -0 CTPOKM (aHarorMyHo
onpenenseTcs pasnoXeHve onpefenuTens no aNeMeHTam j -oro ctonéua).

TMpumep 2
1 2 3
BblumcnuTe onpegenutens: A =3 4 5|, pa3noxue ero no anemeHTam rnepeoro cronéua.
7 1 2

12



PeweHue

1 cnocob

4 5 2 3 2 3
-3 7 _

+ =-14.
1 20 |1 20 |45

A=a, A, +ay4, +a,4; =1
2 cnocob
Mcnonbays 7—0e CBOWCTBO, 0BpaTMM HEKOTOpble 3MeMeHTbl NepBoro cTonbua B HOMb. JTO

YNPOCTUT BbIYMCIIEHME ONpeaenuTens. YMHOXUM MepBy CTPoky Ha (-3) 1 npubaBum KO BTOPOM
CTpOKE, 3aTeM YMHOXWUM NepByl CTPOKy Ha (-7) u npubaBuMm K TpeTben CTPOKeE:

1 2 3((-3) 7)) 1 2 3
A=|3 4 5 j =0 -2 —4|. 3ametum, 4YTO BTOpas CTpPOKa WMeeT OobLuI
7 1 2 0 -13 -19
MHOXUTEnNb (-2), a Tpetba - (-1). lMoaTomy, NpuMeHdAs AOBaxAabl 5—0e CBOWCTBO, MNOMNYYMM:
1 2 3
A=(-2)(-1)|0 1 2]|.B nepsom cTon6ue ocrancs Nuilb OOWH 3MEMEHT, OTIIMYHbINA OT HyIS.
0 13 19
Torga, pasnoxvB  onpedenuTenb MO 3nNeMeHTaM  nepBoro  crtonbua,  NOnyYuM:
1 2
A=2 =-14.
13 19

Ceolicmeo 10

CymMMa npousBedeHUI 3MeEMEHTOB Kakol — nmbo cTpoku (cTonbua) onpepenutenst Ha
anrebpaundeckne AOMOSIHEHUS COOTBETCTBYHLUMX SFIEMEHTOB ApYyron CTpoku (ctonbua) pasBHa
HyIH0.

Hanpumep, cymma npomsBefeHUN 3NEeMEHTOB NepBOM CTPOKM onpedenutenss  Ha
anrebpavdeckue [OMOMHEHUST COOTBETCTBYIOLLMX 3IEMEHTOB BTOPOW CTPOKM paBHA HyIHo:

a, A, +a,A4,+...+a,4, =0.

1.4. MaTtpuubl. [lencTBMA ¢ MaTpuLamm

CrioxxeHue mampuy,

Cymmon asyx matpuy A~ v B HasbiBaetca matpuua C

mxn mxn mxn’

SNeMeHT ¢, ; KOTOpOM paBeH

l

CymMMe COOTBETCTBYIOLWMX dnemenToB matpuy A v B: ¢, =a,;+b,,, rae i=12,...,m;
j=12,...n. Obosnauaetcs: A+B=C.

3AMEYAHME 1
[JencTBue cnoxeHus onpegeneHo ToNbKo AN MaTpul, OQHOM pa3MepHOCTU.

YMHoXeHue Ha 4ucrio

MpovaseaeHnem matpuupl A, . Ha 41cno A HasbiBaeTcs maTpuua B 3MeMeHTbI KOTOpPOM

n mxn

nonyyaloTcss M3 9NMeMeHTOB Matpuupl A  ymHoXeHwuem Ha uucrno A: b, =Aa,;, roe
i=L2,...,m; j=1,2,...,n. Obo3Havaetcs: AA=B.

YMHo)XeHue mampuy,

Mpoussenexviem matpuupl A, , Ha matpuly B, = HasbiBaetca matpuua C ANeMeHT ¢,

kxn mxn ?

KOTOPOMW, CTOSILLMIA B [ -ON CTPOKE M j -OM cTonbue, ecTb CymMma Npou3BedeHU 3NIEMEHTOB [ -OM

13



CTpokM Matpuubl A Ha COOTBETCTByIOLME JNEMEHTbl j-0oro cTtonbua matpuusl B
k

c,.j:Za”b,j:ailbl_/+a[2b2j+...+al.kbkj, roe i=12,...,m; j=12,....n.
=1

O6o3Havaetca: A-B=C.
3AMEYAHMUE 2

Mpownssenenne matpuubl A Ha maTpuuy B BBOAMTCA TONBKO B TOM Cryyae, ecrv Y1cno cTonbLos
matpuusl A paeHo uncny cTpok maTpuusl B .

lMpumep
-1
3 -2 1
Haitu nponsseneHne A-B n B-A,ecnn A= 5 4 0 ,B=]-2 3
1 -4
PeweHue
-1] 5
L B _ﬂ SERE -3+4+1 15-6-4 B 2 5 _c
T2 400 - | -2-8+0 10+12+0) |(-10 22) ¥
-1 5 7 22 -1
B4 =2 3|° 2 Nlo 16 2|-D
3x2 2x3 T 2 4 0 - — M3x3
1 -4 -5 -18 1

3AMEYAHUE 3
B o6Liem cnyyae yMHOXeHUE MaTpuL, He NOAYNHSIETCS KOMMYTaTUBHOMY (NEpPeMeCTUTENIbHOMY)

sakony: A-B#B-A.
OnpedeneHue

MaTtpuubl, AnA KOTOpbIX ChpaBegniMBo A-B=B-A4, HasbiBaloTCH KOMMYTaTUBHbIMU
(nepecTaHOBOYHbLIMN).

Teopema
Ecrm A v B - kBagpaTtHble MaTtpuubl 7-0r0 Mnopsaka, TO onpeaenuTens Npov3BeaeHUs

MaTpuL, paBeH NpoV3BedeHWI0 onpeaenuTeneil: |A . B| = |A| . |B| .

1.5. O6partHasa maTtpuua

OnpedeneHue 1

0O ... 0
o 1 ... 0 5
KBagpaTtHasa maTpuua Buaa HasblBaeTcs eanHUYHon. OB6osHavaeTca: £ .
0 0 1

Teopema 1
Ona nwobol  kKBagpaTHOW  MaTpuubl 1 -0Or0  MOpsSAKka  CcrnpaBegfiMBbl  PaBEHCTBA:

A-E=E-A=4.

14
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a4 , 10 0 a4 a,
4 . | 9n An a, |0 1 0] |ay ay, ay, — 4
nxn nxn - nxn?
a, a, .. a,){0 0 .. 1 a, a, .. 4a,

JokasaTenbcTBo Toro, yto £ - A = A - aHanormnyHo.
OnpedeneHue 2
KBagpatHast matpuua A, = Ha3blBAETCA HEBLIPOXAEHHOI, ECIN €e onpeaenuTenb OTINYEH OT

Hyns: |A| #0.

OnpedeneHue 3
Mycte A - kBagpaTHasi matpuua 7 -oro nopsigka. O6partHon ana maTtpuubl A HasbiBaeTcs
matpuua, o6osHauaemasi A", Ans koTopoil BeinonHsioTest paseHctsa: A-A ' = A" - A=E .

3AMEYAHUE 1
O6paTtHaa MaTpuLia UMEeeT TaKoi e NopsaaokK, YTo UCXodHas maTpuua.

3AMEYAHUE 2

Matpuusl A u A™" - koMmyTaTUBHBI.

OnpedeneHue 4

4, A, 1n
21 A22 AZn <
Matpuua C = , 9NemMeHTaMu KOTOpOW sABNATCA anrebpaundeckne
Anl An2 Ann
all a12 aln
a, Gy ... a,,
[OMONHEHNs COOTBETCTBYIOLLMX SMEeMEHTOB maTtpuupl A = , HasblBaeTcs
anl anZ ann

COl03HOM K MaTpuue A .

Teopema 2
Ecrm A - kBagpaTHas HEBLIPOXKAEHHAs MaTpuLa, TO ANA Hee CyllecTByeT obpaTtHas maTpuua
1
—1 -1 T
A™ ,takaauto: A~ =—-C",rae C - cotosHas matpuua.
4]
JHokazamenbcmeo

1) A" cywecrsyerT, Tak kak |A| # 0 no ycnoswuio.

15



5 _ |G Gpn - @y,
) Paccmotpum wmatpuuy A 0 A= , COCTaBMM COIO3HYIO MaTpuLy
anl an2 ann
All A12 Aln All A21 Anl
A, A, ... A .. A
c=|"" 2 Ao n TpaHcnonpyem ee: C' = Ao "> | Bbluncnnm
Anl AnZ Ann Aln 2n A Ann
all a12 aln All A21 nl
a, a a A, A A
npousseneHue: A-A_]=A~L~CT=L~ o 2 o 1= (no
|4 A | e e
anl an2 cee ann Aln A2n o Ann
4 0 .. 0) (1 0 ... 0
110 |4 ... 0 |0 1 .. 0
9-omy 1 10-omy cBOWCTBaM OnpeaenuTens) zm- = =F.
0 0 ... |4) Lo o 1
-1 1 T < o
W3 aToro cneayer, uto matpuua A :M-C AeNCTBUTENbHO ABNSIeTCS 06paTHON.
lMpumep
1 2 3
Haiit obpatHyio matpuuy ana matpuusl: A= -2 1 4.
-3 -4 1
PeweHue
Bbluncnum onpenenuTens: |A| =30=-0. Hangem COO3HY10 maTpuuy:
1 4 -2 4 -2 1
-4 1 -3 1 -3 -4
17 -10 11
2 3 1 3 1 2
C=|- - =-14 10 -=-2/|. TpaHcnoHvpyem ee:
-4 1 -3 1 -3 -4
5 -10 5
2 3 1 3 1 2
1 4 -2 4 -2 1
17 -14 5 17 -14 11
C'=/-10 10 —10|. Monyuunm: A’I:?%O- -10 10 -10/|.
11 -2 5 11 -2 5
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lposepka

1 2 3 17 —14 11 30 0 0) (1 0 0
A4 =2 1 4 % ~10 10 -10 :3%- 0 3 0l=lo0 1 0|=E.
3 4 1 11 -2 5 0 0 30 L0 0 1

1.6. MaTpuuHblie ypaBHeHusA. MaTpuyHasa 3anucb CIIAY. ®opmynbl Kpamepa
PaccmoTpyM OBa Tuna MaTpUYHbIX YPaBHEHMWIA:
1' Anxn ’ anm = anm .
Teopema 1
[lnst MaTpuuHoro ypasHeHusi: A- X = B peluerue Haxogutes no doopmyne: X = A~ - B.

Hokazamenbcmeo
Myctb A - HeBbIpoXOEeHHas maTtpuua, TO ecTb |A| # (0, u3 aToro cneayer, 4To CyliecTsyeT

obpatHasi matpuua A~'. YMHOXUM maTpuuHoe ypasHenne A-X = B cnesa Ha A", nonyuum:

A" 4-X=A"B,E-X=4" - B, otkyna: X=4"B.

a, x, +a,x, +...+a,x, =b,

Myctb aana CINAY 7 -oro nopsiaka: Aoy ¥ ¥y F oy, %, =by

anlxl + an2x2 + + ann n = bn
all a12 aln
Ay, Ay ... G,
PaccmoTpum crnepytolime matpuupbl: Matpuly cuctemsl: A, = , cTonGeu
anl anZ ann
X b,
X, b,
HeusBecTHbIx: X, | = 1 ctonbeu, cBOGOAHLIX UneHoB: B, | =
xl’l bn
Teopema 2
MatpuuHas 3anucs CNAY nmeetsua: A- X =B.
Hokaszamenscmeo
a, X, +a,x, +...+a, x, b,
n 4 X = Ay Xy + Xy +.o Ay, X, | b, _3
epemHoxum matpuupl: 4, - X, | = = =B,
a,x, +a,x,+...+a,x, b,

3AMEYAHUE 1
OueBunaHO, YTO MaTpuyHas 3anmcb CJIAY 3T0 YacTHbIN criyyar 1—0ro Tuna MaTpUYHbIX YypaBHEHWU (npu
m = 1), noaTomy ee pelueHue Takke HaxoanTcs no dopmyne: X = A~ - B.
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Mpumep 1
2x, +3x, +2x,=9
Pewwutb MmaTpuuHeiM metogom CINAY: | x, +2x, —3x, =14 .

3x, +4x, +x;, =16

3AMEYAHUE 2
PelueHue aTon cucteMbl Mbl ke Haxoaunu no popmynam Kpamepa.
PeweHue
2 3 2 X,
Boinuwem wmatpuuy cuctembl: A=|1 2 -3 |, cronbeu HeusBecTHbix: X =|x, | u
3 4 1 X3
9
ctonBel, cBoboaHbix udneHos: B =|14|. Onpegenutenb cucTembl: |A|:—6¢O. Haxogmm
16
4 5 -13
obpaTHylo MaTpuuy: A_lz—é- —-10 -4 8 |. Torma pelleHMe CUCTEMbI B MaTpUYHON
-2 1 1
14 5 -13)(9 -12
dopme umeeT BUA: X:—é- -10 -4 8 |-|14 :—%' —-18 |=| 3 |, cneposaTencHo:
-2 1 1 16 12 -2
x, =2
x,=3
X, =-2

BepHemcsi k Teopeme 4 wu3 nyHkta 1.2. PaHee 3Ta Teopema Obina ocTtaBneHa 6e3
OoKa3aTesribCTBa, Tenepb Mbl YK€ MOXeM ee OoKa3aThb.

Teopema 1.2.4
Ecnu onpegenutens CITAY n -oro nopsaka A OTRAUYeH OT Hyns (A # 0), TO CMCTEME MMEET,

N NPUTOM €OVMHCTBEHHOE, pELUeHne, KOTOpoe MOXeT ObiTb HampgeHo no dopmynam Kpamepa:
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I'Ipvl |A|¢O pelweHne CcuUcTteMbl MOXEeT OblTb HaMaeHo MaTpuyHbiM MEeTOAOM, TO €eCTb:

xl All AZl T Anl bl
Yo X, :Ail-B:i-CT-BZL 4, A4, A, | | b _
El 4]
xn Aln AZn Ann bn

bA,+bA,+...+b A,
1 | b4, +b,4,+...+b,A4,

bA, +bA, +...+b A
BcnomHum, 4to B hopmynax Kpamepa BcrnomoratesibHble onpeaenurenu (AJ.) nosiyyaroTca ua

onpegenuTens cucTembl 3ameHoln ctonbua Ko3MULMEHTOB MPU HEM3BECTHOM X : CTONOLOM

J
@, @, ... a ., b oa o ... q,
ay Ay e Gy b, Ay iy -ee Gy,
CBOBOAHbIX ~ 4neHoB, TO ecTb: A, = , roe
an] an2 an,j—l bn an,j+1 te ann
j=12,...n. Pasnoxum 3TM  onpedenuTenu No  3nemMeHTam  j-oro  ctonbua:
Aj=bdj+byA);+...+b,A4, ; nNOACTaBAM 3TN PAINOKEHUS B PELLEHME CUCTEMBI, NOMY4NUM:
Al
A
Al
AZ
1|4, -
X:X- =| A |, roe A:|A|— onpegenuTenb cuctembl. OTcloga crieayeT, yYTO pelueHune
AVI
n
A
y y A,
CUCTEMbl [ENCTBUTENbHO MOXET ObiTb HalgeHo no opmynam Kpamepa: X, :X’
A
X, :—2,...,xn =—" npm A=0.
A A
2. mxn Anxn = Bmxn :
Teopema 3

-1
[ns maTtpuyHoro ypaeHennst X - A = B pelueHne Haxoautes no dopmyne: X = B- A" .
Hokazamenbcmeo

Mycte A - HeBblpOXAEHHAs MaTpuua, TO eCcTb |A| # (0, u3 atoro crnepyert, 4To cCyLecTByeT

obpatHasi matpuua A~ . YMHOXUM mMaTpuuHoe ypasHetne X - A = B cnpasa Ha A~ , nonyumm:
X-A-A"'=B-47", X'E=B'A_I,OTKyLI,a: X=B-4".
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lMpumep 2

-1 2
-1
PewnTtb MaTpuyHoe ypaBHeHue: X-(z 3)2 4 0
0 1
PeweHue
3 . -1 -2
Bbinuwem matpuupl A n B: A4, , :(2 3 j B,,=| 4 0 |. Tak kak onpeaenuTtens
0 1
S 1 (31
|A|:ll¢0, Haxoaum obGpaTHyio matpuuy: A :ﬁ- 5 3 Torga pelleHne MaTpPUYHOrO
-1 -2 1 -7
xo=tda ol Nl 4
ypaBHeHust umeeT Bua: X, , = T PR T
0 1 -2 3

1.7. PacwunpeHHasa matpuua CJIAY. dnemeHTapHble npeobpa3oBaHuA

PaccMmoTpum cuctemy m NUHENHBbIX anredbpandyecknx ypaBHeHUN ¢ n HeusBecTHbiMU (CJI1AY):
a, x, +a,x, +...+a, x, =b
=b,

Ay X, +apX, +...+0a,,x

n

a, x, +a,,x,+...+a, x, =b,

OnpedeneHue 1
Ecnn MaTpuue cuctemMmbl npunucaTtb cCrnpasa CTOJ'I6eLI, CBOGOD,HI:IX YreHoB, TO Nony4ynTcAa

a, a, ... a,|Db
a, ay ... a, |b

maTpuua smaa: . OTa MaTpuua Ha3bIBAETCH PaCLUMPEHHON MaTpuLen
a, a,, a,, | b,

CHAY.

3AMEYAHME

PaclwunpeHHas matpuua npeacraBnget cobon KpaTKyto 3anncb CUCTEMBbI.

OnpedeneHue 2

OnemeHTapHbIMU Npeobpa3oBaHMsAMM Ha3biBaOTCA Takue npeobpa3oBaHMs pPacLUMpPeHHOMN
MaTpuulpbl, KOTOpble HE MEHSIIOT MHOXECTBO pELUeHWA CUCTEMbl. 3HaK 3f1eMEHTapHOro
npeobpa3oBaHns: => Uin ~.

K anemeHmapHbIM npeobpa3osaHusiM OMHOCSMCS:
1. nepemeHa MecTamu CTPOK,;
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2. nepemMeHa mectamu CTON6GLOB C 3aNoOMUHAHNEM KakoMy Hen3BeCTHOMY COOTBETCTBYET

X] xz xn xz X] xn
al 1 a12 aln bl alz all te Cl] n bl
Ka)K,D,bIl‘;l CTOJ'I68L|,: a21 a22 t azn b2 a22 a21 te aZn b2 ’
=
aml am2 cee amn bm am2 aml amn bm

3. YMHOXeHue (oerneHune) CTPOKU Ha YMCHO, OTIIMYHOE OT HYJIS;

4. np|/|6aBneH|/|e K 3rfleMeHTaM ogHON CTPOKM COOTBETCTBYHOLLNX 3JTEMEHTOB p,pyr0|7| CTPOKMH,
YMHOXEHHbIX Ha O4HO N TOXE YUCIIO;

5. BbluepKMBaHME OQHON U3 ABYX NPOMNOPLIMOHAbHbBIX (B YACTHOCTU, PaBHbIX) CTPOK;
6. BbluepKMBaHWE HYNEeBOW CTPOKN.

1.8. MeTopa lNaycca

LleJ'IbIO meTtoaa Faycca ABNAETCA! NOJIb3YACb 3NIEMEHTapHbIMU ﬂp606pa3OBaHl/lFlMl/l nony4nTb B

nepebix k - cTpokax U k - ctonbuax paclumpeHHOn MaTpuLbl EAUHUYHYIO MaTpULLy.
Mpyn 3TOM BO3MOXHbI TPU Cry4as:

1. PacwupeHHass mampuya CJIAY npueedeHa k sudy:

X X, ... X,
X, =¢
1 0 ... 0 |¢
X, =C,
0 1 ... 0 c, . Cucrtema nmeet eANHCTBEHHOE peLLEeHNne .
X =c
n n
0 0 ... 1 |c
lMpumep 1

2x, +3x, +2x, =9
MeTopom laycca pewnts CIAY: §x, +2x, —3x; =14 .
3x,+4x, +x;, =16
3AMEYAHUE

3710 yXKe TpeTnii cnocob peLleHnss JaHHOW cucTeMbl. [1o 3TOro pelleHne cuctemsl 6bino HakaeHo No
dopmynam Kpamepa n MmaTpuyHbIM METOLOM.

PeweHue
X Xy X
3 219
Bbinviem paclunmpeHHyo MaTpuLly CUCTEMBI:
1 2 314
3 4 1|16

1 — bIA wWar. |_|OJ'Iy‘-IVIM B BEpxXHEM JieBOM Yyriy MaTtpuubl eaunHuly. [ns aTtoro nomeHsiem

X X X X X X
23 219 1 2 3|14
MeCTamm MepByio U BTOPYH CTPOKMU: . YMHOXMM nepByto
1 2 3|14 =2 3 219
3 4 1 16J 3 4 1|16
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CTPOKY Ha (—2) N NpnGaBnM ee KO BTOPOW CTPOKe, 3aTeM YMHOXUM MEPBYIO CTPOKY Ha (—3) "

npubasBnM ee K TpeTben CTpoke. [locne BbINOMHEeHNs yKka3aHHbIX onepauui Bce afeMeHTbl NepBoro
ctonbua mMaTpuLibl, Kpome a, OKaxyTCs paBHbIMU Hy1Io:

X Xy Xy X X XN

1 2 3]14)(=2) (=3) (1 2 -3]| 14
2 3 2|9 | =0 -1 8 |[-19]|
3 4 1116 0 -2 10 |-26

YT106bl YNpoCTUTL AanbHenLWne BbIMUCNEHWS, Mbl €Lle pa3genum TPeTbl CTPOKY Ha obLimn

X X X XX X
1 2 3| 14 1 2 3| 14
MHOXMUTENb BCEX €€ 3NIEMEHTOB — (—2) : 0 L3 0 0 1 3 ol
—_ —_ : — —_

0 -2 10 |-26):(-2) 0 1 5|13
2 — on war. Tenepb caenaem 3MEeMEHT d,, PaBHbIM €4MHULE, a OCTalbHble 3NEeMEeHTbI
BTOporo cronbua “obHynum”. [Ons 9TOro noMeHsem MecTamy BTOPYID W TPEeTbi CTPOKM:

X X X X X X5
1 2 3|14 1 2 3|14
0 -1 8 |-19|<=|0 1 -=5] 13
0O 1 5|13 )< 0 -1 8 |-19
npubaBuM ee K NepBOW CTpPOKe, 3aTeM K TpeTbel CTpoke npubaBuM BTOPYH CTPOKY:

‘xl x2 x3 ‘xl x2 x3

YMHOXVMM BTOpPYIO CTPOKY Ha (—2) 7

1 2 3|14\ 10 7]-12
0 1 -5[13|(-2) =0 1 -5| 13|
0 -1 8 |-19 -~ 00 3[-6

3 — v war. Pasgenum TpeTbio CTPOKY Ha (—3), rnocrie 3Toro anemMeHT a,, GyaeT paBeH
X X X X X X
1 0 7 |-12 1 0 7 |-12

1 -5| 13 =0 1 -5/ 13
00 3|-6)3 (00 1]-=

eguHuLe:

YMHOXUM TPETbO CTPOKY Ha (5) 1 npubaBuM ee KO BTOPOW CTPOKE, 3aTEM YMHOXMUM TPETbIO

CTPOKY Ha (—7) M npvbaBMM ee K NepBoOi CTPOKe, TOrda BCe 3NieMeHTbl TpeTbero cronbua

maTpuubl, Kpome asy, OKaXxyTCs paBHbIMM HyIHo:
X X, X X X, X
1 0 7 |-12 1 0 0] 2
0 1 -5| 13 < =0 1 0] 3
0 0 1| -2)05 7 0 0 1]-2
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x =2

B utore nosiy4aem eaAnHCTBEHHOE PELLEHNE CUCTEMbIL. | X, = 3

X, =2
2. PacwupeHHas mampuuya CJIAY npueedeHa k eudy:
X, Xy oo X Xpy Xy, eee X,
1 0 ... 0 o B ... 7 l¢qg
o1 .. 0 a B, ... 7,]c¢
0 0 .. 1 a B ... 7lc
B atom cnyyae cuctema umeet GECKOHEYHO MHOMO PELUEHMI, KOTOpble MOXHO 3anucaTtb B
X, =0 =X~ BiXy e VX,
X, =Cy =Xy = BoXy iy == VX,
BUAE: , e X;,X,,...,X, - 0asnCHble HeusBecTHble,
X =C =X — BiXy iy~ =1,

Xip15Xpynse++sX, - CBODOOHbIE HEN3BECTHBIE (MOObLIE BELLIECTBEHHbIE Yncna).
lMpumep 2
2x,—x,+x,=0
Pewwutb CNMAY: < —x, +3x, +2x, =2.
X +2x,+3x;=2
PeweHue
Bbinuiiem paclwivMpeHHylo MaTpuly CUCTEMbl W BbIMOMHUM ueﬁCTBMﬂ no wmertoay [aycca:

X X5 X X X X X X X
2 -1 110 1 2 312

1 3 2[2||=[-1 3 2 2}& =10

1 2 3|2

xl x2 x3 xl x2 x3 1 x2 x?:

2
1 2 3|2 123 2(—‘ o1 5| Takum o6pasom,
= = 4 =
05 5 :(5) 01 1[=[+-2) 4
5 01 1(—=
5
2
X, :g—x3
nony4aem GeCKOHEYHO MHOrO PELUEHWUA CUCTEMbI B BMAE: 4 , TAe Xx,,X, - 6asncHble
X, :g—x3
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Hen3BeCTHblEe, X; - cBobogHas HensBecTHas. Ecnn 0603HaunTL X3 =t (t - ntoboe BellecTBEHHOE

2
X, 5
4
YKCIO), PeLeHne CUCTEMbI MOXHO 3anncaTth B Buae: X =| x, |= g—t .
b ¢
3. PacwupeHHasi Mampuuya CJIAY npueedeHa k eudy:
X, Xy e X X X oeee X,
1 0 - 0 0 0 -+ 0] ¢
o 1 -~ 0 0 0 - 0]ec
, rae xoTa 6bl 04HO U3 uncen ¢, ,...,C, OTIIMYHO OT
0 O 0 O 0] ¢
0 O 0 0 0 0 |c.,
o 0 - 0 0 0 - 0]c,

Hynsi. B aTom cnyyae cuctema He MMeeT peLLeHiA.
lMpumep 3
X —x,+x;=0
Pewmntb CITAY: X, +3x, +2x;, =2 .
2x, +2x, +3x;, =5
PeweHue

Bbinuwem pacwmpeHHyro matpudy CUCTeéMbl U BbINOJTHUM nencTems no meTony Faycca:

XXy Xy X X X XXy X
I -1 1]0\-1) (=2) 1 -1 1|0 1 1 =110
1322<J =0 4 1|2|=|0 1 4 (2|-D)()=>
2 2 315 0 4 1|5 01 45

X X3 X

1 0 -5|-=2

. MocnenHee ypaeHeHue cuctembl umeet eua: 0 =3. CneposaTensHo,

=0 1 4

0 0 013

AaHHaA cucreMma HeCoBMeCTHa.

1.9. PaHr matpuubl. Teopema KpoHekepa — Kanennu
OnpedeneHue 1

Myctb B mMaTpuue A, . BbiOpaHbl NponsBonbHO k cTpok U k ctonbuos (k < min(m,n)).

OnemeHTbl, cTosilMe Ha nepecevyeHMn BblOpaHHbIX CTPOK M CTONOLOB, 00pasyloT KBaapaTHYHo
maTpuuy nopsigka k , onpegenvTeris KOTOPO Ha3biBaeTCA MUHOPOM K -Oro nopsiaka matpuusl A .
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lNMpumep 1

2 -1 3 4
JaHa matpuua: A=| 5 0 2 7. Haiit B Helt Kakoi-HUGYOb MUHOP BTOPOro Mopsiaka u
-3 1 11
Kakon-H1Mbyab MMHOP TPETbEro nopsaka.
PeweHue
-1 3 4
5 0
3 =35 - muHop BTOpOro nopsagka, | 0 2 7| =18 - muHop TpeTbero nopsiaka.
- 111

OnpedeneHue 2

HaumBbicluMit NOpPSAOK OTAMYHOMO OT Hyns MuHopa MmaTpuubl A HasbiBaeTcsl ee paHrom.
O6o3HavaeTcst 7(A4) .

3AMEYAHUE 1

Ecnu paHr maTpuubl paeH K , To 13 3TOro cnefyeT, YTo Cpean MUHOPOB K -oro nopsaka xoTs 6l
OLMH OTNWUYEH OT HyNS, @ BCe MUMHOPbI GOiee BbICOKOrO NopsiaKa paBHbI Hyrio.

Mpeo6pasoeaHus, He MeHsIrOWUe paH2 Mampuubi:

1. nepemeHa mecTtamu cTpok (CTONBLOB);
2. yMHOXeHuWe (aeneHne) CTpoKK (CcTonbua) Ha YMCIIo, OTIIMYHOE OT HyIS;

3. npubaBneHue K arieMeHTaM OfHOW CTPOKM (CTonGLa) COOTBETCTBYIOLMX 3MEMEHTOB [pYrow
CTpOkU (cTonbua), YMHOXEHHbIX Ha O4HO U TOXE YMCHO;

4. BblyepKkMBaHWE OOHOI M3 ABYX NPOMOPLMOHASIbHBIX (B YACTHOCTU, PaBHLIX) CTPOK (CTONGLOB);
5. BbluepkMBaHMe HyneBon CTpoku (ctonbua).

3AMEYAHUE 2

O6pau.1aeM Bawie BHMMaHue, 4TO anemeHTapHble npe06paaoBaHm| HE MEHAIT paHra MmaTpuubl,
NO3TOMY paHr MmaTpuLbl y,EI,O6HO HaxognTb MeToaom Faycca.

lMpumep 2
1 2 3 4
Haitu panr matpuupl: A= 2 5 -2 6
-3 4 -1 2
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PeweHue
I 2 3 4\(-2) (3 1 -2 3 4 1 -2 3 2
A:25—26<U:>09—8—2:>09—8—1:>
-3 4 -1 2 0 -2 8 14 0 2 8 7
1 (2) (I
11 3 239 1 0 11 3
=0 1 -8 —-1|(-1) (-6)=|0 1 -8 —1|. Tak Kak MOXHO yKasaTb MMUHOpP 3-TO
06 8 7)<~ o0 56 13
0 11
nopsiaka, OTnUYHbIA oT Hyns: |0 -8 =56%0,710 r(4)=3.
0 0

Teopema KpoHekepa — Kanennu
PaccmoTpym cuctemMy m  NUMHENHbIX anrebpavyecknx ypaBHEHWM C H  HEU3BECTHbIMU:
a,x, +a,x, +...+a,x, =b,

ay X, +ay,X, +...+a,x, =b,

Bbinuwem MaTtpuly 3TON CUNCTEMDbI:
a,x+a, x,+...+a, x =b,
a, a4y a,,
4 - Ay, Ay ... 4y, .
N n ee pPacLLMPEHHYIO MaTpuuy:
aml am2 amn
xl x2 xn
all alz aln bl
B _ | G @, | b,
mx(n+l) —
aml am2 i amn bm

[Ons Toro uto6bl CJIAY Gbina coBMecTHa, HE06XOAMMO U AoCTaTouHO, YTobbl 7(A) =7r(B).
JT0 pelueHVe eQMHCTBEHHO TOrA4a v Tonbko Toraa, korga r(A)=r(B)=n.
Ecrm #(A) =r(B) <n, 1o CIIAY umeeT 6ECKOHEYHO MHOTO PELLEHUA.

[MpokoMMeHTUMpyeM 3Ty Teopemy npuMepamm M3 nyHkTa 1.8., BbINMCbIBas paclUUpPeEHHbIE
MaTpuLbl CUCTEM M MaTpuubl, MOJTyYEHHbIE U3 PACLUMPEHHON B pesynbTaTte NMpUMEHeHus metoaa
["aycca.

lNpumep 1
2x, +3x, +2x, =9
Pewnts CNAY: < x, +2x, —3x, =14 .
3x,+4x, +x;, =16
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PeweHue
X Xy Xy X Xy X3
2 3 219 1 0 0 2
B=|1 2 3(14|=|/0 1 0] 3
3 4 1|16 0 0 1|2

. Tak kKak MOXHO YKa3atb MUHOpP 3-ro nopAanka,

1 00

otmmyHbit oT Hyns: (0 1 0=1#0, to #(A)=r(B)=3. A Tak kaK YACINO HEU3BECTHbIX: 1 =3,
0 0 1

10 7(A) =r(B)=n. N3 atoro, no Teopeme KpoHekepa — Kanennu, cnegyer, 4To cucrema mveet

x =2
©[IMHCTBEHHOE pELLEHIe, KOTOpPoe UMEET BUA: 4 X, =3

X, =-2

lMpumep 2
2x,—x,+x,=0
Pewnts CNAY: 3 —x, +3x, +2x, =2.
X +2x,+3x,=2
PeweHue
N X5 X N X X

2 -1 110 1 0 1
B=|-1 3 2|2|=
1 2 3|2 01 1

2
5 |- Tak Kak MOXHO ykasaTb MWHOp 2-T0 nopsiaka,
4
5

1

OTNWUYHBIA OT HYNs: =1#0, o r(A)=r(B)=2. Yucno HensBecTHbIX: 1 =3, 3HAUUT

r(A)=r(B) <n. N3 atoro, no Teopeme KpoHekepa — Kanennwu, crefyeT, 4to cuctema umeeT

2 t
5
y 4
©ECKOHEYHO MHOrO peweHnn. Bce atn peweHna MOXHO 3anuncatb B BUAeE: X = g—t , roe
4

X; =1 - nboe BeleCTBEHHOE YNCIO.
lMpumep 3
X, —x,+x;,=0
Pewnts CIAY: 3 x, +3x, +2x, =2 .
2x, +2x, +3x; =5
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PeweHue
X X X X X3 X,
1 -1 110 1 0 5|2 .
. Tak Kak B maTtpuue, nony4yeHHon nus matpuubl A
B=|1 3 2|2|=|01 4 |2

2 2 315 0 0 0 |3

B pe3ynbTarte npuMeHeHuAa metona Faycca, BCE€ MWHOPbLI 3-ro nopsaakKka paBHbl HyINKO, HO €CTb

MUHOP 2-F0 NOPSAAKa, OTNUYHbIA OT HYns: 01 =120, 10 r(4) =2. A B MaTpuLe, Nony4eHHoM

M3 paclmMpeHHo MaTtpuubl B, ecTb MuHOp 3-ro  nopsgka, OTMUYHBLIA - OT  Hymsi:
1 0 -2

0 1 2|=3#0,10 r(B)=3.CnepoBatensHo, r(A4) #r(B) n cuctema He NMEET pELLIEHUIA.
0 0 3

1.10. OgHopogHble CJIAY

OnpedeneHue 1
Cuctema m nUHEWHbIX anrebpanyeckMx YpaBHEHWA C 7 HEU3BECTHbIMW Ha3blBaeTCs

ogHopogHon (ogHopogHon CJIAY), ecnu Bce cBOOOAHbIE YIEHBI bl. =0, roe i=12,...,m:
a,x,+a,x,+...+a,x =0
Ay X, +ayX, +...+a,,x, =0
a,x+a,,x,+...+a, x, =0

3AMEYAHMUE 1
OpHopopgHas CJITAY Bcerga coBMeCTHa, OHa BCera UMeeT HyrneBoe (TpVBMUarnbHOE) peLLeHune:

0
0
x=0,x=0,...,x,=0wm X =
0
a, a4y a,,
a21 6122 vee Clz
o n
PaCCMOTpMM MmaTpuly  OOHOPOOHOU CUNCTEMDbI: Amxn = n ee
aml amZ amn
‘xl x2 xn
all a12 aln 0
paclWMpPpeHHYo MaTpuuy: a21 e e azn 0
mx(n+1) =
aml amZ b amn O
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3AMEYAHMUE 2

Tak kak Matpuua B otnnyaetcs ot MaTpuusl A TOMbKO HynesbiM CTONBLOM, YTO He AAeT HOBbIX
MMHOPOB, OTAINYHBIX OT HyNsl, To y oaHopoaHoit CNAY r(A4) = r(B).

Teopema 1 (meopema KpoHekepa-Kanennu dnsi oOHopodHou CJIAY )
Ecnm r(A) =r(B)=n, 10 ogHopogHas CJIAY nMeeT eOMHCTBEHHOE pelueHue (Hynesoe).

Ecrm r(A)=r(B)<n, 10 ogHopoaHas CJIAY unmeeT GECKOHEYHO MHOMo peLueHun (ecTb
HEeHyneBble peLleHns).

lMpumep 1
X, —2x, +x;+x,=0
Wwmeet nn ogHopoaHas CIAY: <2x, —7x, +x; —x, =0 HeHyneBble pelieHns u kakne?

3x, —12x, +x; —x, =0

PeweHue
Bbinuwem paclmpeHHylo matpuuy CUCTEMbI U BbINOMHMM AencTBust no metogy [aycca:
XX, Xy X, X X, XX,

1 =2 1 1]0)(2) (3 (1 =2 1 1]0

B=|2 7 1 -1]o|] =10 -3 -1 3|0):(-1)=
3 412 1 1|0 0 —6 -2 —40):(-2)

XX, X, X, XX X, X, XX X, X,
1 21 1]0 11—2107 10 -5 210
=10 3 1 3]|0/={01 3 3|0|-)EDh=>|01 3 3|0 =
0 3 12/0) lo1 3 2(0)J—1 {00 0 -1]0):
-
XX X, X, XX, X, X, XX, X, X,

1 0 -5 210 1 0 -2 -5|0 1 0 0 -5/0
:01330:01330<—| =0 1 0 3 |0|. Tak «ak
0

0 0 110 00 I 0]0)3) 2 001 0]0

A4
1 00
€CTb MUHOp 3-ro nopsiaka, oTnuuHbl oT Hyns: (0 1 0|=1#0, 1o r(A4) =r(B) =3 . Mockonbky
0 0 1
uncno HeussectHbix: n=4, 170 r(4A)=r(B)<n. W3 atoro cnegyeTt, 4To cuctema umeeTt
5t
HEHyneBble pelleHus. OTU pelleHus MOXHO 3anmucatb B Buge: X = t3t , (t - mo6oe
0

BeLecTBeHHoe Yucno), npu ¢ # 0: X - HeHyneBoW.
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OnpedeneHue 2
Myctb ogHopodHas CIAY umeeT k HeHyneBbiX peLIeHU X, X,,...,X,. OTn pelwenun
06pa3syloT pyHaaMeHTanbHylo cuctemy, ecnu nioboe pelleHve cucteMsl X , MOXHO NpeacTaBuTb
B Bupge: X =c X, +c,X,+...+¢, X,, tae c,,c,,...,C,- NPOU3BOMbHLIE MOCTOSAHHbIE. 3TO
BbIpaXX€HNe Ha3blBAeTCs NIMHENHON koMBuHaumei peweHnn X, X,,..., X, . Mpu aTom, ecnu paHr
MaTpulbl CUCTEMblI C 7 HEU3BECTHbIMM paBeH ¥, TO YUCNO pelleHuidi B dpyHOamMeHTanbHOM
cucteme (4nCno cBOBOAHbLIX HEU3BECTHBLIX): Kk =n—r .
lMpumep 2
X —=2x,+x,+x,=0
WwmeeT nu opgHopoaHas CIAY: §2x, +3x, +x; +4x, =0 HeHynesble pelwenna? Ecnm ga, To
x, +5x,+3x, =0

HaWTU nX, BbiNMcas (PyHAAMEHTarnbHY CUCTEMY PELLEHUNA.

PeweHue
Bbinuwem paclimpeHHyo MmaTpuLy cUcTeMbl U BbIMOMAHUM AencTBUA No metoay [aycca:
X X, X3 X, XX, X X, XX, X X,
1 -2 1 1]0)(-2) (-1 1 -2 1 1]0
2 D 1 -2 1 110
B=|2 3 1 4]0 ‘ =0 7 -1 2|0|=
- 0 7 -1 2{0)(-)=
1 5 0 3|0 (0 7 -1 270
XX, X X, X X X X, XX X, X,
1 =21 110 I 1 -2 110 < 1 0 5 310
= = = .
0 -7 1 =210 01 -7 =2(0)(-D 01 -7 2|0
A4

OouH 13 MUHOPOB 2-r0 TMnopsiaka OTMMYEH OT Hyns: =1#0, cnegosaTensHo

‘10

r(A)=r(B)=2. Tak kak uncno HeussecTHbix: n =4, T0 r(A)=r(B)<n. W3 atoro cneayer,

4yTO cuctema MmeeT GECKOHEYHO MHOMO pelleHui (eCTb HeHymneBble peLleHusi), KOTopble MOXHO
x, =—5x, - 3x,

3anucatb B Buae: , TAe X,, X, - 6asncHble HEM3BEeCTHbIE, X,, X, - CBOOOAHbIE
x, =7x,+2x,

HeusBecCTHble (ntobble BellecTBeHHble 4ucna). Hamgem wnx. [MockonbKy 4Mcno cBOGOOHbBIX

HEeW3BeCTHbIX: kK =n—r =2, To B hyHAaMeHTanbHoi cucteme GyaeT Asa pelueHus. O6o3HaumB:

X, =c
{ : ' , nony4yum pelieHne CUCTEMDbI B Buae:
X, =c,
X, -5¢, =3¢, -5 -3 -5 -3
X, ¢, +0c, 1 0 1 0
X = = =¢ +c, =cX, +c,X,, the X, = , X, = -
X, Tc, +2c, 7 2 7 2
X, Oc, +c, 0 1 0 1

dyHOaMeHTanbHaa cuctema peLleHun.
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Teopema 2
Ecrm matpuua A ogHopogHoit CJIAY — kBagpaTHasi, TO OAHOpOAHasi cucTtema umeet

HeHyreBble pelLleHnsl Toraa v ToMbKo Toraa, Koraga |A| =0.

lMpumep 3
X +x,-x;=0
WwmeeT n1 ogHopopaHas CIAY: 12x, +x, —5x; =0 HeHyneBble pelleHns?

3x, +2x, +4x;, =0

PeweHue
1 1 -1 1 1 -1
Matpuua cuctemsl: A=|2 1 —5| - kBagpatHas. Tak kak |A| =2 1 =5=-10=0, 10
3 2 4 3 2 4
X, 0
cucTeMa uMeeT Tonbko Hynesoe pelueHne: X =| x, |=| 0
X, 0

1.11. OnpegeneHue NMIUHEMHOroO NPOCTPAHCTBA

OnpedeneHue 1

JNnHeliHbIM  (BEKTOPHbLIM) MPOCTPAHCTBOM HasbliBaeTcs MHOXecTBO X , cocTosiliee U3
aneMeHToB nOOM NpuUpoAbl, B KOTOPOM oOnpedefieHbl Onepauun CroXeHWst 3N1EMEHTOB W
YMHOXEHUS 3NIEMEHTOB Ha YUCIIO:

e Vx,yeX=x+yelX;
e VxeX,VaeR=a-xeX;
yOOBINETBOPSIOLLME CIeAYHOLLMM YCIOBUSIM:

) x+y=y+x Vx,yelX;

2) (x+y)+z=x+(y+2z) Vx,y,ze X;

a(fx)=(@f)x Va,feR,VxeX,;

4) (a+pf)yx=ax+pfx Va,feR,VxeX;

5 a(x+y)=ax+ay VaeR,Vx,yelX;

6) cyuiectByeT Hyneson anemeHT 0, Takonyto: x+0=x VxeX;

7) Vx € X cyuecTByeT NpoTUBONONOXHbIA 3NEMEHT (—x) , Takoit yto: x+(—x)=0.

OneMeHTbl JIMHENHOro NPOCTpaHCTBAa Ha3blBAKOTCA BEKTOPaAMMW.

lNMpumep 1
R - MHOXeECTBO BelleCcTBEHHbIX Yncen — 06pasyeT NMHeHoe NPOCTPaHCTEO.
lMpumep 2
R™ - MHOXECTBO BELUECTBEHHBIX MOMOKUTENBHBIX YMCEN — HE SIBMSIETCS TUHEMHbIM

npocTpaHcTBOM, Takkak: Vxe R™, Va<0=axe¢R".
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lMpumep 3

X
X 5
MHOXecTBO CTONOLOB BUAA: X = obpasyeT NuHerHoe NPOCTPaHCTBO, Tak Kak Ha HeM
x” nxl
onpeaeneHbl NMHeHbIe onepaLnu:
X i X+ X ox,
X ) X, t), X, ax,
X+y= + = ,ax=a =
xn rle yn lel x}'l +yn lel xn lel axn nxl

[NepBble NATb CBOMCTB O4EBUAHbI, OHW CreayloT U3 CBOMCTB, KOTOPbLIM NOAYUHAIOTCS NIMHENHbIE

0
0

onepaunmn C MaTpulamu, HyneBbiM 3NIEMEHTOM  ABJIAETCA ctonbeu; 0= , 4a

nx1

X —X

X, —X,
NPOTMBONOJIOXHbIM 3JIEMEHTOM ONA X = ABNAeTCA (—X) =

xn nxl _x" nx1

OnpedeneHue 2

MHoXecTBO cTonbLoB pasMepHocTM 7x1 obpasyeT nuHenHoe npocTpaHctBo R . Kaxapiit

X
— x2 "
ANIeMEeHT 3TOro NpocTpaHcTBa: X = S R Ha3blBaeTCA BEKTOPOM.
n/nxl1

1.12. JluHenHas 3aBUCMMOCTb U HE3aBUCMMOCTb BEKTOPOB B R

OnpedeneHue 1

- - - - - -
MycTb xl,xz,...,xneR”. INnHeiHoOM kOMOGWHaLIMEN BEKTOPOB X,,X,,...,X, Ha3sblBaeTcs

n
- - -
BEKTOp: €\ X;+C, X, +...+C, X

n’

rae ¢,,C,,...,C, €R.

OnpedeneHue 2

> > -
BekTopbl: X, Xy,...,%X, €R" Ha3blBaloTCS NMHENHo He3aBUCUMbIMU, ecnu
- - - -
cx;+c, x,+...+c¢, x, =0 Torna u Tonbko Toraa, korga ¢, =¢, =...=c, =0.
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OnpedeneHue 3

- > -
Bektopbl X, X,,...,X, € R" Ha3blBaloTCH NMHEHO 3aBUCUMbIMK, €CIU CyLlecTByeT Habop

queen: ¢,,c,,...,C, cpean KOTOPbIX XOTA Obl OOHO OTANYHO OT Hy”nA, Takonh 4TO

00
- -

5
oxte, x,+...+c,x, =0.

lMpumep 1
1 1 2
- — -
OnpepenuTb siBNsoTCs nn BekTopbl: X, =| 1|, x, =| 0|, x; =| 1 | NMHelHO 3aBUCUMBIMU UK
1 2 3

OHUW NMMHENHO HEe3aBUCUMBbI.

PeweHue

- -> -

Tak Kak: X3 =X + X, , MOXHO COCTaBUTb J'IVIHeIZHyI'O KOMOUHauuto, PaBHYKO HyneBOMY BEKTOPY

- -

(HyneBylo nuHeiiHyto kom6uHaumo): 1-x,+1-x,+(=1)-x;=0, B koTOPOI €, =C, =1, ¢; =—1.

MocKkonbKy Mbl ykasanu HeHynesow Habop umcen 1, 1, —1, Takoi, 4to nuHeiHas kombGuHaLms
- 5 >

paBHa HyneBoOMY BEKTOPY, TO U3 onpeaeneHns cneayer, YTo X, X,,X; - JIMHENHO 3aBUCUMbI.

lMpumep 2
1 0 0
- - -
Onpepenutb siBnstoTcst nn Bektopbl: X, =| 0|, x,=| 1|, x; =| 0| nuHeiiHO 3aBUCUMbIMU
0 0 1

W OHU NUHENHO HEe3aBUCUMBbI.

PeweHue

- - - -
Tak kak: ¢,x,+c, X,+¢; x; =0 Tonbko npu ¢, =c, = ¢, =0, U3 onpeageneHus cneayert, 4To
- o o

X,,X,,X; - IMHENHO HE3aBUCKMBI.

Teopema 1
- - -

Bektopbl X,,X,,...,X, € R" nuHeliHO 3aBUCMMBI TOrAa 1 TONBKO TOrAa, KOrAa Kakol — TO OaMH

M3 HUX MOXXHO NMpeacTtaBnTb B BUAE NNHENHON KOMOUHALMN OCTarnbHbIX.

Teopema 2

- > -

Bektopbl X,,X,,...,X, € R" nuHeliHO HesaBMCMMBI TOrga M TOMbKO TOrAA, KOrga HU OAVH U3
HUX HENb34A NpeacTaBUTb B BUAE TNMHENHON KOM6I/IHaLI,MVI OCTalbHbIX.
1.13. PasamepHOCTb NMHEMHOro npoctpaHcTBa. basuc

OnpedeneHue 1

Pa3MepHOCTbIO NMHENHOrO MPOCTPAHCTBa HasblBaeTCsd MaKCMMasibHOe YUCMO  FIMHEWNHO
He3aBUCUMbIX BEKTOPOB 3TOIo NpoCTpaHCcTBa.
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Teopema 1

B n- MEepPHOM NpoCTpaHCTBE nobble (I’l + 1) BEKTOpOB — NNHENHO 3aBUCKMbIE.

Hokazamenbcmeo
1 X1a X1 X1 41
p ST x| T 7| X 2| X c
acCMOTPUM BEKTOPbI: X, = , Xy = S v Xy = . CoctaBum
xnl ‘an xnn xn,n+l

- - - -

>
HYNeByl MNUHEWHYIl0 KOMOMHaUMIO 3TWX BEKTOpOB: (X, +C, X,+...+¢, x,+¢,. X, =0.

- - - -
Moacrasum B aTo paBeHCTBO X3 Xgseois X,y X 0yt
x]l x12 xln xl,n+1 0
x2] x22 x2n x2,n+1 _ 0 M
G +c, +...+c, +c,, = . onyyuMnn  BEKTOPHOE  pPaBeHCTBO,
xnl xn2 xnn xn,n+1 0
KOTOpoMy cooTBeTCTBYET OAHOpOAHas CIAY OTHOCUTESTbHO C15,CseresCpysCpyl
XjC + X6+ +X,6, X060 = 0

X5,C +X50C, +... T X, C + XZ,WHC‘

n+l =

. Tak kak: 7(A4) =r(B) <n (44Crno HEU3BECTHbIX PABHO

0

X, 0+ X0+ + X, C +X

nn-n n,n+lcn+l -
- - - -

(I’l + 1) ), cMcTeMa MMeeT HEeHyNeBbIE PELUeHNA, U3 Yero crieayeT, Y4To BEKTOPbl X, X, ,..., X, , X

n+l1

JINHENHO 3aBUCUMBbI.

OnpedeneHue 2
Basncom B NMHENHOM MNPOCTPaHCTBE HasbiBaeTCA HAbOp JNMHEWHO HE3aBMCMMbIX BEKTOPOB,
Takon, 4Tto NOGON BEKTOP 3TOr0 MPOCTpaHCTBA MOXeT ObITb NpeactaBneH B BuAE IMHENHOW
KOMOUHaLUN 6a3NCHBIX BEKTOPOB.
- - - d

OTO 03HAuaeT, YTo X, X,,...,X, 0obpasyiT 6asnc < V x € R mMoxeT ObiTb NpeAcTaBneH B

- - - -

BUOE: X =CX,+C,X,+...+c,x, . Mpu atom uncna cj,c,,...,C, Ha3bIBATCA KoopauHaTamu

n
%
BEeKTOopa X B AaHHOM 6asuce.

Teopema 2

B nuHeitHom npocTpaHcTBe R” 6asnc o6pasytoT 7 MUHENHO He3aBUCUMbIX BEKTOPOB.

ﬂoxa3ame.nbcmeo

> o - -> o -> o -
Ecrm Xx,,X,,...,X, € R" - nuHeliHO He3aBUCUMbI, TO X,,X,,...,X,,X, rAe X € R", 6yayt no
TeopemMe 1 nuHeWHO 3aBuUcUMbl. CnefoBaTenibHO, CYLWECTBYET HeHyneBoi Habop uucen
C1,Cy5...5C,y»Cp 41 » TAKOR, YTO:
- - - -

¢ X +C X+t +c, x,+¢C
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3ameTum, 4TO C,,, 3aBedoMO OT/INYHO OT HyIiA (VI60 B MNPOTMBHOM Cllydae M3 BEKTOPHOro

- - -

paBeHcTBa (1) BbiTekana Obl nuHeMHas 3aBMCUMOCTb  X,,X,,...,X, ). Ho Torma, nomenus

2 geees ULy

cl CZ cn
pPaBEHCTBO (1) Ha cn+1 N NMOJ10XXNB al =—,0, =— g =———, nonyynm um3 (1)
C

n+l n+l n+l

- - - - g

X = al x]+ 0(2 x2+ R an xn . OTCK)ﬂ,a, TaK KaKk X - I'IpOI/I3BOJ'IbeIIZ BEKTOp NpOCTpaHCTBa Rn ,
- - -

X9 Xgyeeen X, = 6asuc no onpeneneHuto.

Teopema 3
X Xia
- - - - X, - Xy
n . —_ p—
Mycte  Xx.,X,,...,X, € R". Ona Toro, 4toGbl BEKTOPbI: X, = y X, , ,
xnl xnz
xln
- x2n
X, = OblNMIM  NUHENHO  He3aBUCUMbIMMU Heobxogumo N  [OOCTaToO4HO, 4yTOOBbI:
xnn
X X X1
X X X
21 22 2
A= "1#£0
xnl an xnn
Hokazamenbcmeo
- — - -
CocTaBuM HyNeByl IMHENHYID KOMOWHAUMIO 3TUX BEKTOPOB: oxt+e, x,+...+c, x, =0.
X Xia X1
MNoacTtaBmm B 3TO BbipaeHne X, ,X X :cC 2 +c 2 +...+¢C = Monyuunnn
Jal p 13 Xg sy X, 1 C S A = . y
‘xnl ‘an xnn 0

BEKTOpPHOE paBEeHCTBO, KOTOPOMY COOTBETCTBYET OAHOpOAHAaA CI1AY oTHocuTenbHO C1,Cyy...,C, 0

n-

X,¢ +x,6,+...+x,¢c, =0 X, X, ... X,
Xy € + Xy .+ X0, =0 5 Xy Xy e Xy,
MaTpuua atom cuctemb: A = -

nxn

X,c+x,0+...+x, ¢ =0 X, X, .. X

nn

KBagpaTtHad, no3aToMy, eciin A= |A| * 0, cucrtema MMmeeT TOJIbKO HyreBOe pelleHune. N3 atoro

-> - -

crnenyerT, YTo BEKTOpbl X, X,,...,X, - IMHENHO HE3aBUCUMbI.

n

35



lMpumep

O6pasytoT nm Bektopbl: X, =| 0 |, x,=| 3 |, x; =| 8 | 6asmc? Ecnu ga, TO pasnoxutb
1 1 -1
9
BEKTOp ; =| —1 | no atomy Gasucy.
-2
PeweHue
-5 -4 7
A=|0 3 8/=2#0 < (no Teopeme 3) BEKTOPbl — JUHENHO HE3aBUCUMBI.
1 I -1
S5 5

N
3
CnepoBatenbHo (no Teopeme 2), X,,X,,X; obpasytoT 6asuc. Torja x € R” MOXHO pasnoxuTb

no atomy 6asncy, TO eCTb MPEeACTaBUTb B BUAE JIMHENHON KOMOWHAUMKU GasUCHbIX BEKTOPOB:

- - - - > o o
X=c X+, x,+cyx;. MopcTasum B aTo paBEHCTBO X|, Xy, Xy
9 -5 —4 7

~1|=¢| O |+c,| 3 |+¢c;| 8 |. MNonyunnn BeKTOpHOE PaBEHCTBO, KOTOPOMY COOTBETCTBYeT
-2 1 1 -1
=5¢,—4c,+7¢; =9
CINAY oTHocWTENbHO  ¢;,C,,C5: 3¢, +8¢c; =—1. Pewum ee wmeTogom [aycca.
¢ +c,—c,=-2
aq ¢ G ¢ ¢ G ¢ ¢ G
-5 -4 719 I 1 —-1]-2)() 1 1 -1]|-2
BO38—1]:>038—1J:>038—1:>
I 1 -1]|-2 -5 -4 719 01 2 |-1

C G G C G G € G G

11 -1]-2 10 -3]-1 10—3—1‘—‘
(—l
=101 2 [-1|(-1)(3)=]0 1 2|-1] =[01 2|~ =
0

0 212)@2 oo 1[1)(=2) (3)

¢ ¢, ¢
1‘ 02 : ¢ =2 ¢) (2
Monyunm: <c, =-=3, T0 ectb Xx=2x,-3x,+x;=|c, |=|-3|, roe
=0 1 0|-3
c, =1 C 1
0 0 1|1

¢,,C,,Cy - KOOpAUHATLI BekTopa X B Gasnce BEKTOPOB X, X,, X; .
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1.14. EBknnaoBo npoctpaHcTBO. HOpMMpoBaHHOE NPOCTPaHCTBO.
OpTOHOpMUpPOBaAHHbLIN 6a3uc

OnpedeneHue 1
- -
NuHeiiHoe (BEKTOPHOE) MPOCTPAHCTBO Ha3biBaeTCs eBknMaosbiM, ecrim V x,y € R" crtaButcs

- >
B COOTBETCTBME u4MCrO, KOTOpoe obGosHadaetcs: (X,)) W HasbiBaeTCs  CKansipHbIM
npounseegeHnem, yooesnersop4droliee cneayowmm yCcnoBnuam:
1) (x,»)=(,x) Vx,yeR";
2) (x+y,2)=(x,2)+(»,2) Vx,y,z€R";
- - - - - o - >
) (ax,y)=a(x,y)=(x,ay) Vx,yeR"', VaeR,;
- > - - > > -
4) (x,x)20, (x,x)=0=x=0 VxeR".

OnpedeneHue 2

-> >

e d —> y
o 2
B nuHenHom npocTtpaHctBe R Vx,ye R": x = , V= , CKansipHOe Mpou3BeaeHne
2

xn y n

-> >
onpependeTcda no cnegywowemy npasuny: (x, y) =X + X, ¥, +...+ X, V-

3AMEYAHUE
N3 onpeneneHmns iCHO, YTO BCE YeThIpe CBOMNCTBA CKansipHOro Npou3seeHns BbINOSHSAOTCS.

OnpedeneHue 3

- > - -
BekTopbl X,y € R" HasbiBaloTCs opToroHansHbiMu, ecnm (x, ) =0.
OnpedeneHue 4

5
EBKNMOOBO NPOCTPAHCTBO HAa3blBAETCA HOPMMPOBaHHbIM, ecrim YV x € R” craButca B

- -
COOTBETCTBME YWCMO, KOTOpoe oB6o3HayaeTcs: |[X|| W HasbiBaeTca HOpMOW BekTopa X,
yOOBMNETBOPSAIOLLEE CMEayOLWUM YCNOBUAM:
- - - > -
1) [x]|=0, [x|=0x=0 VxeR";
- - -
2) |lox :|a| x| VxeR", VaeR;
> o> - - -> >
3) HepasexcTtao TpeyronbHukos: ||x+ V|| < x| +|[y]| Vx,y € R".
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OnpedeneHue 5

NuHeitHoe npocTpaHcTBOo R” MOXHO HOpPMMpOBaTb, BBEAS HOPMY MO Criedylolemy npasury:
- - —
=4(x,x) VxeR".

Teopema

—

X

(HepaseHcmeo Kowu — ByHsikoeckoz0)

- - ) e - >

(x, )" <(x,x)(y,y) Vx,yeR".
Hokazamenbcmeo

- > - -
Mycte A€ R.Takkak x,y € R", Ton x— Ay € R", 1 3HaUNT MOXKHO BLIYUCTIUTb CKamnsipHOE
- - - - - > - > - - ) - >

npov3BeaeHue: 0<(x—Ay,x=Ay)=(x,x)— Ay, x)—A(x, )+ A" (y,y) =

=2%(y,y)=2A(x,y)+(x,x) . O6osHaue: A=(y,y), B=(x,y), C=(x,x), nonyuum
KBAgpaTHOE HEPaBEHCTBO OTHOCUTEmNbHO nepemerHoit A: AA* —2B A+ C > 0. U3 Toro, uto

A= 0, cnenyeTt, YTO ANCKPUMUHAHT KBaApaTHOro Tpex4yrieHa B neBon 4actn HepaBeHCTBaD < 0,

> o o o

D - =
a 3HaunT 7 = B> - AC<0.0tciona B* < AC, 10 ectsb (x,7)> <(x,x)(»,¥).

Teopema 2

BeeneHHas Takum o6pasom B R” HopmMa yoBneTBOPSIET BCEM TPEM YCIIOBUSAM.

JHoka3zamenbcmeo
lNepBble OBa CBOWCTBA O4YeBMAHbLI, OHW CNeaylT M3 CBOMCTB CKanspHOro MNpousBedeHus.
- > 2 5> > 5 o - > - > - >
[Ookaxem HepaBeHCTBO TpeyronbHukoB: [x+ y| =(x+y,x+y)=(x,x)+2(x, )+ (y,y) =
2 2
- - > -
=|x| +2(x,y)+|y| < (no HepaBEeHCTBY Kowuwm - ByHsaKoBCKOro)
2 2 2 2 2
- - > - > - - > |- - - -
<|xl| +2y e, )V, )+l =[x + 21| V] -+ :(x + y] . WsBnekas kBagpaTHblii
> - - -
KopeHb 13 0benx Yyacten HepaBeHCTBa, nonyunm: || x+ y|| < (x| + [y -

OnpedeneHue 6

Basanc  BekTOpOB B IMHEHOM HOPMUPOBaAHHOM NnpocTpaHcTBe HasblBaeTcs
OPTOHOPMUPOBAaHHLIM, ecrni Bce GasnCHble BeKTopa MomnapHO OpPTOroHarnbHbl U HOPMbl UX PaBHbI
eanHuue.

Teopema 3
0 0
- 0 - 1 -
BekTopbl: €, = , € = e, @ = obpasyoT B R" opTOHOPMMPOBaHHLIN 6asuc.
0 0 1



ﬂoxa3ame.nbcmeo

-> > -

1) e,e,,...,e, e R", ux n wryk u, TaK kak A= =1#0, oHM nuHelnHO

0 0 ... 1

-> - -
He3aBMCUMbI, criegoBaTenbHo €,,¢é,,...,¢€, o6pa3y+0T 0asuc;

> - 0,i#j

2) (e,e;)= O0.. (0., HnasbiBaetrca cumsoriom KpoHekepa i,j=12,...,n),

L tj

Li=j

crnefoBaTensHo €,e,,...,e, - MoNapHO OPTOroHarbHbI;

- - -

3) BeKTOpbl HOPMUPOBaHDI, Tak Kak e | =|le,|[=... =], [=1.

OnpedeneHue 7

- > -

Basuc BekTopos: ¢,¢,,...,¢€

n

- Ha3blBaeTCA CTaHAapPTHbIM.

4. KOHTPOIbHBIE BOMPOCHI 10 TEOPWMK

. Kak BblumcnsieTca onpegenuTens BToporo nopsigka? TpeTbero nopsgka?
. [na kakux CJ1AY pelueHne moxeT 6bITb HangeHo no gopmynam Kpamepa?
B kakux cnydasx onpegenutenb paBeH Hymno?

Uto HasbiBaeTcs MWHOPOM 3nemeHTa onpegenutensa? Anrebpanveckum [OONOMHEHUEM
anemeHTa onpeaenuTens?

Kak hopmynupyeTcs Teopema pasnoxeHust onpegenutens no i -on CTpoke ( j -omy ctonéuy)?

5.
6. [nsa Kakux MaTpuL, onpeaeneHo 4eNCTBUE CIOXEHNS MaTPULL? YMHOXEHNUS MaTpuL?
7. Kakas matpuua HasbiBaeTcs obpatHoi K matpuue A ?

8. [ns kakux maTpuy cywiecTByeT obpatHasn?
9. Kak BbIrnagut matpuyHas 3anucb CINAY?
1

0.Kakve npeobpasosaHus paclumpeHHoi MaTpuubl CIAY HasblBaloTCs 3neMeHTapHbIMU?
Mepeuncnure umx.

11. Y710 HasblBaeTCA MMHOPOM K -ro nopsiaka MatpuLbl?

12. 470 HasblBaeTcs paHrom MaTpuLbl?

13. KakoBo HeoGxoanMmoe 1 JOCTaToYHOE YCrioBMe COBMeCTHOCTM CITAY?

14.B kakom cnyuae CITAY umeeT eiMHCTBEHHOE pelleHne? BecKoHeYHO MHOTO peLleHnin?
15. B kakom cnyuyae oaHopoaHas CITAY uMeeT HeHyneBble pelleHns?

16. Yto HasbiBaeTCA (DyHOAMEHTANbHOWM CUCTEMO peLleHuin oaHopoaHoin CIAY?
17.4em onpegensietcs umcno petieHun 8 ®. C. P.?

18. Kakne BekTopbl Ha3bIBAIOTCS NIMHENHO HE3aBUCUMbIMN? JIUHENHO 3aBUCUMbIMN?

19. KakoBo Heo6xoanMMoe 1 JOCTaTOYHOE YCIIOBME NNHENHON HE3aBUCUMOCTN BEKTOPOB?
20. Yto0 sBnsieTca 6a3McoM B NUHENHOM npocTpaHcTee R ?

21. Kakue BekTopbl 06pa3ytoT cTaHaapTHbI 6asnc B npoctpaHcTee R ?
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WoNOIGORA~WN

5. BOMPOCHI AN1A NOArOTOBKN K 3K3AMEHY

Onpegenutenu 2-ro n 3-ro nopsagkos. ®opmynel Kpamepa gna pewenus CIAY 2-ro n 3-ro
NOpsIAKOB.

CaolicTBa onpegenutenei.

[encTtena ¢ matpuuamu.

O6paTHasa maTpuua. TeopeMa CyLecTBOBaHUS 1 BUZ 0OpaTHOM MaTpuLbl.

MaTtpuyHble ypaBHeHUs. MaTpuyHbin meTog pelueHus CJTAY.

PacwuperHas matpuua CI1AY. OnemeHTapHble npeobpasoBaHus.

MeTop Naycca.

PaHr maTpuubl. NpeobpasoBaHus, He MeHsAoWwme paHra. Teopema KpoHekepa-Kanennw.

OpHopoaHas CHAY. Teopema KpoHekepa-Kanennu  gn4a ogHopoaHbix  CJIAY.
dyHaameHTanbHas cuctema pewenun (.c.p.).

10. NluHeiHoe (BekTOpHOE) NPOCTPaHCTBO. JInHelHoe npocTpaHcTeo R .

11.[IMHenHo He3aBMCHUMbIE Y MUHENHO 3aBUCUMbIE BEKTOPbI. YCIOBUE NNHENHOM He3aBUCHMOCTM.
12. PasmepHocTb NHENHOro npocTpaHcTea. basuc.

13. Esknnaoso npoctpaHcTeo. HopMmuposaHHoe npocTpaHcTBo. OpTOHOPMUPOBAHHbIN 6asuc.

14. HepaseHcTBO KoLwm-ByHAKOBCKOTO.

6. BbINMWCKA 13 KANEHOAPHOIO MNAHA NMPAKTUYECKX 3AHATUN

1. dnemeHTbl NMHenHOW anrebpbl (12 yacoB).

. Onpegenutenu 2-ro un 3-ro nopsaka. ®opmynsl Kpamepa. Pewenne CIIAY 2-ro n 3-ro nopsigka

no copmynam Kpamepa. Bbigada tunosoro pacyeta Nel (JlnHenHas anrebpa, BekTopHas
anrebpa, aHanuTuyeckas reometpusi) (2 yaca).

n5m.3 §1:1.1,1.3,1.10-1.12,1.17; §4: 4.1,4.5,4,6.

Onpepenvtens n-ro nopsgka. BbluucneHune onpepenurtenen n-ro nopsgka. [encteus ¢
MaTpuuamm (2 yaca).

Nn5m.381:1.44-1.47,1.51;8§2:2.2,2.4-2.10, 2.16.

O6patHaa wmatpuua. OO6paweHne MaTpuy 4Yepe3 Ccots3Hyto maTpuuy. Pewenne CJIIAY
MaTpUYHbIM MeTOAOM. PelleHne MaTpudHbIX ypaBHeHUN (2 vaca).

n.5m. 3§2:2.28, 2.30, 2.31, 2.39 — 2.42.

BbluncneHne paHra matpuubl C MOMOLBIO 3fieMeHTapHbIX npeobpasoBaHui. PeweHune CIIAY
mMeTogom [aycca (2 yaca).

N.5rn. 3 §3: 3.25,3.26; §4: 4.22 — 4.27.

dyHoameHTanbHas cuctema peweHun ogHopogHou CJIAY. Pewenune opHopogHbix CITAY
mMeTodom [aycca (2 yaca).

N.5rn. 384:4.37-4.39,4.41.

PasnoxeHne BekTopa u3 R’ o 6asucy. MNMpuem Tnnosoro pacyeta Ne1 (JluHenHas anrebpa)
(2 vaca).

n.5rm. 4§1:1.30, 1.31.

KoHTponbHas pabora (2 4aca).

+ Bbluncnenuve onpegenurtens.

¢ PeweHne CJIAY maTpuyHbIM METOLOM.

+ [locTpoeHne dyHaameHTanbHOM cUCTEMbI pelueHnin ogHopogHon CJTIAY.

+ PasnoxeHne BekTopa no 3agaHHoMy 6asucy.

40



	ISBN 
	 
	(   СПбГМТУ, 2005 
	1. Элементы линейной алгебры (14 часов) 
	1. Элементы линейной алгебры 
	1.1. Система линейных алгебраических уравнений 
	Определение 1 
	Определение 2 
	Определение 3 
	Определение 4 
	Определение 5 
	Определение 6 
	Определениe 7 


	1.2. СЛАУ второго, третьего и  -ого порядка. Определители. Формулы Крамера 
	Теорема 1 
	Доказательство 
	Определение 1 
	Определение 2 
	Теорема 2 
	Определение 3 
	Определение 4 
	Теорема 3 
	Пример 
	Решение 
	Теорема 4 


	1.3. Свойства определителей 
	Определение 1 
	Свойство 1 
	Свойство 2 
	Свойство 3 
	Свойство 4 
	Свойство 5 
	Свойство 6 
	Правило сложения определителей:  
	Свойство 7 
	Определение 2 
	Определение 3 
	Определение 4 
	Свойство 8 
	Определение 5 
	Определение 6 
	Пример 1 
	Решение 
	Свойство 9 
	Теорема разложения 
	Пример 2 
	Решение 
	1 способ 
	2 способ 
	Свойство 10 


	1.4. Матрицы. Действия с матрицами 
	Сложение матриц 
	Умножение на число 
	Умножение матриц 
	Пример 
	Решение 
	Определение 
	Теорема 


	1.5. Обратная матрица 
	Определение 1 
	Теорема 1 
	Доказательство 
	Определение 2 
	Определение 3 
	Определение 4 
	Теорема 2 
	 Доказательство 
	Пример 
	Решение 
	Проверка 


	1.6. Матричные уравнения. Матричная запись СЛАУ. Формулы Крамера 
	Теорема 1 
	Доказательство 
	Теорема 2 
	Доказательство 
	Пример 1 
	Решение 
	Теорема 1.2.4 
	Доказательство 
	Теорема 3 
	Доказательство 
	Пример 2 
	Решение 


	1.7. Расширенная матрица СЛАУ. Элементарные преобразования 
	Определение 1 
	Определение 2 
	К элементарным преобразованиям относятся:  


	1.8. Метод Гаусса 
	1. Расширенная матрица СЛАУ приведена к виду: 
	Пример 1 
	Решение 
	2. Расширенная матрица СЛАУ приведена к виду:  
	Пример 2 
	Решение 
	3. Расширенная матрица СЛАУ приведена к виду: 
	Пример 3 
	Решение 


	1.9. Ранг матрицы. Теорема Кронекера – Капелли 
	Определение 1 
	Пример 1 
	Решение 
	Определение 2 
	Преобразования, не меняющие ранг матрицы: 
	Пример 2 
	Решение 
	Теорема Кронекера – Капелли 
	Пример 1 
	Решение 
	Пример 2 
	Решение 
	Пример 3 
	Решение 


	1.10. Однородные СЛАУ 
	Определение 1 
	Теорема 1 (теорема Кронекера-Капелли для однородной СЛАУ ) 
	Пример 1 
	Решение 
	Определение 2 
	Пример 2 
	Решение 
	Теорема 2 
	Пример 3 
	Решение 


	1.11. Определение линейного пространства 
	Определение 1 
	Пример 1 
	Пример 2  
	Пример 3 
	Определение 2 


	1.12. Линейная зависимость и независимость векторов в   
	Определение 1 
	Определение 2 
	Определение 3 
	Пример 1 
	Решение 
	Пример 2 
	Решение 
	Теорема 1 
	Теорема 2 


	1.13. Размерность линейного пространства. Базис 
	Определение 1 
	Теорема 1 
	Доказательство 
	Определение 2 
	Теорема 2 
	Доказательство 
	Теорема 3 
	Доказательство 
	Пример 
	Решение 


	Евклидово пространство. Нормированное пространство. Ортонормированный базис 
	Определение 1 
	Определение 2 
	Определение 3 
	Определение 4 
	Определение 5 
	Теорема 
	(Неравенство Коши – Буняковского) 
	Доказательство 
	Теорема 2 
	Доказательство 
	Определение 6 
	Теорема 3 
	Доказательство 
	Определение 7 



	1. Элементы линейной алгебры (12 часов). 
	Основная 
	Дополнительная 





