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COJOEPXAHWE KOMMNEHONYMA

TemaTuyeckuin nnaH 2 —ro cemecTpa.

Bbinncka n3 kaneHgapHoro nnaHa nexkuun.

TeopeTnyeckun matepuman.

KoHTpOnbHbIE BONPOCKI NO TEOPUM.

Bonpochkl onst NOArOTOBKM K 3K3aMEHY.

Bbinucka 13 kaneHgapHOro nnaHa npakTu4ecknx 3aHATUN.

TecT no Teme 7 «HTerpansHoe ncuncrieHme yHKUMn 0QHON NepemMeHHON».
PekomeHgoyemasa nutepartypa.

OTBeTHI K TECTY.



1. TEMATUYECKWM NNAH 2-ro CEMECTPA

Ta6bnuya 1. Temamuyeckul nnaH 2 cemecmpa

PacnpepeneHue yacoB
AyaunTopHble 3aHATUSA
Ne HasBaHue TemMbl
TeMbl U3 Hunx CamocTosiTenbHas
Bcero Bcero pa60Ta
ayaAMTOPHbIX NMekumm np?;';':'_l‘:_‘ri;"“e

5 ,Elmq)q)epelemaanoe ncuncneHme yHKUUn ogHom 48 28 16 12 20
nepemMmeHHomn. Yactb 2.

6 OudbdepeHumansHoe ncumncneHne dyHKUNIA 38 2 12 14 12
HECKONbKMUX NEPEMEHHBbIX.

7 I/IHTerpaanvoe ucuncrieHne  (pyHKUMM  ogHomn 66 44 o4 20 29
nepeMeHHOMN.

8 Psagpl. 38 28 20 8 10

Bcero 3a 2 cemecTp 190 126 72 o4 64




15.
16.
17.

18.

19.

20.
21.

22.

23.

24.
25.

26.

2. BbINMWUCKA 13 KANEHLAPHOIO MNAHA NEKLMN

7. WHTerpanbHoe ncumncneHue pyHKUMNU oaHON nepemMeHHou (24 yaca)

KomnnekcHble yucna. Mogynb, aprymMeHT KOMMSEeKCHOro uucna. [JenctBus ¢ KOMMMEKCHbIMU
yncnamu. MNMokasatenbHasa dpopma KOMMMIEKCHOro Yncna (2 yaca).

MepBoobpasHas M ee cBolcTBa. HeonpepeneHHbld WHTErpan W ero cBowcTBa. Tabnuua
HeonpegeneHHblX nHTerpanos (2 yaca).

MeToabl MHTErpUPOBaHUSA: NOABEAEHUE NOA 3HaK AnddepeHumana, MeTo4 MHTErpPMPOBaHMS No
YacTaMm, MeTo 3aMeHbl nepemMeHHbIX. Knacc nHterpanos, «6epyLumxcs no yactam» (2 yaca).
PaumnoHanbHble opobu: npaBunbHble M HenpasunbHble. Llenaa yactb pauuoHansHon gpobu.
MpocTenwmne paunoHanebHble Apobu. PasnoxeHwe npaBWibHOW pauMoHanbHon Apobu Ha
npocTeniwmne. MIHTerpupoBaHme pauuoHanbHbix Apoben (2 yaca).

WHTerpupoBaHne uvppauMoHanbHbIX BblpaXeHuh. WHTerpypoBaHue TPUrOHOMETPUYECKUX
BbIpaXXeHWIA. YHMBEpPCanbHasa TPUroHOMeTpUYeckas nogcraHoBka (2 yaca).

OnpefeneHHbl MHTerpan: onpeaenexHve, reomeTpMyecknii CMbIC U CBOWCTBA (2 yaca).
MHTerpan c nepemeHHbIM BepxHUM npegenoMm. Teopema bBappoy. [lMpasuno HbeloToHa-
JlenbHuua. BeluncneHune onpegeneHHoro nHterpana (2 yaca).

dopmyna UHTErpMpoBaHMs NO 4acTaAM B OnpeAdeneHHOM uHTerpane. 3ameHa nepemMeHHbIX B
onpegeneHHoM uHTerpane (2 yaca).

NHTerpanbl OT YeTHbIX U HeYeTHbIX (PYHKUMA N0 CUMMETPUYHOMY NPOMEXYTKY. BblumcneHune
nnoLlagen ¢ NoMOLLbIO onpeaeneHHoro nHTerpana (2 vaca).

BbluncneHue anvH gyr n o6bLEMOB C NOMOLLLIO ONpeaeneHHoro uHTerpana (2 vaca).
Hecob6cTBeHHbIN MHTerpan 1 poga. Cxogsawminca HecobCTBeHHbIM nHTerpan 1 poga. MNMpusHaku
cxognmocTu (2 vaca).

HecobcTBeHHbIN MHTerpan 2 poga. Cxogsawmmnca HecobCTBEHHbIM MHTerpan 2 poga. lNpusHaku
cxogmmocTu (2 vaca).

3. TEOPETUYECKW MATEPUAT

Tabnuua 2. O2naeneHue

HeonpepaeneHHbIW uHTErpan.

1.1. TNepBooGpasHas n HeonpeaeneHHbI UHTerparn.

1.2. OCHOBHble CBOMCTBA HeonpeagerneHHoro nHTerpana.

1.3. Tabnuua HeonpeneneHHbIX UHTErpanos.

1.4. WNHTerpupoBaHne MeToAO0M 3aMeHbl NepeMeHHOMN.

1.5. WHTerpupoBaHue no 4actsm.

1.6. WHTerpmpoBaHue NpocTeMwmnx paumnoHanbHbix apobeil.

1.7. WHTerpupoBaHue paunoHanbHbIX 4poben.

1.8. WHTerpvMpoBaH/ne HEKOTOPbIX MPPaLMOHaTbHBIX BbIPaXKEeHWM.

1.9. WNHTerpnpoBaHme HEKOTOPbLIX KacCoB TPUrOHOMETPUYECKNX DYHKLNNA.

2,

OnpepeneHHbIN UHTErparn.

2.1. TloHaTWe onpefeneHHoro nHTerpana.

2.2. OcHOBHbLIE CBOWCTBA ONpeAeneHHoro nHTerpana.

2.3. OnpepeneHHbin HTErparn, kak dyHKUMsi BepxHero npegena. Teopema bappoy.

2.4. dopmyna HotoToHa-JlenbHuua.

2.5. 3ameHa nepemeHHON B onpeaerieHHOM nHTerpane.

2.6. WHTerpupoBaHue Mo YacTam B OnpeaeneHHoM uHTerpane.

2.7. TeomeTpuyeckne NpUNoXeHns onpegeneHHoro nHTerpana.

2.8. HecobCTBEHHbIE UHTErparbI.

1. HeonpegenéHHbIN nHTErpan

1.1. NMepBoo6pa3Has u HeonpeaenéHHbIN UHTErpan
B uvactm 4 Kypca BbiClLlEN MaTeMaTVKXW Mbl BBENW MOHATUE MPOU3BOAHOM U Hay4unucb

HaxogunTb NPOn3BOAHYHO OT OaHHON (*)yHKLI,I/II/I.

B aToit rnaBe Mmbl Bygem peluats o6paTHylo 3afady, a UMEeHHO: u3BecTHa yHkums f(x),

TpebyeTca HaiTu Takylo dyHkumo F(x), npousBogHas koTopon pasHa f(x), T.e.

F'(x)= f(x).




Onpegenenune. ®yHkumsi F(x) HasbiBaeTcs nepeoobpasHold ans dyHkumm f(x) Ha
nHtepsane (a;b), ecnn F(x) ouddepeHumpyema Ha (a;b) w F'(x) = f(x).
3AMEYAHUE

AHarorM4Ho MOXHO OnpeaennTb NoHATUE NepBoobpasHoil Ha oTpeske [a;b], Ho B Toukax a

nb Haao paccMaTpuBaTb OAHOCTOPOHHME NMPON3BOAHbIE.

1
Mpumepsl. 1) F(x) = Jx ecm nepsoobpasHas ans yHkuumn f(x) = N Ha (0;00),
X

TK. (\/;) = % :
3

X
2) Ons doyHkumm f(x) = x? nepBoobpasHor GyaeT dyHkuma F(x) = 3 Ha (—o0; 4+ ),

Teopema 1. Ecrm F(x) nepBoobpasHas ans dyHkumu f(x) Ha (a;b), To dyHKums
F(x)+C,rpe C — noboe nocTosHHOE Yncrio, Takke nepBoobpasHas ana f(x) .

DokasaTtenbctBo. (F'(x)+ C)' = F'(x) +0= F‘(x) = f(x).

Teopema 2. Ecrm Fi(x) n F,(x) - pBe nepooGpasHble ans f(x) Ha (a;b), To Ha
npomexyTtke (a;b) Fi(x)—F,(x)=C, roe C - noctosHHas.

[okasaTenbcTBO.

Mo ycnosuio Fi (x)= F) (x)= f(x). CocraBum dyHkumio D(x) = Fj(x)—F,(x) u
Haiaém ee npouasogHyto Vx € (a;b):

D'(x) = ()~ H(x) =F @) ~F @)= ()~ f(x)=0.
Otciopa D(x) =C,1e. Fi(x)-F,(x)=C.
Onpepgenenue. Ecnn dyHkuns F'(x) ssnsietcs nepsoo6pasHon ans f(x), To BbipaxeHue

F(x)+ C,roe C = const , HasbiBaloT Heonpeaen&HHbIM UHTerparnom ot dyHkumm f(x) .

O6o3Hayaemcsi: j f(x)dx =F(x)+C.

Mpn atom  f(x) HasbiBawT nodbiHMeepanbHol  ¢yHkyueld,  f(x)dx  —
noObIHMe2zparnbHbIM 8bIpaXXeHUeM, 3HaK '[ — 3HaKkoM uHmeezparna.

B panbHenwem 6yaem npegnonarath, YTo dyHkums f(X) onpeneneHa u HenpepbiBHA Ha

HEKOTOPOM NPOMEXYTKE.

C reomMeTpu4yecKkol TOYKU 3PeHns HeonpedenéHHbI MHTerpan npeacraensieT cobown
COBOKYMHOCTb (CEMENCTBO) KpMBbIX (MHTErpanbHbIX), Kaxaash M3 KOTOpbIX MOfly4aeTca NnyTém
caBvra O4HOWM U3 KpMBbIX NapannensHo camown cebe Baonb ocn QY.

F's

v
P+
T N F(n)+C
.--"'"_'-""‘-\__._',./
o __|—F @+
0 |a b X ,

Puc. 1



HaxoxpaeHue nepBooGpasHoin Ans aaHHon dyHkumm f(Xx) HasbiBaeTcs uHmezpuposaHuem

dyHkumm f(x) .

1.2. OcHOBHbIe CBOMCTBA HeonpeaenéHHoro nHTerpana

1°. OucbdbepeHuman HeonpeaenéHHOro UHTerpana paseH NoAbIHTErpansHOMY BbIPaXEHWIO,
a NpousBoaHas HeonpeaenéHHOro NHTerpana paBHa NoAblHTerpansHon yHKLUN:

d[ F()de = fdru ([ F0dx) = £,
JencTeutensHo, ([f(x)dx =(F(x)+ C) = f(x).
2° HeonpepnenéHHbii MHTerpan ot gudydepeHumana HenpepbiBHO AuddepeHumpyemon
pyHKUMM paBeH 3TON PYHKLMM NITHOC NPOU3BONIbHAS NOCTOSIHHAS: J.df(x) =f(x)+C.

JencTeutensHo, Idf(x) = If’(x)dx. Ho nepsoo6bpasHoin ana f'(x) sensetca f(x),
nostomy [ f'(x)dx = f(x)+C . Toraa [df (x)= f(x)+C.

30. OTnnyHbIA  OT HyInA NOCTOSIHHLIN ~ MHOXWUTENb MOXHO BbIHOCUTb 3a 3HaK

HeomnpeaenéHHOro uHTerpana, T.e. jAf(x)a’x = A‘[f(x)dx ,roe A#0.
B cavmom pene, nyctb F(x) - nepsooGpasHas ana  f(x), Torpa

A-[f(D)dx = AF(x)+C) = 4-F(x)+C;, me C=AC w A-F(x) — ecm

nepsoo6pasHas ans pyHkumm A- f(x), 1.k (4- F(x))' =4 (F()c))v =A- f(x).
CnepnoBaTenbHo, J-A f(x)dx=4-F(x)+C = AI f(x)dx.
£ [(i)+ [k = [ fi(x)dx+ [ fr(0)dx.
[encrButensHo,
(| fito)de+ [ f0)dx) = ([ /(D)) +([ /o)) = fi(x)+ fo(x)

n ([LAG)+ f(0Mx) = i)+ f2(x).
Takum o6pasom, PyHKLNN .[fl(x)dx + J'fz(x)dx " f(fl (x)+ /> (x))dx  sensiores
nepsoobpasHbiMi AN dyHKuMKM  fi(x) + fo(Xx), T.e. OTNMYAOTCA HA NPOM3BOSbLHYIO

noctosiHHyto C . B 3TOM CMbICIEe 1 NOHUMAaETCH CBOMCTBO 4°,

1.3. Tabnuua HeonpenenéHHbIX UHTerpanos

N3 onpegeneHnss HeonpedeneHHOro WHTerpana nonyyaem crnegywowmne copMyrbl,
CNpaBeanMBOCTb KOTOPbIX MOXXHO NMPOBEPUTL HEMOCPEACTBEHHO AN dEPEHLMPOBAHNEM.

Tabnuua 3. Tabnuuya HeonpedeneHHblx uUHmMezpasnoe

xn+1
1. x"dx = +C,rpe n#—1 1. —arcsm =4 C
'[ n+1 '[\/
2. J.ﬁzln|x|+C 12. J zdx :larctg£+C
X a +x a a
X dx 1 [(x—a
x4 13. =—In +C
3 J.Cl ]na+c '[xz—az 2a xX+a
4 Iede:eXJFC 14. J‘—dx =Injx+Vx*+a|+C
VX’ +a
5. J.sinxdxz —cosx+C 15. J-tgxdxz—ln|cosx|+C
6. Icosxdx: sinx+C 16. Ictgxdx = 1n|sinx|+C




7 | dx —tgx+C 17. jshxdx:chx+C

cos® x
8 | dx — ctgx+C 18. jchxdx:shx+C
sin? x
dx
9.| ——— =arcsinx + C = —arccosx+C | 19. dx=thx+C
j\ll—x2 jchzx

10.f dx2=arctgx+C=—arcctgx+C 20. j d; =—cthx+C
1+x sh”x

Mpumepsbl.

5 X
1) jx4dx=x—+c. 2)I2xdx=2—+C.
5 In2

3AMEYAHUE

B pesynbtate audpdepeHUMpoBaHUS  dneMeHTapHbIX  (OYHKUMA  CHOBa  nonyyaem
anemMeHTapHble PyHKLMK, a onepaunst UHTErPUPOBaHNST MOXET NPUBECTU K HE3NEMEHTapHbIM
dyHKUMAM. [lokasaHo, YTO cnegytoLue nHTerpansl He 6epyTcst B anieMeHTapHbIX (YHKLMSAX:

2
Ie * dx - vnTerpan MNyaccoHa;

.[COS x’dx J-Sin x’dx - wHTerpanbi dpeHens:;

dx
—— - WUHTerpanbHbI norapudm;
Inx

coS X sin x
J. dx , I dx - vHTerpanbHbIe KOCVHYC, GUHYC.
X X

1.4. UHTerpupoBaHMe MeToAOM 3aMeHbl NepeMeHHOMN
Myctb TpebyeTcs HalTU wHTErpasn j f(x)dx, npuuém HenocpeacTseHHo noaobpaTh
nepsoo6pasHyto Ans [ (X) Mbl HE MOXEM, HO HaM N3BECTHO, YTO OHa CyLLECTBYET.
Cpenaem 3ameHy nepemenHoit: X =u(t), roe u(f) - HenpepbiBHas yHKUMS C

HenpepbIBHOI MPOM3BOAHOIA, MMetowas obpaTtHyto dyHKkumio. Toraa dx = u'(t)dt . Jokaxem, 4yTo B
3TOM Cryyae MMeeT MeCTO paBEHCTBO:

[ feode = [ fu(e))-u'(yar . (1)
Hangém nponsBoHble MO X OT NpaBOM U NEBOW YacTK 3TOrO paBeHCTBA:
). (| f(r)d), = f(x).

2). MNpaBasi 4acTb — eCTb CroXHast PyHKUMS, rae ¢ - NPOMEXYTOYHBIN apryMeHT, KOTOpbIv
aBnsaeTca yHkumen ot x . Toraa:

(| f@)-w'@0)de), = ([ f@@)-u'@)de), - % = fu(e)u'e)- é =

dt
= FU) () —— = f () = f(x).
u'(t)

[Mpoun3BogHbie paBHbl M paBeHCTBO (1) AokasaHo.
Mpumepb.

t=sinx

1) Jsinx-cosxdx =
dt = cos xdx




= o 200 104
2) .[x x—5dx=|x=t>+5 :J'(t2+5)t-2tdt:%+7t+C=

dx = 2tdt

_oWx=s) tola=s)
5 3

Ecrm F(x) - nepsoobpasHas ans f(x), To us paseHcTBa (1) criegyer, 4To ecnu

[f)dx=F(x)+C 70 [ f(u)-wdt=Fu)+C.
du

Orctopa J. f(u)du = F(u)+ C . Ha ocHoBaHuu 3TOro CBOWCTBA Mosiydaem 060GLLEHHYHO

Tabnuuy NpoCTEeNLLIMX MHTErpanoB, 3amMmeHsasa dopmarnbHO X Ha U , rae u - nobas HenpepbIBHO
AnddepeHumpyemas yHKUMS OT He3aBUCUMOW nepemeHHol, T. e. u(d). Tak, Hanpumep,

+1
un

n+1
OTmMeTuM psap npeobpasoBaHuin auddepeHLumana, nonesHbx Ans AanbHenLwero:
1) dx=d(x+b),rne b=const;

juna’u: +C,roe (n#-1) nm j%:1n|u|+C nT.A.
u

2) dx=ld(ax+b),r,qe a#0;
a

3) xdx:%d(xz);

4) sin xdx = —d(cosx);
5) cosxdx =d(sin x);

6) ldxza'(lnx);
X

7) e'dx=d(e’) ntn.
Boobuwe, ¢'(x)dx =d(@(x)). Monb3yscs aTumMmn npeobpasoBaHuaMK AuddepeHumana,

HavgeMm crnegyowmne HeonpeaerneHHble nHTerpansl.
Mpumepsbl.

f dx I;d(zx+3)
2x+3 2x+3
2 2
2) [xe™ dx =%fex d(x?) = ‘xz = u‘ = %fd”du =%e“ +C
Cdopmynupyem eLLie 04HO OYeHb Nones3Hoe NpaBuno:

ecnm .[f(x)dx:F(x)+C,To jf(ax+b)dx=%F(ax+b)+C,
rme a# 0, taxkax [ f(ax+b)dx =L[ f(ax+b)d(ax+b) =L F(ax+b)+C.

= LIn]2x+3|+C.

2
1%
se +C.

Mpumep. .[cos(3x +1)dx = %sin(3x +)+C.

1.5. UHTerpmupoBaHue no 4actam
Mycte u n v - HenpepbiBHO AnddepeHumpyemble dyHkumm ot x. Ha ocHoBaHum
dopmynbl AnddepeHLnana nponsBeaeHUs UMeeM:
d(uv) =udv+vdu = udv = d(uv) — vdu
NHTerpupyst 3T0 COOTHOLLIEHUE, MOMYyYMM judv = jd (uv) — I vdu , KOTOpoe MOXHO 3anucaTh B
Buae
judv:u-v—jvdu .

Mony4yeHHas popmyna HasbiBaeTCca ¢hopMyr1iol UHmMe2puUpo8aHUsi 1o Yacmsim.



OTa opmyna okasbiBaeTca yaobHOW, ecrnv uHTerpan _[v-du ABnsieTca TabnuyHbIM Unx

NErko CBOAUTCS K TaKOMy.
WHTerpansi, 6epywmecs "no yacram"

1. WHTerpansl Buaa an (x)- f(x)dx, roe P,(x) — mHorouneH ctenewn n, f(x) —

ofHa U3 crieflyroLmx dyHKUMiA: sin oux; cos o e a™*

B kayecTBe dyHKUMM u(X) crnepyeT B3ATb MHorouneH P, (X) W NpuMeHWTb K UHTerpany

dbopMyny UHTErPUPOBAHUS MO YacTaM 7 pas.
Mpumepbl
Uu=x du = dx

1) [xcos xdx = = xsinx — [ sin xdx =

dv=cosxdx v=sinx
=xsinx+cosx+C.

— 2 _
2) '[xzexdx = du B xxd du = 2§dx = x2e” —ZJxexdx =
v=e'dx v=e

u=x du = dx
= x2e* —2(xe” —J. Ydx) =

dv=e’dx v=e*
=x2d° - 2(xe* —e")+C.

2. NInTerpansl B1ga Ixn -lnk xdx,roe n#—1, 6epytca «no YyacTam», ecnm 3a yHKUMIO

u(x) npuHATL In* x n NPUMeHUTb k pas K uHTerpany opmyny MHTErPMPOBaHMS MO YacTAM.

Mpumep

~ In2 —2lnx. L
flnzxdxzu_ln x du=2lnx xdx:xlnzx—2jx-lnx-ldx:
dv =dx V=X *

= xIn® x - 2[In xdx = |" d = xIn? x—2(xInx— [dx)=
=xIn? x—2(xInx—x)+C.

3. WHTerpansl Buga J.x”-f(x)dx, roe f(x) — opHa w3 crnedyoWwmnxX YHKLWIA:

arcsink o, arccosk ox; arctgk o, arcctgk ox, Takke OepyTtcsa "mo vactam", npuyem 3a

yHkumio u(x) BbibupatoT f(x).

4. B HEKOTOpbIX Cryyasix Ansi CBEAEHUs AaHHOTO MHTerpana K TabnuyHoMy npuMeHsieTcst
hopMyna MHTErPUPOBAHMSI MO YACTSIM U UCKOMbIN UHTErpas ONpeaensieTcs U3 nosyumBLLErocs
anrebpavuyeckoro  ypaBHeHusi. K TakuM  uHTErpanam  OTHOCSATCS  criedytoliue

wnterpansi: [e™ cosPx dx, [e™ sinfx dx n [Vx* ta dx.
Mpumep.

X
2 P u=vx’>+a du=——"dx
.[\/x +adx = x2+a =

dv =dx

:x\/x2+a—jmdx x\Vx +a—j%

—xm J.\/id +aj.ﬁdx=

10



x+‘\1x2+a

CpaBHVIBaH Ha4arno " KoHel paBeHCTBa, Nony4YnMm ypaBHeHNe

ZJ x2 +ddx:xxlx2 +a +alnx+\/x2 +al+C, otkyna
I\/xz +adx=%(x\/x2 +a +alnx+\/x2 +aj+C.

1.6. UHTerpupoBaHMe NpoCTEMLLINX paLMOHaNbHbIX gpoben
[ po6GHo-paumoHanbHas pyHKUMS UK pauuoHansHas dpobs — 3To Apobb BMaa

P, (x) Boxm+lem_1 +B
Qn(x) on +A1x + +A

He orpaHuunBas o6LUIHOCTb paccyaeHusl, 6yaem npeanonaratb, YTO 3T MHOTOYNEHbI He
MMeloT OBLLMX KOpHEeN, T.e. Apobb cokpalleHa.

:x\/x2+a—j\/x2+adx+aln +C.

Ecnu cTeneHb YiCnnTEnNsl MeHblUe CTeneHn 3HaMmeHaTens, T.e. m < 1, To Apobb Ha3bIBaOT
npasusibHol, B MPOTUBHOM crlydYae Apobb HasblBalOT HENpasusibHoU.
Onpepenenune. MNpaBunbHble paunoHanbHble 4pobu Braa:
A
1.

X —

a
2. Lk (k€Z+),
(x—b)

Mx+ N

- (amckpumunant D = ——q < 0),
X"+ px+gq

Mx+ N
(x2 +px+q)k

HasbIBaloT fpocmedwumu Opobsamu 1, 2, 3, 4 TUNOB.
Haﬁp,eM WHTerpanbl OT 3TuX Apoobei:

1.j

_ kL
2. jikdx=Aj(x—b)—"dx=A%+c.

(D <0 wu k - uenoe nonoxutensHoe 4ncro).

dx = A1n|x a|+C
xX—a

(x—b) —k+1
~ (2x+p)+(N——)
2]\40+N dx=f2 : 2 dx =
X"+ px+gq X"+ px+gq
2x + M
=—Iz—pd + (V=20 =
xX“+ px+gq X“+px+gq
d(x* + px+ M, dx
2I (" +pr+q) (v =My — -
x*+preeg x+ D +(q-"2)
P
X+
=K1n‘x2+px+q‘+(N—Mp)- ! -arctg Z_+C.
2 2 \/ e \/ »
=5 4

bonee cnoxHbix Bbl‘-IVICJ'IeHVIVI TpebyeT I/IHTerI/IpOBaHl/Ie npocTenwmx apoben Tuna 4.

2 dx =

Mx+ N i 7(2x+p)+(N_7)
4 -
‘[(x2+px+q)m ’ '[ (x? + px+q)"

11



_ M (Qx+p)dx +(N_Mp) dx _

2 (x2+px+q)m 2 (x2+px+q)m
p
Id(x + px+q) (N—Mp)f d(x+5) _
(x> + px+q)" 2 2 \"
prrd @+ + (-2
p
X+—=t
B 2 _M. 1 (N - ij dt
- 2 - 2 2 m=1:1 _
P _ 2 (x*+px+q) (1-m) (> +a*)"
S —

N NONYyYnUM ONIs1 HErO PeKyppeHmHy chopmyry, T.e. dopmMmyny

Paccmotpum unterpan /,,
ecn Mbl 3Haem uHTerpan /,,

e
(t2 + a2)m—1
MpuMeHNM Kk HeMy cbopMyny MHTErPUPOBAHNS MO YACTSIM:

:u:W duz—(m—l)-(t2+a2)_m-2tdt _
dv=dt v=t

t t
= -1) 2(m—1
(* +aH)m ! + 2 I(t +a?)" (t2+a2) r+20m =) * +a*)"

NO3BOJIAOLLYO BblYUCIINTb NHTErparn ]m ,

Nns atoro paccmoTpum 1,4 =J.

(t +a) adt:

1 2 dt
———dt—a" | ———5—

Im—l Im

t
:mn(m—l)j

Takum obpasom, nonyuunnu:
d 2
W+2(m—l)lm_l -2(m—1a"I,, =

J 2(m—1)—-1
- 20,2 2\m—1 + ( ) P 1
2(m—Na“(t" +a”) 2(m —1)a
ﬂpwmepj ! +2'1_1. —
(* +1) 2-1-1(z2+1) 211 !
t 1 dt ¢
207+ 27T+ 207 +1)

1.7. UHTerpupoBaHue paunoHanbHbIX apoben

m-1=

=1

+larctgt+C.

Teopema 1.

Ecnu Qm(x)z(x—a)...(x—b)k...(x2+p1x+q1)-...-(x2+p2x+q2)m, roe

(x2 +pix+qp) v (x2 + prX + ¢,) HE NMEIOT BELLECTBEHHbIX KOPHEN, TO NpaBunbHas Apobb

P, (x) .
—"= MoxeT BbITb NpeAcTaBneHa B Buae:
O (x)
) _ A o+ B, B =t B — ..t
O,(x) x-a (x=b) (x-b) (x—b)

12



M M N
Cx+D . 1x+ N, - mX+ N,

— > et — —.
X+ pix+q (X" + prx+q;) (X" + prx+qy)

T.e. npasuiibHaa paunoHalibHadA ,U,p06b npencraBndaeTca B Bnae CyMMbl npOCTe|7ILL|l/IX ﬂ,p06el7l,

KOTOPble MHTErPUPYIOTCS B ANEMEHTaPHbIX (PYHKLMSAX.

3AMEYAHUE 1

MopobHoe npepcTaBneHve NpaBuITbHOWM paunoHanbHOW Apobu B BUAE CyMMbl MPOCTEMLUNX
pauMoHanbHbIX Opoben HasblBalOT pasfoXeHWeM ee Ha npoctenwue. lNMpu 3TOM uyncna

A, B, By,...B;, C,... n.T.A. Ha3biBalOT HeornpeeneHHbIM1 koaduLMeHTamu.
3AMEYAHUE 2
PasnoxeHue npaBunbHOM paunoHanbHon apobu Ha npocTenlne eanHCTBEHHO.
xt+2
(x+1)*(x-2)
PeweHune. [llockonbky 3agaHHas gpobb MoxeT ObiTb NpeAacTtaBneHa B BUAE CYyMMb
X242 A B B
— 1 2
5 = + + 3
(x+D)“°(x=2) x—-2 x+1 (x+1])
sBnsieTcs nopobpaTb HeonpeaeneHHble koadduuneHTsl A, By, B, Tak, 4Tobbl 9TO paBeHCTBO

BbIMOJTHAJTIOCb TOXAECTBEHHO.

YMHOXMB 06e 4acTu paBeHCTBaA Ha HaMMeEHbLUM OoOWMIi 3HameHaTenb Bcex apoben,
nony4vnm:

Mpumep. PasnoxuTe npaBunbHy0 paumoHanbHyo Apodb Ha npocTtenme.

npoctenwmx apobew:

TO Hawewn 3agadven

2 2 2
XT+2=Ax"+2x+ D)+ Bj(x" —x—=2)+ By (x-2).
OTO PaBEHCTBO [BYX MHOMOUSIEHOB JOSTKHO BIMOMHATLCS MPU BCEX 3HAYEHUSIX NEPEMEHHON X ,
a 3HaYNT AOIMKHbI BbiTb PaBHbI MX KOIPMULIMEHTbI NPY OANHAKOBbIX CTEMEHSIX.

x? 1=A4+B,
x'| 0=24-B+8B,
x* | 2=4-2B-28B,
A3 aTOI cUCTEMbI MOXHO HaTW HeonpeaeneHHble koadduumnentel 4, By, B, .

HeonpenenenHble koadcuumeHtsl A, By, B, MOXHO HaiiTu u no-gpyromy. MoxHO
noacTaBuTb NOOblE 3HAYEHMs X B MpaByl U NEBYI0 YacTM pPaBEHCTBA WM MOMYy4UTb CUCTEMY
anrebpavyeckux ypaBHeHUn oTHocuTenbHo A, By, B, . ACHO, YTO TakuMx 3HAYEHWA X AOIHKHO

ObiTb BbLIGPAHO CTONMBLKO, CKOMBbKO HeonpeaeneHHbIX KoaddUUNEHTOB BXOAUT B pasnoXeHue
Apobu. CnegyeT 3amMeTWTb, YTO caMbiMU YAOOHBIMUM ONS  MOACTAHOBKU  3HAYEHUAMMU
nepeMeHHol X SABNAITCA KOPHU 3HaMeHaTens 3aaaHHoW paLmoHansHol apobu.

x=-1 3=-3B, A=2
x=2 6=94 =i B=7 =
x:0 2:A—2Bl_232 32:—1

2 2 1

x“+2 3 n 3 1

= 2 = - 5"
(x+D)"(x=2) x-2 x+1 (x+1)
Teopema 2. HenpaBuibHylo pauvoHanbHylo Apobb Bcerga MOXHO npeacTaBuTb B BUAE
CYMMbI PaUMOHaNbHOrO BbIPaXeHUs (MHOrouneHa) u npaBUNbHOW pauMoHansHoW pobu, To

P, (x
€CTb paunoHanbHasa apobb L npu n = m npegcraBumMa B BUAE:
(X
P T;
EAC =M(x)+ k(x) ,rape k<m.
0, (x) (%)

Takoe npegcTaBneHne HenpaBuUbHOW pauMoHanbHOW Apobu HasbiBaeTca 8bidesieHUeM uerou
yacmu.
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ij_@f)

Mycte TpebyeTca BbIMMCAUTL MHTerpan dx. Ecnu noabiHTerpanbHas apo6b

(%)
HenpaBunbHasi, TO Mbl NpPeacTaBUM e€ B BuAe CyMMbl MHorouneHa M (x) v npaBwnbHo
N T (x)
pauvoHansHon apobu , KOTopasi B CBOK o4epedb MpeAcTaBuMa B BUOE CYMMbI
X

n
NpocCTEeNLLMX ApobeN.
Takum o6pa3om, MHTErpupoBaHve pauuoHarnbHOW Opobu CBOAWMTCA K WHTErPMPOBaHUIO
MHOTrO4fIEHA 1 HECKOJTbKMX MPOCTENLINX SpOben.

x*+2 ZJ- dx 1¢ dx dx
— + —
3

pumep I(x+1)2(x—2) LR R YT I

+C.

:%mh—4+%mh+q+x+l

1.8. UHTerpupoBaHue HEKOTOPbIX MPPaLMUOHANbHbIX BbipaXXeHUn
1. Ecnu nogplHTerpansbHoe BblpaXeHWe COAEePXWT NMULlb JIUHeUHY UppauuoHaIbHOCMb

m (a #0), To nonesHa nogcraHoeka ¢ = m.
1= m 3 2
Mpumep. j%z x=¢ -1 =3jwz
dx=3t’dt

=3j(t4 —t)dt:3£—3i+C=i(x+l)§ —i(x+1)% +C
5 2 5 2 )

k k k
2. B wHTerpanax anajR(x, Vax +b, Yax +b,..., NVax+ b)dx Hago coenatb
noactaHosky ax +b =t", rae n = HOK(k;,k,,...k,,) .
dx

3. WHterpan oT npocrtenwen kgadpamuyHoU uUppauuoHanibHocmu [2— c
ax” +bx+c

P 2
NOMOLLbIO BblAENEHNA B KBAAPATHOM TpeEXYieHe ax +bx +c¢ nonHoro KBagparta cBOOUTCA K

dx
O,D,HOMy n3 OByX I/IHTeraJ'IOB J.ﬁ, KOTOpre ABNAKOTCA Ta6J'IVILIHbIMI/I.
atx

dx dx d(x-3)
n . = = =
pumep I\/x2—6x+13 ‘[\/(x—3)2+4 '[\/(x—3)2+4

dt
:I—————:mt+Vﬂ+4
V2 +4

x—3++x?—6x+13

4. VuTerpansl Buaa JR(xZ",Va2 —x? )dx ,
jR(xzn,\/a2 +x%)dx,
[R(x" Nx* —a?)drx,

roe Jepes R(x) obo3HayeHa paumoHanbHas YHKUMS, WHTErpupyroTcs C  MOMOLLbIO

=|x-3=4 +C =

=In +C.

cneayrwmx TouroHoMeTpn4eckmx nogcTtaHOBOK:
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x—acost(asint)

jR(x2”,\/a2—x2)dx=\/a2—x \/a —a’cos’t = asint|;

dx =—asintdt

x=atgt (actgt)

jR(xZ”,VaZ +x2)dx =Wa? +x° =a-L;

cost

a
dx = 3 dt
cos“ ¢

x =acht (asht)

jR(xZ”,sz —a?)dx = \/x2 —a® :a\/chzt—l =asht.

dx =ashtdt

X = acost )
/ ) —asintdt
Mpumep. I —asmt :Iﬁ:
J a sin"t
dx =—asintdt

1 dt 1 X
:__2I ——=—5ctgt + C = |t =arccos—| =
a“*sin“t a a
X
cosarccos—
1 x 1 a
=—ctgarccos—+C=————"-+C=
2 a at X
sin arccos—
a
X
1 > 1 X
__2 a +C :_2— \/7
a X a
\/1 — cos? arccos a.l1="—
a 2
a
3AMEYAHUE

Ons  uwHTerpanoB  Buga IR(xan ANa? —x? )dx , IR()czn+1 ANa? +x? )dx ,

2n+l [ 2 2
fR(x ,2NX —a )dx TakKkKe MOXHO UCnosib3oBaTb TPUrOHOMETpUYeCKne noACTaHOBKWU.

OfHako npolle WX BblYMCNATb, Aenas 3aMmeHy a2 + x2 = t2 unm x2 - a2 = t2.

1.9. UHTerpmpoBaHue HEKOTOPbIX KITACCOB TPUFOHOMETPUYECKNX PYHKLUN
PaccmoTpum uHTerpan euaa I R(sin x,cos x)dx, rae R(sinx,cosx) — pauuoHasnbHas

hyHKUNA CBOUX apryMeEHTOB.

Coenaem noacTaHOBKY tg% =t. Torpa:

o 2tgy 2t _1-tg
SIn x = = 5 COS X =

x 2
x =2arctgt = dx = 5 - 2 :
l

1+1 1+tg® % 1+¢ 1+1tg”

Taknm obpasom, caenas NOLACTAHOBKY, UCXOLHbLIN MHTErpan oT TPUroHOMEeTPUYECKMX OYHKLUIA
cTasn uHTerpanom oT paumMoHanbHOW PYyHKLMM NEPEMEHHON £, T.e.

2t 1-£2) 2dt
IR 2° 2 2
1+¢° 14+t )1+¢
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2dt

tg5 =1 x = 2arctgt

dx 2

o L 2 | = 1 -
sinx [sinx = 5 dx = 3 2t
1+¢ 1+¢ 1442

dt
:J7:1n|t|+czln\tg§ +C.

PaCCMOTPEHHaﬂ noacTaHoBka AaéT BO3MOXHOCTb NMPOUHTErpnpoBaThb J'IPOGyI-O d)yHKLI,VIIO

Buga  R(sinx,cosx). [loaToMy Takyld MOACTaHOBKY  HasblBalOT  yHUepcasbHOU

mpuz2oHomempuyveckoli nodcmarogkol. OAHAKo Ha NPaKTUKe OHa YacTo MPUBOAMT K CIIOXHbLIM
MHTerpanam oT paumnoHarnbHbIX YHKUMIA. [To3TOMy NOMe3HO 3HaThb Takke ApYrie NoACTAaHOBKU.

1. [ R(sinx)cosxdx = Sinx=r [ Ry
' cos xdx = dt '
Mpumep.
.3 2 N _ 2
- cosx =t -
Is1n x 7x=J(1 cos” x)sinxdx _ . X =_.[1 e
I+ cosx I+cosx sin xdx = —dt 1+¢
2 2
“fe-Ddi=2 i+ 0= _cosx+C.
2 2
tgx=t¢
dt
2. [R(tgx)dx =|x =arctgt|=[R(t) — .
dt 1+¢
dx = 5
1+¢

3. IR(sin X,cosx)dx, roe sinx UM COSX BXOOAT B YETHbIX cTeneHsx. B Takux
WHTErpanax npUMeHseTCst NoACTaHOBKa:
tgx=1t, x=arctgt

2 1 1
cos” x = 5= 5
I+tg"x 1+¢
2 2
sin? x = g )26 _ ! 3
I+tg“x 1+¢

dy — dt2

1+1¢

4. jsinm x-cos” xdx,roe n-HeuéTHoe, m - noboe.
Myctb n=2p+1, Torga
Isinm x-cos? P xdx = Isinm x-cos>? x-cosxdx =
= Isinm x(1-sin® x)? cos xdx = [ R(sin x)cos xdx.
Monyumnun cnyyanm 1.
5. .[sin'” x-cos” xdx , rae m,n - Y&THblE HeOTpULATENbHbIE.

B aTOM criyyae ncrnonbayem hopMyribl MOHMKEHWUS CTENEHU:
) 1
sin® x = E(l —c0s2x) n cos’ x = %(l +c0s2x).
Mpumep.
) 1 1 1 .
J.sm xdx = —I(l —c0s2x)dx =—(x——sin2x)+ C.
2 2 2

6. Icos ox - cos Pxdx; Isin ox - sin fxdx; '[sin 0x - cos fxdx,
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roe (a # f) GepyTcs npy noMoLuy crnegytoLmx hopmyI:
sin o - cosPBx = %(sin(oc + B)x + sin(a — B)x);
cosax - cosPx = %(cos(oc + B)x + cos(a — B)x);
sin oux - sin Bx = %(cos(a —B)x —cos(a + B)x).

m m
7. Wuterpansl Buaa Itg xdx vnu '[ctg xdx, roe 0 =2 - uenoe 41cro, CBOAATCH K

TaBANYHbIM VHTErpanaM, eci K NOALIHTErpanbHOW yHKUMK NpuBaBuTb 1 oTHATL tg" 2 X
wm ctg™ 2 x

Mpumep. Itg4 xdx = j((tg4 X+ tg2 x)— tg2 x)fx = '[tgz x(l + tg2 x)ix —

Jllg s 1) thar= oS [ fune

COS X

tg3 X

Itgzx-dtgx—tgx+x: —tgx+x+C.
3AMEYAHUE

B uHTerpanax Buga J.Sil'lm)C'COSnde npu YeTHbIX OoTpuuaTenbHbIX 71 W 71 WNHOraa
2

yD,O6HO MCnoJ1b30BaTb TPUTOHOMETPUYECKOE TOXKOEeCTBO Sin2 X+COS™ x = 1 .
dx sm2x+coszx
MNpumep. _[ = J 2 dx =
sin? xcos® x sin? xcos* x
1
—I dx—i—j 5 dxzj 5 dtgx+4j dx =
cos* x sin? xcos? x Cos” x sin? 2x

te’ x
d(2x)=tgx+-== 3 —2ctg2x+C.

:I(1+tg2x)dtgx+2j : i
sin” 2x

2. OnpegeneHHbIN HTerpan
2.1. NoHATMe onpeaeneHHOro UHTerpana
MycTb Ha oTpeske [a;b] 3afiaHa HenpepbiBHas yHkums y = f(x) (puc. 1). Pasgenum
[a;b] Ha 4acTV MPOU3BOMBHLIMU TOYKaMU: a = X < X] < X, <...< X, =b. O603HauMm yepe3

AX; =X — X

'y
Y = 7()
.
F&D
d=% IJ'EI X & & iH An = ‘E:'.F ES

Pwuc. 1.
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Ha KaXmoM uacTuuHoM oTpeske [x;;X;,;| paséuenms BbiBepem Mpou3BOMbHYIO TOuKY
g; €[x;; x;,1]. B kaxnoit Touke &; Biumenum anauenme dymkumn (&)
n—1
Coctasum cymmy S, = Z S (&;) - Ax; | xotopyio Gynem HaswiBaTh uHmezpasnbHOLl
i=0
cymmol pyHKUMM [, COOTBETCTBYIOLLEI 3TOMY pasbUeHuio.

O6o3HauYnM yepes ?L = max Axl- MaKCMMaribHYH OJNMMHY YaCTUYHbIX OTPE3KOB [)Cl-; xi-‘rl ] .
0<i<n—1

Onpegenenue. MNyctb f(x) HenpepbiBHasi yHKUMS Ha [a;b]. Ecnwn cywecTtsyeT npegen
nocnefoBaTeNbLHOCTU UHTerpanbHelx cymm S, npu A —>0 (M n —>0), HesaBuCAWMIA OT
cnocoba pasbueHnst otpeska [a;b] M OT BblGOpa ToYek &;, TO OH Ha3bIBAETCS 0MPEOeNeHHbIM

uHmeepanom om epyHkuuu f(x) _Ha ompeske [a;b]. ®yHkumna  f(x) HasbiBaeTcs Npu 3TOM

urmezpupyemotl na [a;b).

n—1 b
O6osHavaemes: lim S, = lim Y f(&;)-Ax; = [ f(x)dx,
A—0 max Ax;—0 ;) u
n—»0 n—>0

i€ d- HasbiBAeTCA HWKHUM NPEAenoM WHTEerpuposaHus; a b - BepxHUM npenernom
UHTErpUpOBaHUS.
Feomempudeckuti cMbics onpedesieHHO20 uHMezpana

Mycte cyHkuma y = f(Xx) HenpepbiBHA U HeoTpuuaTenbHa Ha [a;b]. MpowusBeneHue

Sf(&;) Ax; uncneHHo paBHO NroLjaan NPsIMOYroribHWKa, UMEIOLLEr0 OCHOBaHUe [xi; xm] "

BbicoTy f(&;).

MocTpouB Ha KaXaom oOTpeske [xl-;xl-H] TaKoM NPSMOYrOfbHWK, MOMYYUM CTyMeH4YaTyio

n-1
curypy, nnowaab KOTOpOiA paBHa MHTErpanbHon cymme S, = Zf(éi)-Axl- .
i=0
Ecrm A — 0, To nnowaab cTyneHyaton durypbl GyoeT CTPeMUTbCs K nnowaan Tak
Ha3bIBAEMOW KPUBOMMHENHOW Tpanewuuu, orpaHnyeHHon kpueoi y = f(X), npameiMn x =a,
x=b nocbo Ox (puc. 2).
b
Takum obpasom If(x)dx =S.

a

¥ y=iix

Py

72

i &
Puc. 2.

3AMEYAHUE 1

lMoHsATWe onpedeneHHOro WHTerpana Tak, Kak Mbl ero onpegenunu, 6bino BBegeHO ANS
HenpepbIBHbLIX (OYHKUNA paHUy3CKMM MaTemaTukoM Kowwun. OBOpSAT, UTO HenpepbiBHas Ha

oTpeske |a;b| dyHkums nHTerpupyema Ha Hem B cMbicnie Ko,
B obuem cnyyae — ans dyHKUMIN He o6A3aTenbHO HenpepbiBHLIX — MOXET CYLLEeCTBOBaTb

npegen uHTerpanbHbIX CYMM, TOr4a roBopsT, YTO yHKUUS MHTErpupyemMa B cmbicrie PumaHa.
3710 onpepenexnne AaHo HemeukuMm matematmkom b. ®. Pumarnom (1826-1866rr.).

3AMEYAHUE 2
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MoxHO gokasaTtb, YTO (DYHKLUUSA ABMASETCA UHTErpupyemMon oTpeske [a;b], €CInun 3TOT OTPEe30K
MOAHO pa3buTb Ha KOHEYHOE YMCIIO OTPE3KOB, Ha KOTOPbIX AaHHasA PYHKLMSA HeNpepbiBHA.

2.2. OcHOBHbIe CBOMCTBA onpeAerieHHOro MHTerpana
1°. MOCTOSIHHBI MHOXUTENb MOXHO BbIHOCUTb 3a 3HaK ONPEeeneHHOro WHTerpana, T.e.

b b
IAf (x)dx = A_[ f(x)dx, A=const,ecnu atu uHterpansl CyLLECTBYIOT.
a a

b n—1
[evictBuTensHo, jAf(x)dx =  lim Z Af(&;)- Ax; =
5 max Ax; >0 i=0

n—1 n—1 b
lim A f(&) A, =4 lim > f(§) Ax; = Aff(x)dx.
maxAx; >0 ;g max Ax; =0 ;- a

20. Onpep,eneHHbM nmHTEerpan ot CyMmMbl HECKOJTIbKUX (*)yHKLI,VIIZ paBeH CyMmme uHterparnoB OT
cnaraemMblXx, T.e.

b b b
[+ fo(dx = [ fitodr+ [ f(x)dx
ecrm f1(x) n f5(x) - uHTerpupyemble Ha [a;b] byHKUMM.
b n—1
Takax [(f(0)+ H0)dv = Tim 5 (f1(8)+ f2(&) - Ax; =
a max l‘*) i=0

n-l1 n-1 b b
= lim S AE)Ag+ lim Y f(E) Ax = [ i)dv+ [ (0.
max Ay;—0:7 a g

max Ax; -0 =0

3°. Ecrm Ha oTpeske [a;b], roe a <b, wHterpupyembie dyHkum  f(x) u g(x)

b b
yaosnetsopsioT ycnosuio f(x) < g(x), 1o If(x)dx < J.g(x)dx.

a a

b b b
JokasaTenbcTBO. PaccMOTpMM pasHOCTb .[ g(x)dx - I f(x)dx = I (g(x)— f(x))dx.

Tak kak g(x)— f(x)=0 Vxe[a; b], TO, MO FEOMETPUYECKOMY CMbICNY OMpeaesieHHOro

b b b
wnterpana, [(g(x)— f(x)dx=0 = [ f(x)dx< [g(x)dx.

4°. Ecnn m v M - HaumeHbluee 1 HanBonbluee 3HaYeHUs HenpepbiBHOM dyHKUMM [ (x)
b
Ha oTpeske [a;b] ma<b,To m(b—a)ij(x)deM(b—a).
a

b
DokaszartenbcTtio. Mo ycnosuio m < f(x) < M , Torpa .[mdx <

a

n—

b b b |
J.de. Ho jmdx = mJ.dx =m lim ZAxl- =m(b—a). AHanoruyHo,
a a a

max Ax; -0 =0

b
Ide=M(b—a).

a
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b
Torpa m(b—a) < Jf(x)dx <M (b—a) v Teopema fokasaHa.
a
[lokasaHHOe CBOVWCTBO OMPEAENIeHHOTO WHTErpana UMEeT HarfsgHylo reoMeTpuyeckyto
uHTepnpetaumio. Ecim f(x) 20,10 Sy pp < Saupp < Sau,8,6 (PUC. 3).

VA

4 B,

y=f(x)

A b B
mi—— ]

4, | B,

|
a b Tx
Puc. 3

5°. Teopema o cpeaHem. Ecru f(x) - HenpepbiBHa Ha OTpeske [a;b], TO CcyllecTByeT

Touka § € [a;b] Takasi, YTO CrpaBeaIBO PABEHCTBO

b
[reode=b-a)f©).

DokasatenbcTBo. [ycTb OAnsA onpeaeneHHocTM a < b . HenpepblBHas Ha oTpeske [a;b]

dyHkuma f(x) orpaHunyeHa Ha Hem. Mycte m < f(x) < M . Torpa
b
m(b—a)ij(x)deM(b—a).
a

b

! If(x)deM. Ecnu o6o3Hauunth
a

b—a

Pasgenvs aTo paBeHCTBO Ha (b —a), nonyuum m <

b
ﬁj‘f(x)dx =u,tom<us<M.

Tak Kkak f(X) - HenpepbiBHA, TO OHa NpPUMHMMAaET BCE 3HaA4YeHUA, 3aKIK4YeHHble MexXay

uncnamm m u M . CnepoBatesbHo, Elﬁe[a;b], Takoe, uto f(§)=pn, Te.

b b
f(&)= ! J.f(x)dx . M3 nocnegHero paseHcTBa cregyet J.f(x)dx =Mb-a)f(€), roe
b—a . .
& elash].
b a
6°. 13 onpenenenust onpeeneHHoro uHTerpana jf(x)dx =—| f(x)dx .
a b
7° Ons nobbIX Tpex ymcen a,b,c cnpaseasivBo paBeHCTBO

b c b
If(x)dx = .[f(x)dx + If(x)dx , €CIT TOMbKO BCE TPU UHTErpana CyLecTsyoT.

a a C
Joka3aTenbcTBO.
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Pa3obbem [a;b] Ha YacTu Tak, 4Tobbl Touka ¢ 6bina Toukon AeneHus. 3atem, pasobbem

b c
MHTErpasnbHylo Cymmy z , COOTBETCTBYIOLLYIO OTPE3KY [a;b], Ha OBe CyMMbI: Z - CymMmMmYy,
a a

b
COOTBETCTBYHOLLYIO [a;c] " Z - CYMMY, COOTBETCTBYIOLLYIO [c;b]. Torga
C

b c b

X S(E)-Ax = XS (&) Ax + X[ (&) A

a a C

Mepexoas k npepeny npu max Ax; — 0, nonyunm
b c b
j Fx)dx = j F(x)dx + j F(x)dx .
a a C
Ecnu e, Hanpumep, a <b < ¢, TO Ha OCHOBaHWUK [0OKA3aHHOTO CBOWCTBA OMpeaeneHHOro

c b c

WHTerpana crnpaeeanveo paBEeHCTBO: If(x)dx = J-f(x)dx + If(x)dx =
a a b

b c c

If(x)dx = If(x)dx - If(x)dx . Toraa no ceovicTay 6°:

a a b

b c b
j F(x)dx = j F(x)dx + j F(x)dx .
a a C
AHarnorn4Ho [oKa3bIBaeTCsa 9TO CBOMCTBO NPU APYroM pacronoXeHun Todek a,b,c.

2.3. OnpegeneHHbIM UHTerpan, Kak ¢pyHKUMA BepxHero npegena. Teopema bappoy

X
Mycte f(x) - HenpepbiBHa Ha [a;b]. PaccmoTpum  nHTerpan If(t)dt, roe
a
te[a;x]c[a;b] (B0 wusbexaHwe nyTaHUUbI, NEpPeMeHHast WHTErpMpoBaHWsi 0OO3HayeHa
apyron 6ykson).
Mpn noctostHHOM a 3TOT wHTerpan OygeTr npeactaBnATb CO6ON QYHKLUIO BEPXHEro

X
npegena x . ATy MYHKUMUIO Mbl 0603HauYMM Yepes D(x) = If(t)dt .
a

Ecrm f(x) >0, 1o BenuunHa @ (x) umcneHHo paBHa NroLaam KpUBOTMHERHON Tpanewumm

aAXx (puc. 4). OyeBnaHO, YTO 3Ta NMOLWAAL M3MEHSAETCH B 3aBUCMMOCTU OT X .

Puc. 4.

X
Teopema Bappoy. Ecnv f(x) - HenpepbiBHas dyHkuna n D(x) = _[f(t)dt, 10 O(x)
a
AndbdepeHumpyemast gyHKUMS 1 ee NPon3BoaHast paBHa
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®mw={jf@wﬂ = /().

DokasaTenbctBo. Jaaum x npvpalleHve Ax , Torga
x+Ax X x+Ax

O(x+Ax) = [f(O)dt=[f)de+ [f@)dt.

Haingem npupauierHvne AD :
X+Ax X X+Ax

AD = O(x + Ax) — D(x) = j F(O)dt - j f(odt = )f f@dt + [ f(@)drt - T f(odt .

X+Ax
Takum obpasom AD = jf(t)dt . MpumeHuM K aTOMYy MHTerpany Teopemy o cpegHeMm (puc.5):
X

x+Ax
AD = If(z‘)dt=f(§)(x+Ax—x)=f(§)Ax,rne &e[x;x+Ax]

Pwuc. 5

Haitgpem ®'(x) = lim AP _ lim J(S)Ax
Ax—0 Ax  Ax—0  Ax

TO lim f(§)=lim f(§)= f(x) BcneactBue  HenpepbiBHOCTU.  CrnepoBaTenbHo,
Ax—0 E—x

P'(x) = f(x).

= lim f(§).Takkak & = x npu Ax > 0,
Ax—0

2.4. dopmyna HbroToHa — JlenbHMUA
Teopema. Ecrm  F(x) ectb kakas-nubo nepsoobpasHas ans dyHkumm [ (x),

HenpepbIBHOW Ha [a;b], To cnpaseanuea popmyna
b
[f()dx = F(b)-F(a),
a

KoTopas HasblBaeTcsa ghopmysioli HertomoHa — JlelibHuya.

X
DokasaTtenbctBo. [yctb y = F(x)- nepsoobpasHas ana f(x). Ho _[ f(t)dt - Toxe

a
!

X
nepsoobpasHas ans f(x), Tak Kak [J.f(t)dt} = f(x). O™ nepBoobpasHbie oTNMYatOTCS

a

X
Ha NPOW3BONbHYIO MOCTOSIHHYHO, T.€. J-f(t)dt =F(x)+C.

a
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a
MonoxuMm B 9TOM paBeHCTBe X =a, Toraa J‘f(t)dt = F(a)+C. TMockonbky

a

j f()dt =0,710 0=F(a)+C = C =—F(a). Torna j f()dt = F(x)—F(a).

b
Monoxum B MocrnegHem paBeHCTBE X = b, Mony4um .[f(t)dt =F(b)—F(a) wnmm,
a

b
3aMeHnB 0603HaYeHMe NepeMeHHON NHTErpupoBaHNs Ha X , If(x)dx =F(b)-F(a).

a

3MEYAHUE
Onsa pa3HoCTH 3Ha4YeHUn nepBoobpasHomn 00bI4HO NPUMEHSAI0T

oBo3HayeHwe: F(b)— F(a) = F(x)|z :

Eoxdx rd(xE+1) >
Mpumep: = =l+x
£J1+x2 '([2\/l+x2

1
=J2-1.
0

2.5. 3ameHa nepemMeHHOI B onpeAenieHHOM UHTerpane
b
MycTb AaH wHTerpan j-f(x)dx, roe  f(x) - HenpepbiBHA Ha [a;b]. Beegem HoByto
a
nepeMeHHyto ¢ no copmyne x = ().
Ecnu:
1) o) =a; o) =b;
2) (1) @'(¢) - Henpepbiabi Ha [o; B);
3) f(¢(t)) - onpeneneHa n HenpepbiBHA Ha [a; B];

b B
ro [ f(x)dx = [ flo()o'(t)dt.

Dokasatenbcteo. [lyctb F'(x)- nepsoobpasHas ans f(x), T1e. F'(x)= f(x).

PaccMoTpuM CrnioxHyto dyHKkumio F ((p(t)). Haingem ee nponssoaHyio

< Flo) = F(o)-9'0) = 160’0

3nauut F ((p(t))- nepeoobpasHas ans f ((p(t))(p'(t). Torga

B b
[ o))t = Flo))) = Flo(B))- Flo(c)) = F(b) - F(a) = [ f(x)dx.

Mpumep.
Nx+1=t
3 x=t2-1 2 2
Ix\/x+1dx= de=2wdt | = j (¢* —)t2edt =2 j " —1*)dt =
0 x=0=>tr=1 1 1
x=3=>t=2

SELA Y
5 3 15
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3AMEYAHUA

1). Ecrm f(x) - yetHas dyHkums, T.e. f(—x) = f(x), 10 J-f(x)dx = ZJf(x)dx :
—-a 0

a a
[leiicTBUTESBHO, J‘f(x)dx= If(x)dx+‘[f(x)dx. Cpoenaem MOACTaHOBKY B MNEPBOM

—-a —a 0
xX=-—t
MHTerpane |(x =—a =t =a|. Torga
x=0=¢=0

0 0 0 a a
j F(x)dx = —j f(=t)dt = —j F(t)dt = j fdt=|r=x= j F(x)dx.
-a a a 0 0
CnepoBarternbHo, T f(dt = Tf(x)dx + Tf(x)dx = ZT f(x)dx .
—a 0 0 0

2). Ecrm f(x) - HeuetHas, T.e. f(—x) = — f(x), 10 J-f(x)dx =0

HdencrtButenbHo,
x=-—t
.[f(x)dx = If(x)dx + If(x)dx (noacTtaHoBka X=—a=>t=a|s nepeom
-a x=0=1t=0

whTerpane) —j f(= z)dt+j F(O)dt = j F(o)dt + j F(o)dt = j f()dt=0

2.6. UHTerpupoBaHme nNo 4acTsaM B onpeaernieHHOM UHTerpane
Mycts u(x) wm v(x)- puddepeHurpyembie dyHkumn. Torga (u-v) =u'v+uv'.

NHTerpupys obe YacTu ToxaecTsa B npedenax ot a oo b, nonyuum:

b . b b b b
I(uv) dx = Iu'vdx+juv'dx = Ivdu+judv,
a a a a

b

TaK Kak uv'dx=uv+C,To uv,dx= uv b.ﬂon Yunu copmyn
[ wv) [ @v) dx = (uv), . Mony yny

a

b b
J'udv = uv|1; —jvdu ,
a a
KOTOpas Ha3sblBaeTcs (POPMYIION MHTErPUPOBAHUA MO YACTAM B ONPEAeNIeHHOM UHTerpane.
Mpumep.

2n u=x 2n

'[xcosxdx = Z‘; — dOSde = xsinx|(2)n - Isinxdx =0+ cosxgrE =

0 v =sinx 0

=cos2n—cos0=1-1=0.
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2.7. TeomeTpuyecKkue NpuUnoxeHns onpeneneHHOro UHTerpana
e BbiyucneHue nnoujadel
1. Ecrm  f(x) > 0Ha [a;b], TO nnowagb KPUBOMWHENHOW Tpaneuwu, OorpaHnyYeHHoM
b
kpuson y = f(x), ocbto Ox unpsimbimm x =a u x = b (puc. 6), pasHa: S = If(x)dx.

a

Y y=7iix
07,
& b
Puc. 6
b
2. Ecrv  f(x) <0 hHa [a;b], TO oOnpeaeneHHbIn UHTerpan J-f(x)dx <0 u no

a

aBConoTHOM BeNnUMHe paBeH MoLaan CoOOTBETCTBYHOLLEN KpMBOMMHeHoM Tpaneumn S (puc.

b b
7). 1e. S =|[ f(x)dx| = ~[ f(x)dx.

a a
¥ i &
1 .
a
y=rfix
Puc. 7
3. Ecnn f(X) koHe4Hoe 4MCro pa3 MEeHsIeT CBOM 3HaK Ha OTpeske [a;b], TO WHTerpan no

BCEMY OTpe3Ky [a;b] pa3buBaem Ha CyMMy MHTErpanoB no YacTUYHbIM OTpe3kaMm (puc. 8), unu

b
S = j | £ (0)ldx .

Puc. 8.
Mpumep. Bblumcnutb nnowagb KPUBOMMHEWHOW Tpaneuun, orpaHuyYeHHoOW rpadoukom

yHKUMM Y = SIN X , HA NPOMEXYTKE X € [0; 27':] (puc. 9).

y

=Y

’ <

Puc. 9.
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s 2n
S = Isinxdx + jsinxdx =— cosx|z)E + ‘(—cosx)ﬁf‘ =2+ |— 2| =4, um
0 b
T
S =2sinxdx=4.
0
4. Ecnu kpuBas 3ajaHa ypaBHeHusiMu 6 napamempudeckol gpopme (puc.10): x = o(¢) u

y=y(t),rae a<t<Buola)=a, oPB)=>.

P
a=@c) D=0
Puc. 10
Torga nnowagbs KPUBOMUHENHOW Tpaneuun BbIMUCIIAETCS Yepe3 OonpeaeneHHbI nHTerpan, B
KOTOPOM crnefyeT NpPoBEeCTU 3aMeHY NEPEMEHHbIX.

y=y()

b b X = ¢(1) R

S = [ f(x)dx = [ ydx = |dx = ¢'()dt| = [w(6)o'(t)at.

a a X=a,l =0 o
x=b;t=p
p

=8 = [w(®)p' ().
o
5. Ecnu kpvBasi 3agaHa B MonsipHOM cUCTEMe KoopauHaT ypaBHeHueM p = p(P), u ecnu

Tp66yeTCFI BbIYUCNUTb Nolladb CEKTOpa, COOTBETCTBYHOLLENO LeHTpanbHOMY yriy o < [0} < B s
TO MOXHO MOJ1y4YnUTb d)opMyny Anga nnowagn 3Toro CeKkrtopa.

A
y N

Puc. 11
Paszobbem  nnowagb  KPMBOMMHEMHOro  CekTtopa  Ha n yactem  nyyamu:

Py =0, Q1 Prseeees Vi1, Piyene, @, =P (pyic. 11). B kaxgom yactHoM yrne A@; Bo3bMeM nyy

0; v Haigem p(0;). Torga nnowanb KPUBOMMHENHOTO cekTopa ¢ yrmom A@; GyaeT pasHa

1
ASiZE(p(Bi))QA(pi. CnepoBatenbHo, Mrowafab BCEro «CTyneHyaToro» cektopa Oyaet
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1 n
paBHa S, = —Z(p(ei))zA(pi . Monyunnu vHTerpanbHyto cymmy S, . Mepexoas k npeaeny npu
i=1
max Ap; — 0, nonyunm §,, — S . Takum o6pa3om nnoLlaab cekTopa paBHa
(n—w)

p
1t
Scekmopa = E_[p (0)do
a

Mpumep. Bbluucnuts nnowanb urypbl, OrpaHUYEeHHOW nemMmHuckaton bBepHynnu

p =a4/cos2¢ (puc. 12).

<Y

Puc. 12

T T L
174 4 sin2¢| 4 1
S=45"=4.— [ a® cos2¢dg =2a" [ cos2¢de = 24> " ==24>—(1-0) = .
2 2 2
0 0 0
e BbIyucneHue o6beMa mesia no naowadsim napasnnesibHbIX cev4eHull
Mycte T - HekoTopoe Teno, pacnonoxeHHoe Boomnb ocu Ox . MNpeanonoxum, 4To Ans
noboro x € (a; b) nssectHa S = S(x) — nnowags NGOro ceyeHUs 3TOro Tena NIOCKOCTbIO,

nepnenamkynsapHon ocu Ox (puc. 13).

a Xi-1 éi Xi b
- Ay, —>
Puc. 13.

Mpeanonoxum, 4to S(x) ecTb HenpepbiBHas yHKuMA OT X . [poBegem MIOCKOCTM
X=a,Xx=Xy,.., X=X, =b.3Tmnnockoctv pasobbtot Teno 7" Ha n Croes.

B kaxgom 4aCcTMYHOM MpoMeExyTKe [xi—l;xi] BO3bMEM MPOU3BOSIbHYIO TOYKY éi € [xl-_l;xl-]
M MOCTPOMM LMMMHOPUYEcKoe Teno, obpasylollas KoTtoporo napannensHa ocn Ox, a

Hanpasndawwiada npeacraBndaeT cobon KOHTYp Cce4YeHunda tena T nnockocTblo X = ai .

O6bem Takoro unnuxapa paseH S(E;) - Ax;, rae S(&;) - nnowaab nonepeyHoro ceyeHus

n
unnuHapa, Ax; - ero Bbicota. Cymma 06beMOB BCex LMNMHAPOB paBHa V), = ZS(EH-)Axl- .
i=l1
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V,, npeactaBnsieT cobom MHTerparnbHyto CyMMy Ansi HenpepbiBHOM yHkumn S(x) Ha oTpeske

[a;b]. CnepoBaTernbHO, CyLLECTBYET KOHEYHbI Npeden 3ToN MHTerpanbHOM CyMMbl, KOTOPbIi

No onpefeneHnio paBeH onpeaesieHHoOMY UHTerpany.

V= TS (x)dx.

e O6bem mena epaujeHusi
PaccmoTpum Teno, o6pa3oBaHHOe BpalleHueM Bokpyr ocu OX HenpepbiBHOM Ha [a;b]
kpueon y = f(X) n orpaHuyeHHoe mrockocTAMM X =a u x =b. Takoe Teno HasbiBaercs

Ternom BpatleHus (puc. 14).

Puc. 14
B aTom cnydyae npou3BomnbHOE ceyeHve Terna NMockocTbio, neprneHavkynapHon ocu Ox

€CTb Kpyr, mrowafb KoToporo paBHa: S = Tcy2 =n(f (x))z. Torga o6bem Tena BpalleHus

paBeH

b b b
V= j S(x)dx = j a(f(x)fdx =V =mn j (f(x))*dx|.

e [nuHa dyau e dekapmosebix KoopOuHamax

OnpeaeneHnue. MNog dnuHol dyau AB noHumaeTcs npeaen, K KOTOPOMY CTPEMUTCA AnUHa
NOMaHON NWHWK, BNWCAHHOW B 3Ty QAOyry, KOrga 4YUCrNo 3BEHbEB JIOMaHOW Bo3pacTaeT
HenpepbIBHO, a ANnHa HanbornbLUEero 3BeHa ee CTPEMUTCS K HyTtO.

.M.

1

»
vt M~
M Axi ’—yl\l\/?\]
'B

A

£,

A XXy Xjeeroon X,1b  x

Puc. 15.

n
To ecTb, ecnu anvHa nomMaHon paBHa S, ZZASi= TOo gnvHa pyrim AB (puc. 15) paBHa
i=1

S= lim 3AS,.

maxAS; —0°—
i=1
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Teopema. Ecnu y = f(Xx) HenpepbiBHa Ha [a;b] N UMEET HeNnpepbIBHYIO MPOU3BOAHYIO

f'(x) na [a;b], 1o cywectayer  lim ZAS =S.

max AS; —>0
DNokasaTtenbctBo. lycTb Ay;- npupalleHue AaHHOM dyHKuMM y = f(X) Ha oTpeske
[xi_l;xl-]. Mo Teopeme Mucparopa umeem AS; = (Axi )2 + (Ayi )2.
MpumeHsiss  Teopemy Marpamxa, nonyuum Ay, = f(x;)— f(x;_) =Ax; f'(&;) e
€ € [xl-_l;xl-]. Torga

AS; = (A%, ) + (8% P (£E)) = Ax1+ (7))
T.0. OnNvHa BMWCAHHON FIOMaHOW paBHa SnziAxmllJr(f'(&i))z. Tak kak f'(x)

i=1

HenpepbIBHa, TO S, NpeacTaBnsieT cobon UHTErpanbHyl0 CyMMYy At HENpepbIBHOW yHKLUM

2 . .
1+ ( f '(x)) . CnepoBaTtenbHo, Npeaen aToi MHTerpanbHOM CyMMbI CYLLLECTBYET U paBeH

b
S= lim ZAx 1+(£€)) = |S = [y1+(f'(0)f dx

max Ax; —>0

3AMEYAHUA
a) Ecnu BepxHUI Npeen MHTErpUpOBaHNS cuUMTaTb NEPEMEHHBIM U 0603HAYNTL Yepes X , TO

X
anvHa  aymm S 6ygeT  dyHKuMen oT X S(x):J.\/1+(f'(x))2dx. Torpa
a

dx

S'(x) =1+ (f"(x)) I/IJ'II/ICCI[—S— 1+(dy j = |dS = /(dx)* +(dv)*.
X

Monyunnu chopmyny ans auddeperumnana ayrm dsS .
x=0() as<t<f

’ rrqe ’
y=y() pla)=a oP)=>b

TO B UHTEerpane ana anuHbol ayrun KpVIBOVI cnenyet caenaTtb 3aMeHy nepemMeHHbIX.

6) Ecnu kpuBas 3agaHa napamempuyecku, TO ecTb {

y=wy()
b fl:(p(t'zz)dt B 2
X =0 ,
S:HH( Vax=|, _ V' :j 1+["’,(t)) ©'(t)dt =
. J’x—(p(t) o 0'(?)
=a;t=o
=b;t=p

T+t = |s = [l P Gy P

B) 3ameHa nepemeHHbIX NPOBOAMTCS M B TOM Cryyae, korga Kpusasi 3ajaHa B MONSPHbIX
koopauHatax, 1o ectb P =p(Q), rae a<@<P. lNepexoas K NepemeHHbIM P M @ Mo

X =pCcosQ
y=psing’

x=P((P)COS(p x{p :p'COS(p—psin(p
{y:P((P)SiH(P’ P10 p<P. B orom cnysae {yzp =p'sin@+pcosp’ & A2

dopmynaMm nepexoga OT MONAPHbIX KOOPAWHAT K LOeKapTOBbIM { Mony4nm
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p
S = H y(p 2a’(p j\/pcoscp psm(p) (p'sin(p—i-pcoscp)zd(p:
p
=N(p’)2+p2dcp =15 = V(' @) +(p(@) do

Mpumep. Hangute AnuHy Kapavouabl p = a(l+cos (p) (puc. 16).

v A

Puc. 16

T T
S=28"= ZJ‘\/(—asin(p)2 +a’(1+cos)de = 2'[\/2a2 +2a® cos ¢ do =
0

T ¢ To9 o|"
:2\/551[ 2cos> Tdo=2-2a[cos*do =4a-2sin-| =8a.
0 2 o 2 2o

e [loeepxHocmb mesna epaujeHusi
Mycts f(x) n f'(x) - HenpepbiBHbI Ha [a;b]. Onpegenum nrnowaab NOBEPXHOCTY,

o6pa3oBaHHoi BpalieHneM kpuson ) = f(x) Bokpyr ocu Ox Ha oTpeske [a;b] (puc. 17).

y=Jix
YA A5 M,

Puc. 17
Kaxxgas xopga AnuHbl ASI- npy BpPaLEHUN OMNULLET YCEYEHHbI KOHYC, MOBEPXHOCTb

koToporo AP paBHa

AP, = 2n2iL : Vi )i Ag, — op Yid 5 P i a1+ (£

Mepeigem k npeaeny npu max Ax; — 0, T.e.

P= lim a3 [f(xy)+ fG)}-Anl+(fE) =

maxAx; >0 ;|

n b
= lim  21Y fENAAL+ (/D) wm P =2x[ f o1+ (f'(x)) dx

maxAx;—0 ;3
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2.8. Hecob6cTBEHHbIe UHTerpanbl
b
B onpeneneHuun nHterpana J. f(x)dx npeanonaranocs, 4To:

a

1) NPOMEXKYTOK MHTErPUPOBaHUS [a;b] KOHEYeH.

2) coyHkums f(x) onpegeneHa v HenpepbiBHA Ha [a;b].
Takow onpeneneHHbli MHTErpan HasblBaeTcst cobcmeeHHbIM (CNOBO COBCTBEHHLIN OOBIYHO
onyckaeTcs).
Ecnn Hapywaetcs xots 6bl ogHo w3 ycrnoBun 1) mnm 2), TO uHTerpan HasblBaeTcs
HecobcmeeHHbIM orpedenieHHbIM UHMezparnom.
BbIACHMM CMbICI 3TOFO HOBOIO MOHATUSA ANS ABYX NPOCTENLINX CryYaes.
e HecobcmeeHHbIl uHmMezpai ¢ 6eckoHeYHbIM npedesioM uHmezpupoesaHusi (I poda)
+00 b
OTOT wHTerpan no onpeaeneHvio paBeH J‘f(x)dx = lim jf(x)dx. HecobcTBEHHBII
b—+o0
a a
uHTerpan ¢ 6ecKOHeYHbIM NPefenoM WHTErpupoBaHWS 4YacTo HasbiBAOT HECOBCTBEHHbLIM
uHTerpanom 1 poga.
Ecnu npegen cywecTtByeT 1 KOHeYeH, TO MHTerpan HasblBaeTcs CXOO0SUWUMCS, B NMPOTVBHOM
cryyae uHTerpan HasblBaeTcs pacxo0suuMcs.

Ecrim F(x) - nepoobpasHas (yHKUMs AN noabIHTerpansHoi gyHkumm f(x), To

+joof(x)arx = blim [F(b) - F(a)]= F(+00) — F(a), rae F(+w) = blim F(b)

b b

AHanormyHeiM  06pasoM onpedenslTcs  UHTerpanbi: J. f(x)dx = lim J. f(x)dx wm
a—>—o
—00 a

Ioof (x)dx = j S(x)dx + Ff(x)dx_

Mpumep.
+00 1
Tae F X7 X 1 —,a>1
— = J‘x dle = hm1 —1—: a-—1
X 1 B ' A P PS
+oodx +00
Ecrm o =1, 10 I—:ln|x|‘ =00.
. X
1
+o0

CnepoBaternbHo, UHTerpan I —;f - cxoputes npu p > 1 v pacxopgutcsnpu p <1.
1
Bo MHOrMx cny4asx 4OCTaTOMHO YCTAHOBUTbL, CXOAUTCA AaHHbIA MHTErpan unu pacxogutcs.
[Onsi aToro MoryT 6bITb NONE3HBIMK CREYOLLNE TEOPEMbI.
Teopema 1 (MpusHak cpaBHeHus). Ecnn ons Bcex X = a BbINOMHAETCA HEPaBEHCTBO
+00 +00
0< f(x)<g(x) n ecnm _[ g(x)dx cxoputcs, TO _[ f(x)dx Toxe cxogutcs, npuyem
a a
+00 +00 o +00
_[ f(x)dx < _[ g(x)dx . Ecnu xe J‘ f(x)dx pacxogutcs, To J‘ g(x)dx - Toxe pacxogurcs.

a a a a

dx
(1+e%)

+00
I'Ipumep. WccnepoBaTb cxoguTes nn nHTEerpan J-
1
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+00
T.k. ﬁ < Lz " '[ —2dx - CXOAUTCH, TO AaHHbIN MHTErpan cxoauTcs.
x“(1+e) x 1 X
+00 +00
Teopema 2. Ecnn uHterpan j|f(x)|dx CXOAMTCA, TO CXOAUTCS U UHTerparn .[f(x)dx. B
a a
3TOM cryyae nocrnefHumn uHTerpan HasbiBaetcst abconomHo cxodauumces.

sin x
Mpumep. ViccnegosaTb CXOOMMOCTb UHTErpana I 3 dx .
1 X
. +00
sin x 1 B
Tak kak TS Y J- —3dx CXOAMWTCSA, TO AAHHBIN MHTErpan cxoamTcs abComntoTHO.
X X | X

Teopema 3 (lMpepenbHbi Npu3Hak cpaBHeHusA). Ecnu gna Bcex x = a  yHKuun

f(x)20 n g(x)=0, npuuem f(x) ~ g(x), TO mHTerpans iof(x)dx " jiog(x)dx

-+

OQHOBPEMEHHO CXOAATCA UM OAHOBPEMEHHO pacxXxoaATCA.

+00
x—-1 _, x—-1 _; .
Mpumep. J. e dx cxoguTcs, Tak Kak -e ~ e "
] X X X—>+00
+00 . . 10
Ie dc=—e < 00 — cXoAmnTCH.
1
1
+00 +00
x—1 X x—1 X X X X +o
Mpumep. I -e dx pacxoguTcs, Tak Kak e~ e n Ie dx =e =
X X X—>+00 1
1 1
— pacxoauTcs.

e HecobcmeeHHbIlU uHmezpan om paspbieHol ¢pyHkyuu (Il poda)
Mycte f(x) HenpepbiBHa npu a < x <C U WMeEET TOYKy paspbiBa npu Xx =c. Torga
HecobCTBEHHbIN HTerpan

c b
j f(x)dx= lim j £ (x)dx
b—c—0
a a
Ha3blBaeTCHA CXOOFILL{UMCH nnn pacxoamuumcg B 3aBUCMMOCTU OT TOro, CyLieCTtByeT Uin HeT

KOHEYHbI npegern.
AHanornyHo onpenenaArTca UHTerpanbl:

b b
If(x)dx = lim If(x)dx (paspblB B TOUKe @ )
A a—>c+0a

b X0 b
" If(x)dx :If(x)dx+ If(x)dx (pa3pbiB B TOUKE X ).

Mpumep. T x_d);)m zji(x—a)_md(x—a): (xl_a’):m =
) S ) R | S0

3
|
Il

3
|
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a
Ecnu mZI,TOJ
0

a
= 1n|x - a” =00 => pacxoauTcs.
xX—a 0

a
Takum obpasom uHTerpan J-Lm
0 (x - a)
PaCCMOTpVIM Teopembl, YyCTaHaBnuearwuwime npu3Hakn CXoonmMoCTU HEecoOCTBEHHbIX
WHTErpanoB OT pa3prBHOIZ (byHKLl,I/II/I.

Teopema 1 (MpusHak cpaBHeHus)). Ecnu Ha oTpeske [a; c] dyHkumm  f(x) n g(x)

cxoauTes npu m <1 n pacxogutca npu m > 1.

C C
pa3pbiBHble B Touke ¢, npudem g(x) > f(x)>0 u jg(x)dx cxoamuTes, To If(x)dx TOXE

a a

C C
cxoautes. Ecnm xe _[ f(x)dx pacxogutcsi, To I g(x)dx Toxe pacxogutcs.

a a

C
Teopema 2. Ecnn f(Xx) paspbiBHasi (oyHKLMS B TOYKE C U UHTerpar J|f(x)|dx cxoauTes,

a

C
TO MHTerpan J. f(x)dx Toxe cxomuTcs U Takasi CXOAUMOCTb Ha3blBaeTCst a6COMOMHOU.

a

Teopema 3. Ecnu Ha oTpe3ke [a; c] dyHkumn  f(x) n g(x) pa3spbiBHble B Touke C,

npudiem f(x)=20 n g(x)>20 n f(x) ~ g(x), T0O wHTerpansl jf(x)dx " jg(x)dx

OQHOBPEMEHHO CXOOATCA UM OAHOBPEMEHHO PacXoaATCA.
1

1
1 1 dx
MNpumep. I—2dx CXOOUTCH, TaKk KaK ————— n J.—l cxoguTces.
0 \/; +4x

2 1 1
'\/;+4x x_)OXZ 0x2

4. KOHTPOIbHBIE BOMPOCHI N0 TEOPUN

1. Kak onpegensetcsa nepeoobpasHasa Ans 3agaHHon OyHKUUK f(x) ?
2. Kakumu cBoricTBamu obragatoT nepBoodpasHble?
3. Kak Ha3bIBaeTCs MHOXECTBO BCEX NEPBOOOPA3HbIX A4S OAHOW (DYHKLMN?
4. Kakumun cBoricTBaMu obnagaeT HeonpeaeneHHbln MHTerpan?
5. Kak BbiIrmsagut Tabnuua HeonpedeneHHbIX WHTErpanoB Af1 OCHOBHbLIX 3fieMeHTapHbIX
PYyHKUUN?
dx

6. [lo kakomy npaBuny BbIYMCMAKTCA HEoNpeaeneHHbIe MHTerpansl Buaa jﬁ ?

x“ta

dx

7. Tlo kakomy npaBuiy BbIYMCAAKOTCA HEONpPeaAeneHHble NHTerpansl Buaa j

—_—7
\ x? +a?

8. Kakasa dpopmyna HasbiBaeTCcs hOpMyIion MHTENPMPOBAHUS MO YacTsiM?

9. Kakume uHTerpanbl 6epyTcsi ¢ MOMOLLbI0 POPMYIIbl MHTErPUPOBAHMS MO YacTAM?

10. Y70 Takoe paumnoHanbHas gpobb?

11. Kakas paunoHansHas gpobb HasbiBaeTCs npaBunsHon? HenpasunbHON?

12. B kakom Brae MoxeT BblTb NpeacTaBneHa HenpasurbHas paumoHanbHas gpobb?

13. Kakne paumoHanbHble Apobu Ha3bIBaOTCS NPOCTENLLMMNT?

14. B kakom Buae MoxeT ObITb NpeacTaBneHa npaBunbHas paunoHanbHasa Apobb?

k k k
15. Kak BblMUCMSAOTCA UHTErpans! Buaa J‘R X, Yax + b, Yax + b,..., %ax +b Hx?

16. Kak BbluMCNATCA UHTErpanbl BUAA jR(xzn,\/az —x? )dx?
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17. Kak BbluMCNS0TCA MHTErpansl Buga JR(xzn ,\/az + )c2 )dx ?
18. Kak BbIUMCNATCA MHTErpans! Buaa JR(x2”+l,\/a2 + x? )dx ?

19. Kak BbIUMUCNATCA MHTErpans! Buaa JR(xZ" Ax?—a? )dx ?

20. Kakas nogctaHoOBKa HasblBaeTCA YHMBEPCArbHOW TPUIOHOMETPUYECKOW MOACTaHOBKOW?
Kak BbIrnagsaT oopMyrbl TAkon NOACTAHOBKU?

21. Kak BblMMCNAKOTCA MHTErpansl Buga Isinm x-cos” xdx?

22. Kak biuvcrisiiotess uHTerpansl Bupa [ tg” xdx n [ctg™xdx?

23. MoxHO nu yTBepxgaTb, YTO Ana nbon yHKUUM cylecTBYeT nepBoobpasHas B BUAE
Cyneprnosunummn anemMmeHTapHbIX yHKLNIA?

24. Y10 HasbIBaeTCs onpeaeneHHbiM MHTerpanomM ot oyHKLMn f(x) Mo MPOMEXYTKY [a, b]?

25. KakoB reoMeTpuYecKnini CMbIC onpeaeneHHoro nHrerpana?
26. [Ing kakoro krnacca (pyHKUMIA CyLLECTBYET ONpeaerieHHbIn nHterpan?
27. MNepeyncnnte OCHOBHbIE CBOWCTBA ONPEeAENEeHHOro nHTerpana?
28. Kakol mHTerpan HasblBaeTCsl MHTerpasnom C nepemMeHHbIM BEpPXHUM npegenom? OT kakowm
nepemMeHHON OH 3aBUCUT U Kak BbIYUCIIAETCS NPOM3BOAHANA OT HEro no 3Ton nepemMeHHon?
29. Kakas dopmyna HasbiBaeTca ¢opmyrnon HbtoToHa-NlenbHvua n  gna  4ero oHa
npumMmeHseTca?
30. Kak npoBoanTce 3aMmeHa nepeMeHHoW B onpeaeneHHOM uHterpane?
31. Kak BbIrnsgant oopmyna MHTErpupoBaHus no YacTsaMm B onpeaeneHHoM uHTerpane?
32. Kak Cc nomowWpbl OMNpedeneHHoro WHTerpana BblMUCIISeTCss  nnowagb obnacty,
OrpaHNYEHHON KPMBbIMY, 3aaHHbIMW B JEKAPTOBOW CUCTEME KOOpPOUHAT?
33. Kak ¢ nomowpl ONpedeneHHoro WHTerpana BblMUCIIAETCs nnowagb obnacty,
OrpaHNYEHHON KPMBbIMY, 3a4aHHbIMWU MAapaMeTPUIECKUMN YPaBHEHUAMN?
34. Kak c nomoLlblo onpegeneHHOro uHTerpana BbluMCNAeTCs nnowanb KPUBOSIMHENHOrO
ceKkTopa B NONSAPHbIX KoopAnHaTax?
35. Kak ¢ nomoLpbto onpeaeneHHoro nHTerpana BblMUCASETCS ANMHA OYTM KPUBOW, 3a4aHHOW B
JeKkapToBOW cucTeMe KoopauHat?
36. Kak ¢ nomoLbo onpedeneHHoro nHTerpana BblMUCASETCS ANUHA OyrM KPMBOW, 3adaHHOM
napameTpuyeckumMm ypaBHEHNSIMN?
37. Kak ¢ nomoLLbto onpedeneHHOro MHTerpana BblMUCASETCA ANUHA OyrM KpUBOW, 3aaHHOM B
NnonsapHoON cucTeme KoopamHaT?
38. Kak ¢ nomolLLbio onpeaeneHHoro HTerpana BeluncnaeTca obbem Tena no ceveHmam?
39. Kak ¢ nomolLLbio onpegeneHHoro HTerpana BeluncnseTcs obbem Tena BpaeHns?
40. Kak c ToOMOLLbI0 onpedeneHHoro MHTerpana Bbl4UCIISIETCS NOBEPXHOCTL TeMNa BpaLleHms?
41. Kak onpegensieTca HecobCcTBeHHbIN MHTerpan 1 poga?
42. Kakol HecoOCTBEHHbIV MHTerpan 1 poga HasbliBaeTcsi cxogsawmmen? Pacxoaswmmes?
43. Kak onpegensieTca HecobCTBEHHLIN MHTEerpan 2 poga?
44. Kakorn HecoBCTBEHHbIN nHTerpan 2 poaa HasblBaeTcs cxogsawmmea? Pacxoaswumea?
45. Kak oopmynupyeTcs npmusHak cpaBHeHMs1 HECOBCTBEHHbIX MHTerpanos 1 poga?
46. Kakol HecoBCTBEHHbIV MHTerpan 1 poaa HasbiBaeTcst abCOMTHO CXo0aALLMMCA?
47. Kak dopmynupyeTcsi NpefenbHbIi NPU3HaK CpaBHEHWSI HECOOCTBEHHLIX WHTerpanos 1
poaa?
+00 b
48. pun Kaknx 3HaYeHUsx napameTpa p HecobCTBEHHLIN MHTerpan 1 poga f —— sBnseTcH
a xp
cxoaawmmca?
49. Kak oopmynupyeTcsa npusHak cpaBHEHMS1 HECOBCTBEHHbIX MHTerpanos 2 poga?
50. Kakor HecoOGCTBEeHHbI MHTerpan 2 poaa HasbliBaeTcst abCoMTHO CXoasALLMMCA?
51. Kak dopmynupyeTca npefesnbHbii NpU3HaK CpaBHEHWs HECOOCTBEHHbLIX WHTErpanoB 2
poaa?

b a
X
52. Mpn KakMx 3Ha4YeHUsX napameTpa p HecobCTBEHHbIM WHTerpan 2 popa IW
a x_b

ABNAETCA CXOAALLMMCA?

5. BOMPOCbI ANnA NOAroTOBKM K SKSAMEHY

1. OnpegeneHune nepBoobpasHO 1 ee CBONCTBA.
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11.
12.
13.
14.
15.
16.

17.

18.
19.
20.

21.
22,
23.

HeOﬂpeﬂeﬂeHHbIVI WUHTEerparn. OcHoBHble CBOMCTBA HeonpeaeneHHoro nHTerpana.
Heonpe,qeneHHble MHTErparsnbl OT OCHOBHbIX 3J1EMEHTAapPHbIX (*)yHKLI,VIVI.

dx

dx

o M [ ——.
x“ta Vxt+a®
WHTerpmpoBaHmne no 4acTam 1 3aMeHa NnepemMeHHON B HEONpPeAeneHHOM uHTerpane.
PauvoHanbHble Apobu: npaBumnbHble W HenpasunbHble. [pocTenne paumoHanbHble
apobu. MHTerpupoBaHue NpoCcTenLLnX paLmoHanbHbIX Apoben.
BblgeneHne uUenom YacTu B HEMpaBWIbHOM pauuoHanbHoW apobu. PasnoxeHue
npaBunbHOW paumoHansHoOn Apobu Ha npocTenwme.

WHTerpansl Buga f

k k k
BbluncneHue WHTErpanos BMAa '[R(x, Yax + b, Yax + b,..., %ax +b )dx ,

JR()CZ”H,\/a2 +x2)dx.
BbluMCrIeHNe MHTErpanos euaa IR(xzn Na? £x?)dx, IR(xzn ANx? —a?)dx.

. NHTerpupoBaHne TpuroHomeTpuyecknx yHKUMIA. YHUBEpcanbHasi TPUroHoMeTpuyeckas

NnoacTaHoBKa.
OnpeneneHHbI MHTerpasn U ero reoMeTpMYecKUin CMbICH.

CsowncTBa onpegeneHHbIX MHTerpanos.

WHTerpan c nepemMeHHbIM BepxXHUM npegenom. Teopema bappoy.

dopmyna HetoToHa-JlenbHuua.

3ameHa nepemMeHHON N MHTerpupoBaHve Nno YacTsiM B onpegeneHHoM nHTerpane.
BbluncneHve nnowagen obnacten, orpaHMYeHHbIMU KpUMBBIMU B AEKapTOBbIX KOOpAUHaTax
C NOMOLLLbIO ONpPeaeneHHoro nHTerpana.

Bbluncnenve  nnowagen  obnacter,  OrpaHUYEHHbIMM  KPUMBbLIMW,  3a4aHHbLIMM
napamMeTpuyecKMMn ypaBHEHUSIMU C NOMOLLLLIO ONPEeAENneHHOro nHTerpana.

Mnowaab KpMBOMMHENHOIO CEKTOPA B MOMSAPHBIX KOOpAMHATaXx.

BbluncneHnve o6beMOB TeN C NOMOLLBIO ONPeaeNieHHOro nHTerpana.

Bbluncnenve o6bemMOB Ten BpalweHWe U MNOBEPXHOCTEM BpalleHUs C  MOMOLLbHO
onpeaeneHHoro uHTerpana.

Bbluncnexve onuH ayr ¢ NOMOLLBIO onpedeneHHoro nHTerpana.

HecobcTtBeHHbIN MHTErpan 1 poga: onpegenexHne, Npu3Hakm CXogMMoCTy.

HecobcTBeHHbIM UHTErpan 2 poga: onpegeneHue, npusHaky CXoauMocTy.

6. BbINMWUCKA 13 KANEHAAPHOIO MNAHA NMPAKTUYECKMUX 3AHATAN

UHTerpanbHoe ucumcneHme yHkuum ogHon nepemeHHou (18 yacon)

14. HeonpeneneHHbli nHTerpan u ero cBonucTea. Tabnuua HeonpeaeneHHbIX UHTEerpanos.
MeToabl MHTEerpMpoBaHus: noaBedeHne nog 3Hak gudpdepeHumnana. Tunoson pacyer
no temam «MHTerpansi» n «Pagbi» (2 yaca).

N5. 1676 — 1694 (4eTHbIe), 1703 — 1731 (HEYeTHbIE).

15. MeToabl MHTErpMpOBaHUS: NoaBeaeHne Nof 3Hak anddepeHumnana (2 yaca).

N5. 1750 - 780 — 1694 (4eTHbIE).

16. MeToa MHTerpnpoBaHus No YacTam (2 yaca).

J15. 1832 - 1846 (4eTHbIE), 1862.

17. NHTerpnpoBaHue paumoHanbHbix Apoben (2 yaca).

5. 1796, 1948, 2012, 2016, 2025, 2037, 2042.

18. NHTerpupoBaHue nppaumoHanbHbIX BbIpaXXeHUN. WHTerpuposaHue
TPUrOHOMETPUYECKMX BbIPaXeHUA. YHMBEpcanbHas TpPUroHoMeTpuyeckas NoACTaHOBKa
(2 vaca).

Nn5. 1874, 1879, 2090, 2093, 2098, 2100, 2112.
19. BoluncneHme onpedeneHHbIX WMHTErpanoB. 3amMeHa MNepeMEHHbIX B OMNpeaerneHHOM
uHTerpane. TpuroHoMeTpuyeckne NoacTaHoBKU (2 vaca).
N5. 2275, 2284 — 2286, 2312.
20. BbluncnieHue nnowlagen ¢ NOMOLLLIO onpeaerieHHoro uHterpana. BeluucneHue anuH
Oyr n 06bEMOB C MOMOLLbIO ONPeAerNieHHoro nHTerpana (2 Jyaca).
N5. 2455, 2491, 2496, 2521, 2538, 2561, 2580 (1).
21. KoHTponbHas paboTa (2 yaca).
e  BbluncnuTb HeonpeaeneHHbln MHTErpan noaseaeHneM nop 3Hak auddepeHumana.
e  Bbluncnutb HeonpeaeneHHbIn NHTErpan MHTErpupoOBaHMEM MO YaCTSIM.
e  BblunMcnuTb MHTErpan ot paumoHanbHom apobu.
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