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COAEPXAHME KOMNEHAVYMA

TemaTtnyeckun nnaH 2 —ro cemecTpa.
Bbinncka 13 kaneHgapHoOro nraHa nexkuun.
TeopeTnyeckun matepuan.

KoHTpOnbHbIE BONPOCHI MO TEOPUMN.
Bonpochkl A4ns noaAroToBKM K 9K3aMeHY.

Bbinucka n3 KanieHOapHOoro nrnaHa npakTnyecknx 3aHATUN.

Tect no Teme 6: «OuddepeHumansHoe wucHMCNeHne ¢YHKUUIA

HECKOSbKUX MePeMEHHbIX».
PekomeHayemas nutepatypa.

OTBeTHI K TECTY.



1. TEMATUYECKWM NNAH 2-ro CEMECTPA

Pacnpe.qeneHMe yacoB

AyauTtopHble 3aHATUSA

Ne HazBaHue TemMbl
TeMbI Beero B U3 Hux CamocTtosiTenbHas
cero paboTa
MpakTnyeckue
ayaAUTOPHbBIX Nekuun 33HATHS

5 OuddepeHumanbHoe  ncyucneHne  pyHKUMA 48 28 16 12 20
OLHOM nepemeHHoun. YacTtb 2.

6 OudbpepeHumanbHoe  McuucneHve  yHKUUA 38 26 12 14 12
HECKOJTbKMX NEPEMEHHBIX.

7 ?:g:{ﬂpeaHJLZHﬁoe ucumucneHne yHKUMA  ogHOMN 66 44 o4 20 29

8 Psagbl. 38 28 20 8 10

Bcero 3a 2 cemecTp 190 126 72 54 64




2. BbINWCKA 13 KANEHOAPHOrO MNAHA NEKLMN

6. AndbepeHumanbHoe ncumcneHme (pyHKLUN HECKONbKMUX NepPeMeHHbIX

10.

(14 yacos)

MeTpuyeckoe n - MepHOe MNpPOCTPaHCTBO. DYHKUMA 71 NepeMeHHbIX. DyHKUMS OBYX
nepemeHHbIx. lNpeaen u HenpepbiBHOCTb (PYHKUMU HECKONbKUX MNepeMeHHbIX. YacTHble
NPOM3BOAHbIE N UX TEOMETPUYECKUIA CMbICH (2 Yaca).

11. OudpcbepeHumpyemas  dyHkums. Heobxogumoe ycnoBue  guddepeHUMpyemMocTi.
HocTtaTouHoe ycnosue auddepeHunpyemoctn. [llponsBogHas CrnoXHOW QYHKUUN 7
nepemeHHbIX. [NonHasa nponssogHas (2 vaca).

12. OndbcpepeHuman dyHKUMM 71 nepemMeHHbix. OueHka MOorpewHocTen. YpaBHEHUe
KacaTenbHOW MMOCKOCTM W HOpManuM K MOBEepXHOCTU. [eomeTpuyecknin  CMmbICH
anddepeHumnana dyHKLMKN ABYX NepeMeHHbIX (2 vaca).

13. MNMpousBogHble ¥ auddepeHumansl  BbICUMX  MOPAAKoB.  HesBHble  doyHKUMK.
OudbpepeHumpoBaHme  HesdBHbIX  OYHKUMA  OOHOM UM ABYX nepemMeHHbIX.
OudpepeHumpoBaHme HeABHbIX OYHKLNIA, 3a4aHHbIX CUCTEMON. (2 Yaca).

14. OkcTpemyM  yHKUMKM  OBYX TMNEPEMEHHbIX: onpegeneHve, Heobxogumoe ycrnosue,
JocTaTovHoe ycnosue. SKCTpeMyM OYHKLUUIN 1 NepeMeHHbIX. (2 yaca).

15. 3agaum Ha HaMMeHbLlee 1 HanbonbLlee 3HaYeHua (2 vyaca).

3.  TEOPETWUYECKWW MATEPWAT
Tabnuua 2. O2naeneHue
1. ®YHKUUU HECKONbKUX NepeMeHHbIX.
1.1. MNpsiMoe NpousBeieHe MHOXECTB, 7 - MepHOe MpoCcTpaHcTBo R”
1.2. OkpecTHOCTM B npocTpaHcTBe R". Knaccudwukaums Touek. OTKpbITbie U
3aMKHyTble
MHOXeCTBa
1.3. ®yHKUMKM 1 nepeMeHHbIX. [peaen n HenpepbIBHOCTL OYHKLUMIA 1 NEePEMEHHbIX.
2. AOuddepeHumpoBaHue (pyHKUUNA N NepeMeHHbIX.
1.4. YacTHble nponsBogHble OYHKUNA 11 NepeMEHHbIX.
2.1. QndbbepeHumpyemas pyHKums. Ycnosua auddepeHumpyemMocTu.
2.2.MponssogHas crioxxHow yHKUmMK. MNonHas npovsBoaHas.

3. AuddepeHuman yHKLMA HECKONTIBKUX NePeMeHHbIX.

1.5. OnpeneneHve audpdepeHumnana @QYHKLMU HECKOMbKUX MEPEMEHHbIX U ero
CBOMCTBA.

1.6. MlHBapuaHTHOCTL dpopMynbl nepBoro anddepeHumana gyHKUUA HECKOMbKUX
nepeMeHHbIX.

1.7. TeomeTpuyeckdnn cmbicn anddepeHumana QyHKUMM OBYX MEPEMEHHbIX.
YpaBHeHue

KacaTenbHOM NSIOCKOCTU U HOpMaInu K MOBEPXHOCTH.

1.8. MNpnbnNuKeHHbIE BbIMUCINIEHNS 1 OLIeHKa MOrpeLLIHOCTEN.

4. YacTtHble npousBoaHble U AndhepeHuManbl BbICWIUX NOPAAKOB.

5. MNpousBogHble (PYHKUUIA HECKONBbKUX NEePEeMEeHHbIX, 3afaHHbIX HEAABHO.

5.1. HesBHaa dyHkuus. OuddepeHumpyeMocTs HESABHOW dyHkumn. dopmyna ans
YacCTHbIX
NPON3BOAHbIX PYHKLUM ABYX NepeMeHHbIX, 3aJaHHON HESIBHO.
5.2. MponsBoaHas HESIBHON (PYHKLMK, 3a4aHHOWN cucTeMOW ypaBHeHUn. Onpegenutenb
Axkobn.
6. JKcTpemMyM (PYHKLMU HECKOJNbKMUX NEepPeMeHHbIX.

6.1. dopmyna Tennopa PyHKUUN 1 NEepPEMEHHbIX.

6.2. KCTPEMYM (DYHKLMM ABYX NEPEMEHHBIX.

6.3. OKCTpEeMYM (PYHKLUMM 71 NMEPEMEHHbIX.

6.4. Hambonbluee N HaMMeHbLUee 3HaYeHUS PYHKLUA HECKOMNBbKUX NEPEMEHHbIX.




1. PYHKUUM HECKONbKUX NEepeMeHHbIX

1.1. TMpamoe npousBegeHne MHOXeCTB. 1 - MepHOe NPOCTPaAHCTBO R".

OnpepgeneHune 1
MycTb 3anaHbl Asa MHoxecTBa X u Y . Mpsambiv npoussedeHuem X X Y 3TUX MHOXeCTB
Ha3blBaeTCs MHOXECTBO BCex ynopsaodeHHbix nap (x, y),rae xe X n yeY .

3AMEYAHUE
Ynopsao4eHHOCTb napbl (x, y) cneayeT NoHMMaTb B TOM CMbICTIE, YTO (x, y) * (y, x).
Mpumep 1

Ecrm 3apambl mHokectea X = {1,2,3} u Y ={p,q}, To nx npambim npousseaeHrem
SIBNSIETCS CrneaytoLee MHOXECTBO

X =Y ={1plLg)(2 p);(2q9);3 r)Gq9)}.

Mpumep 2

Ecnm R - MHOXeCTBO BCEX BelLECTBEHHbIX YMcen, To npamoe npomssedeHne R x R unu
NPOCTPaHCTBO R?- 3T0 MHOXecTBO BCex YNOPSAA0YEHHbIX Map BELLECTBEHHbIX yncen. Ecnu
MCnomnb3oBaTb METOA KOOPAMHAT, TO MOXHO YCTaHOBWUTb B3aVMHO OOHO3HA4yHOE COOTBETCTBME
Mexay aneMeHTammu (x, y)eR2 N TOYKaMU M(x, y) MNOCKOCTU C BblOpaHHOW Ha Hewn
CUCTEMOWN KOOpAMHAT.
Mpumep 3

RxRx R wnu npocTtpaHcTBO R>- 370 MHOXecTBOo BCex YyNOPSAA0YEHHbIX TpPOEkK
BelweCTBEeHHbIX 4ucern. MeTOﬂ KoopanHaTt no3BosiAeT YyCTaHOBUTb B3aMMHO OAHO3Ha4YHOEe
COOTBETCTBME MeEXAY SnemeHTamu (x, V, z) € R® u Toukamm M(x, ¥, z) TPEXMEPHOTO
EBknugoBa npocTpaHcTBa C BbIGpaHHOW B HEM AEKAPTOBOW CUCTEMOW KOOPAMHAT.
OnpepgeneHue 2

Mpavoe npousBedeHne R X RXx..x R, TO €CTb MHOXECTBO BCEX YMNOpAA0YEHHbIX
n pas

HaBopoB (X, Xy ,..., X, ) U3 7 BELUECTBEHHbIX YNCEN HA3bIBAETCS 71 - MEPHBIM MPOCTPAHCTBOM
n obosHauaetca: R". Qnementsl (x|, X5,...x,) € R" HasbiBalTCA TOYKAMM MPOCTPaAHCTBA

R" w o6osHavawtcs M (x|, x;,...,x, ). BeliecTBeHHble uncna Xxj,X,,...X, HasblBaKTCA

n
koopduHamamu mouxku M .
OnpepgeneHue 3

PaccTtosiHnem mexay Toukamu M (xll, x%,..., x},) n M, (xlz,xzz,...,xf) npoctpaHctea R”

HasbiBaeTcs uncno, p(M, M, ), KoTopoe onpesensieTcs no dopmyre:

p(Ml,Mz):\/(xll —x12)2 +(x£ —x%)z +...+(x}l —x,%)z :

Teopema

Pacctostne p(M,,M,) wmexpy Toukamm M, wn M, wus npoctpaHctea R”
y[OBNETBOPSET CreAyoLLMM COOTHOLLIEHUSAM:
a) p(M;,M,)20.
) p(M,M3)=0 M, =M,.
o) p(M,M;)=p(M;,M).
) p(My, My) < p(My,M3)+p(M3,M,).



YTBepxaeHus a,b v ¢ Teopembl OYEBMOHBI U3 OMpPedeneHns paccTosHUA. YTBepxXaeHne

d , Tak Ha3bIBaeMOe HepageHCMeOo MpeyaoslbHUKOS8, [OKa3biBAETCS aHANorM4yHoO TOMY, Kak 3To
ObINo cAenaHo AJ1si PacCTOSHUS B JIMHEMHOM BEKTOPHOM €BKITMOOBOM MPOCTPaHCTBE.

MpoctpaHcTeo R”, B KOTOPOM ONpeaeneHo paccTosHUe Mexay ABYMs ToYKaMn (MeTpuka),
Ha3blBaeTCA MempuUYyeCcKUM.

1.2. OKpeCcTHOCTMU TOYeK B NPOCTPaHCTBE R". Knaccudukaums Touvek.
OTKpbITble U 3aMKHYTble MHOXeCTBa.

OnpepgeneHue 1

Mycte M, (xlo,xg,...,x,?)e R" n 8 >0 - BeliecTBEHHOE YMCIIO. O - OKPECMHOCMbIO
mouku M HasbiBaeTca MHoxectBo Touek M (x|, x;,..,x,) € R", pgna koTopbix
cnpasepnmeo: p(M, M) < 8. & -okpecTHocTb Toukn M, o6osHauaetcs Us(M ).
Mpumep 1

Ecrm M, € R?, 10 Us (MO)- OTKPbITBLIN Kpyr (fpaHuLIa He BXOOAWUT B 3TO MHOXECTBO) C
LeHTpom B Touke My u paguycom & (puc.1). Ecru My € R, 1o Ug(M ) - otkpbiTbiit wap

(rpaHuLia He BXOAWUT B 3TO MHOXECTBO) C LieHTpoM B Touke M, v paguycom O (puc.2).

yvA z A

<y

/

Puc.1. Puc.2.

OnpepgeneHue 2

Mycte M, (xlo, X, x,?)e R" v 8> 0. Mpokonomoi & - okpecmHocmbio mouku M,
Ha3blBaeTCs MHOXECTBO Us(My)\{M,}, TO ecTb MHOXECTBO TOueK
M(xl,xz,...,xn) e R", ans kotopbix cnpaseanmso: 0 < p(MO,M) < 0. MNpokonoTas o -
OKPECTHOCTb Toukn M, oGosHauaetcst Us (M ).
OnpepgeneHue 3

Touka M, € D c R"Ha3sbiBaeTcs eHympeHHell ToukoW MHoxectBa D, ecnu
FUs(My)c D.
OnpepgeneHne 4

Touka M|, HasbiBaeTcs epaHuyHoU Toukon MHoxectBa D  R", ecrm ee niobast

OKPECTHOCTb COAEPXKUT KaK TOYKM MHOXecTBa [, Tak U TOYKM, He NpuHaanexaiuve D .
OnpepgeneHune 5

Touka M|, HasbiBaeTcs npedenibHoU Toukon MHoxectBa D — R", ecrm niobas ee

MPOKOJ1I0TadA OKPECTHOCTb COAEPXKUT XOTA Obl OAHY TOYKY MHOXeCTBa D.

3AMEYAHUE

FpaquHble N npeaeribHble TOYKN MHOXEeCTBa MOTyT U He NpuHaanexatb 3TOMYy MHOXeCTBY.



OnpepgeneHue 6
COBOKYMNHOCTb BCEX MPaHUYHbIX TOYEK MHOXECTBA HasbiBaeTCsa ero gpaHuued.
Mpumep 2
3 .
Ona wmHoxectsa Touek M (x,y,z) npocTpaHctBa R°, AN KOTOPbIX CrpaBeasMBO:
0<x<1
0 < y <1, n koTOpoe reomMeTpuyeckn B NpsiMOYronbHOW CUCTEME KOOpPAMHAT U3obpaxaeTcs
0<z<1
ky6om (puc.3), Hauano koopanHat ((0,0,0) sBRsieTca rpaHMuHOI N NpeaenbHoii TOUKOA, a
Touka P(0,5;0,5;0,5) - BHYTpEeHHel 1 NpeaenbHo

A A

\J

\J

ap
<@

Pwnc.3. Puc.4.

Mpumep 3
MycTb MHOXecTBO D C R2 aBnseTca obbeguHEeHNEM MHOXeCTBa nap uucen (x, y), ansa

KOTOPbIX x? +y2 <1, n Toukn M (2,0). Bce TO4UKM 3TOrO MHOXecCTBa Kpome Toukn M -

2 +y2 =1- rpaHunyHble u

BHYTPEHHME W npefernbHble. TOYKM (x, y), AN KOTOpbIX X
npepenbHble (puc.4). Touka M He SIBNSETCA HYU BHYTPEHHEN, HU NpeAenbHOW, HU TPaHUYHON.
OnpepgeneHue 7

MHoxecTBo D — R" HasblBaeTcss OMKpPbIMbIM, U CBA3HOM 0BNacTbio, €crim Bce ero
TOYKM - BHYTPEHHME.

OnpepgeneHue 8

MuoxectBo D — R" HasbiBaetcs 3aMKHymbIM, €Cliih  OHO COOEepPXUT BCe CBOU
npeaeribHble TOYKA.

Mpumep 4
Muoxecteo E < R?: E = {(x, y) x? 4?2 < 1} ABNAETCA OTKPbITbIM.  MHOXECTBO

DcR*: D= {(x, y) x?+y? < 1} ABNSAETCA 3aMKHYTbIM.

3AMEYAHUE
He cnepyer noHumaTb, 4TO no6oe MHOXECTBO OTKPLITO WAM 3aMkHYTo. MHOXecTBO

2 2
{(x,y) XT 4yt < l}u {(2,2)}, CornacHo onpeaeneHuto, He SIBMSIETCS HWU TeM, HU OPYTUM.
Kpome TOro, MOXHO yKasaTb MHOXECTBA, KOTOPble M 3aMKHYTbl M OTKPbITbI OOQHOBPEMEHHO.
HanpumMep, MHOXECTBO BeLLeCTBEHHbIX Yncen K 1 3aMKHYTO 1 OTKPLITO 0AHOBpeMeHHo. Eciu

€ro He paccMmaTpuBaTh Kak NOAMHOXECTBO R? 10 oHo oTkpbITo. Ecrin cuutate R C R? 1o
OHO 3aMKHYTO.

1.3. ®yHkuum N nepemeHHbIX. Npeaen n HenpepbIBHOCTb PYHKUMU N
nepeMeHHbIX

Onpepenexne 1

@yHKyuel N nepeMeHHbIX HasbiBaeTcst oTobpaxeHune HekoToporo MHoxecTea D < R” Bo
MHOXXECTBO BeLLecTBeHHbIX uncen R . MHaye roeops, yHKUMSA - 3TO NpPaBuUMo, No KOTOPOMY

8



YV M(x;,Xy,..., X, ) € R" cTaBuTCA B COOTBETCTBME BELLECTBEHHOE YMCTIO W . ITO MPaBuUno

(cooTBeTCTBME) 0BO3HavaT: W = f(X], Xy, X, ) W w = f(M).

MuoxectBo D HasbiBaeTcsi 06nacTbio  onpedeneHnst yHKUMM, @ MHOXECTBO
E={weR:w= f(M),M € D} - obnactbio sHaueHuit pyHkum w = f(M).

3AMEYAHUE

Ecrmu D C Rz, O W= f(xl, xz) - (byHKUMA ABYX nepemeHHbIX. OBbIYHO ANnst yHKUUK
ABYX NepeMeHHbIX UCMoMb3ytoT 0603HayYeHne Z = f(x, y).
B TpexmepHOM eBKN1A0BOM NPOCTPAHCTBE C BBEAEHHOW AeKapTOBOW CUCTEMOWN KOOpANHAT

dyHKUMa z = f(x, y) 3ajaeT HeKOTOpyH MOBepXHOCTb. Hanpumep, dyHKuMa z = x? + y2
3agaet napabonowng spatieHus (puc.5).

<y

Puc.5.

Mpumep 1
Hangute obnactb onpegeneHus v obnacTb 3Ha4YeHUN QYHKUMM ABYX MepeMeHHbIX

z:‘/4—x2—y2.

PeweHne
O6nacTb onpeneneHns 3agaHHoN MYHKUMM HaxoauTea us ycnosusa 4 — x% - y2 >0, unm
X%+ y2 < 4. M3 nocnegHero HepaBeHCTBa crieayeT, YTo obnacTtek onpeaeneHus D C R? -

3TO BHYTPEHHOCTb Kpyra, OrpaHNYeHHOro OKPY>KHOCTbIO X2+ y2 =4,

ObnacTtb 3Ha4YeHU OYHKUMM HavdeMm, 3anvcbiBas ee aHanuTUyYecKkoe BblpaXkeHue B BUZe:

2?2 =4 —x? - y? 2yt ezt=4

, nnu . CnepoBaTenbHO, yHKUUA 3a4aeT BEPXHIOH
z20 z20

MOMOBUHY cdepbl C LIEHTPOM B Havarne koopavHat u paguycom 2 (puc.6). N3 pucyHka 6 BuaHo,
yto 0 < z < 2, T0 ecTb 06NaCTbI0 3HaUEHNI YHKLMM sBRsieTcs MHoxecTso £ = [0, 2].




OnpepgeneHue 2

Myctb Ha mHoxectBe D — R" sapava dyHkuma w = f(x|,x5,..,X,) M nycTb

Mo(xlo,xg,...,xg) - npegensHasa Todyka MHoxectBa DD . YUucno A HasbiBawoT fpedeniom

yrkyuu w = f(x[,X5,...,X,) B Touke M, u 3anuceisaioT

lim f(x;,xy,0,x,)=Anm lim f(M)=4,
X; —>x? M—M,
ecrn anst mioBon & - okpectHoeti Toukn A - U, (A4) Haiimetcs & - okpecTHOCTb TouKM

I, - U(MO), AN KOTOPOW CrpaBeAnvBo: €Crin Touka M(xl,xz,...,xn)eDmU(MO), TO

3Ha4eHne YHKLUM B 3TOI TOUKe f(xl,xz,...,xn)e Ug(A).

3AMEYAHME 1

< n
YuuTbiBass onpeaeneHne OKPeCTHOCTEW B MPOCTpPaHCTBE R , onpegeneHve npegena anda
(byHKLI,VIVI HECKOJIbKMX NepeMeHHbIX MOXHO 3anncaTtb B crenyruiem suae:

MycTb dyHKLMS f(M) sanaHa Ha mHoxectee D C R" n M|y € D - npepenbHas Touka

D. lim f(M)=4, ecnu Ve>0 386> 0: VMeD:
M—)MO

0<p(My,M)<d=|f(M)- 4 <e.
Mpumep 2
3apaHa cyHkuma AByx nepemennbix f(x, y) = xsini + ycos% n x20n y=#0.
MokaxkeM, NoNb3ysch onpeaeneHneM, 4To )}1_% f(x,y)=0.B camom gene, NocKombKy

y—0
/Gy < - fing] - feos < o 1,
TO Ans npowssosibHoro uucna € > 0 MoxHo BbiGpaTh O :%_ Toraa Ans no6ON TOUKM

M(x,y) € Ug(O) eoinonnsetcs |x| +|y] < £+ £ = ¢, otkypa cneayer, uto | f(x, y) < e.

3AMEYAHMUE 2
Bce Teopembl 0 npegenax Anst yHKUMU OOHOW MepeMeHHON cnpaBenniMebl U AN yHKUMA
MHOIMX NePEMEHHbIX.

3AMEYAHUE 3

M3 onpepenenus npegena v 3amedaHus 1 cnegyeT, 4YTO ANS TOro, Y4Tobbl PyHKUMS f(M)
uvena npegen B Touke M 0. Heobxooumo M poctaTodHo, 4TOGbI AnA  no6ow

nocregosarensHoct  Touwek My, M,,...,. M umetowen npegenom  Touky M,

no

cywecrteosan npegen lim f (M n) 1 BbiN 0AMHAKOBLIM AN BCEX MOCrneaoBaTenbHOCTElN
n—»o0

M, M,,..M,.

10



Mpumep 3
2
x
Oynkumsa f(x, y) = 4—)}2
xT+y

Ecnn 3apgatb nocnegoBaTenbHOCTM TOYEK, CTpeMALMNXCA K Hadany KoopauHaT no npAMbIM

X = mt
, TO
y =nt

He nMeeT npeaena B TOYKe O(0,0) - Hayane KoopauHar.

i mznt3 T mznt 0
m = lim =0.
>0 m*tt + n22 150 mH? 4+ n?

Ecnmn ke paccmoTpeTb NocnedoBaTenbHOCTb TOYEK, CXOASLLYIOCA K Havany KoopauHaTt no

X =
napabone 5, TO
y =
4
. t 1
lim —— ==,
50 t4 + t4 2
Mpumep 4
e —cos xy 5
Myctb 3apjaHa pyHKUMSA f(x, y) = 3— Mpepen aton dyHKUMKM B Havane
Xy
KoopAunHaT paBeH % 37O cregyeT M3 TOro, YTO MOXHO cAenaTtb 3aMeHy NepemMeHHbIX Xy = ¢ ”
nepenTu K npegeny dyHKUUK oAHoN nepemMeHHom t.
Xy t t 1 2
. eV —cosx . e —cost .. (e —1)+ 1—cost .ttt
lim Y _ lim =lim ( ):hm 2 :%.
x—0 3xy t—0 3¢ t—0 3t t—=0 3¢
y—0

OnpepgeneHue 3

Oyvkuma w = f(x,x5,..., X, ), OnpeaeneHHas Ha MmHoxectBe D — R”, HasbiBaeTcs

HenpepbigHol B Touke M (xlo,xg,...,x,?)e D, ecnn B 37O TOYKe CyLLECTBYET KOHEYHBbIM

npefen, paBHbIil 3HAYEHNIO (YHKLMN B 3Toi Touke, To ectb  lim (M) = f(M,).
M—)MO

OnpepeneHue 4

Mycte Ha mHoxectBe D < R" sapawa dyHkuma w= f(x;,X,,...,x,) ¥ nycTb
M, (xlo, xg,..., x?, ) eD. nNyctb uucna  Axy,Ax,,..,Ax,  TakoBbl, 4YTO  TOuYKa
M (xlo + Axy, xg + Axy,..., x?l + Ax, ) eD. TMonHbIM npupaueHuem yHKYUU
w= f(x],X5,..., X, ) B Touke M, HasbiBaeTcs umcrno Aw = f(M)— f(M,).
Teopema 1

[ns Toro 4Tobbl dyHkums w = f(x;, X,,..., X, ), 3agaHHas Ha MHoxecTBe D, 6bina

HempepbiBHAa B  TO4Ke Mo(xlo,xg,...,xg)eD HeobXxoOMMO W [OCTaTO4YHO, YTOObI

Iim Aw=0, i=12,...n.
Ax;—0

[dokasaTtenbcTBO

N3 Toro, 4yto dyHKUMA W = f(xl,xz,...,xn) HempepbiBHa B Touke M, cnepyeT, yToO

cywecrsyet koHeuwbiii  lim  f(M) = f(M,). Torna lim (f(M)- f(M,))=0. Ecrm
M —M M—M

0 0

KoopauHaTbl TOYKU M (x, x5, X, ) npeacTaBuUTb B Buae

11



x| = xlo + Axy, xp = xg +Axy,.n X, = x?l +Ax,,, TO ICHO, 4TO

M->M)y= A —>0,i=12,..,n. Tak kak f(M)-f(My)=Aw, TO

Iim Aw=0, i=12,....n.
Ax;—0

OnpepgeneHune 5
OyHkuma w = f(x;, x5,..., X, ), 3agaHHas Ha mHoxectee D < R” wn HenpepbiBHas B
kaxgom Touke M, € D, HasbiBaeTCs HenpepbiBHOM Ha MHOXecTBe D .

OnpegeneHue 6
Touka, B KOTOPOW HE BLINOMHEHO YCIOBUE HEMPEPLIBHOCTW, Ha3blBAETCA MOYKOU paspbiea
dyHKUMN,

3AMEYAHUE

MHoXecTBa Toyek paspbliBa (OYHKUMU HECKONbKUX MEPEMEHHbIX MOXET MWMETb Camylo
pa3HoobpasHylo CTpyKTypy. B uacTHocTM, OHM MoryT 06pa3oBbiBaTb JIMHWKM paspbiBa WU
NoOBEPXHOCTU paspbiBa.

Mpumep 5

Mpamaa y = x saBnfeTca nNuHMEen paspbiBa ANA QYHKUMAM W = il y. KoHunyeckas

X=y
NMOBEPXHOCTb 22 =x>+ y2 ABMSETCA MNOBEPXHOCTbIO paspbiBa ANa  yHKUmK
w= 3x .
Y2 4 yz _ 2

[N HenpepbIBHBIX PYHKUMIN 7 NEPEMEHHBIX CnpaBeifiuBbl Criefylolmne TEOpeMbI.

Teopema 2

CDyHKU,I/IFI W:f(M), HenpepbiBHaA Ha 3aMKHYTOM WU OrpaHN4YeHHOM MHOXeCTBe

D c R", orpaHuyeHa Ha 3TOM MHOXECTBE W [OCTUraeT Ha HEM CBOEro HauGomnblLIEro u
HaVMEHbLLETO 3HAYEHWIA.

Teopema 3
Mycte doynkuns w = f(M) HenpepbiBHa B 3aMKHYTOM UM OFPaHMYEHHOM MHOXECTBE
Dc R" nnycte p < f(M)< P pnascexTodek M € D . Ecnm ans uicna ¢ cnpaseanmso

HepaBeHcTBO p < ¢ < P, 10 cywectyet Touka M, € D , Takasi, 4to f(MO)z c.

2. AnddepeHumpoBaHue cpyHKUMN 1 nepeMeHHbIX

2.1. YacTHble npousBoAHble hyHKLUM N nepeMeHHbIX
OnpepgeneHue 1

Nyctb pyHkums w = f(x;, X5 ,.e X; 5.0, X, ) ONpeAeneHa Ha mHoxectse D < R” . MycTs

0 0 0 0 0 0 0 0
TOYKM Mo(xl,xz,...,x[,...,xn) " Mi(xl,xz,...,xi+Ax,-,...,xn) npuHaanexar 3ToMmy

MHOXeCTBY. YacmHbiv npupaweHuem dyHkumn  f(X), Xy ,...X; ..., X, ) NO NEPEMEHHON X;
Ha3blBAGTCH YMCMO, paBHOE PasHOCTM 3HAYeHWN QYHKUMKM B 3TMX TOYKax, TO €CTb
0 .,.0 0 o 0 .0 0 o
f(M;)- f(My) wvmm f(xl 3 XY gy Xj + AX e, X)) )— f(xl 3 X yeeey Xj geeey X ) YacTHoe
npupalleHue obosHavaetcs A, w unm A, f .
1 1
B yacTHocTW, Ans pyHKUMM ABYX nepemeHHbix z = f'(x, y) yacTHble NpupaLieHns B Touke

Mo(xo,yo) MO NePeMEHHbIM X 1 ) PaBHbI:

Az = flxg + A%, y0)— f(x0,30),
12



AyZ If(xo,y() +Ay)_f(x0’y0)'

OnpepgeneHue 2

Mycts dyHkuns w = f(x;, Xy,..., X;,..., X, ) ONpedeneHa Ha mHoxectBe D < R”

0 .0 0 0 : Ax‘W
nyCTb MO (Xl s XD geees Xj ey Xy ) € D. Ecru cyuiectByet U KOHe4eH lim - , TO OH
A; =0 Ax;
HasblBaeTCcsa YyacmmHou I'IpOU3SO(3HOL7 (byHKLI,VIVI W N0 nepeMeHHom X; n obo3HavaeTcs % mnnn
i
of
6xi ’

B 4acTHOCTM, ANs PyHKUMM ABYX NepeMeHHbIX z = f(X, ) YacTHble NpousBoaHbIE N0 X
N y onpeaenstoTcs Kak npeaens:

0z _ lim oo + A%, v5) /(x5 1)
ox Ax—>0 Ax '
0z _ lim (x5 30 + A) = £ (0. 3)
oy -0 Ay ’

€CJT OHU CYLLEeCTBYOT N KOHEYHbI.

3AMEYAHUE 1

AcHo, 4TO 4YacTHble npowv3BogHble YHKUUM 71 MepeMeHHbIX B CBOK oyepefdb SBSIOTCS
hYHKUMSMU 3TUX XKe NEPEMEHHbIX.

3AMEYAHME 2
M3 onpegeneHunst 4acTHbIX NPOU3BOAHbLIX CriedyeT, YTO MPU BbIYMCIIEHUM HYaCTHON NMPOV3BOLAHON

yrkumn W = f(X|, X9 eees Xj5uens X, ) 11O MEPEMEHHOI X, , CTIEAYET PACCMATPUBATL €€ Kak

OYHKLMIO OAHOM NepeMeHHOoMN Xl' , @ BCe OCTallbHbl€ NepeMeHHble CHNTaTb NOCTOAHHLIMU.

3AMEYAHUE 3

M3 onpeneneHns 4acTHbIX MPOM3BOOHBLIX M 3aMeyaHus 2, MOXHO caenaTtb BbIBOA, YTO Mpwu
YacTHOM AaunddepeHUUpoBaHnM  (OYHKUMM  # NEPEMEHHbIX CrnpaBeanuBbl Bce MpaBuna
anddepeHumnpoBaHnsa, a Takke Tabnvua npou3BOAHbIX, MOMyYEHHblE Anst (PYHKUMW OfHOW
nepemMeHHoNn.

Mpumep 1

BbIUMCAUTE YacTHbIE MPOM3BOAHbBIE (DYHKLMM ABYX NEPEMEHHBbIX Z = X7 .
PewieHue

3agaHHas (pyHKUMS aBRsieTCs CTeNeHHOW OTHOCUTENbHO NEPEMEHHON X W NoKasaTerbHOW
OTHOCUTENbHO NnepemeHHon y . lMoaTtomy

0z 4 Oz
Z o™ Z=xV Inx.
ox oy
Mpumep 2
B X Y, 2
BIYMCIIUTE YACTHbIE MPOU3BOAHBIE (PYHKLMN TPEX NEPEMEHHBIX W = — +—+ X~ )z .
y oz
PelweHune
ow 1 ow x 1 ow
—=—+2xyz, ey 4x?z, —:—%erzy.
ox y oy y2 oz Oz z

13



Mpumep 3
1—xy

2

BbluncnmnTtb YacTHble npoun3soaHbie OAnsA d)yHKLWWl ﬂ,ByX nepemMeHHbIX .
x? + y?

PewieHue
Vcnonb3ys npaesuno andgepeHLnpoBaHnsa YacTHOrO, BbIMUCTTUM

0z -y x2+y2_(1_xy)%(x2+y2)é_2x Oz _ym_(l_xy)w
PV , WM — = )
ox 2 +y2 8x = +y2

MockonbKy nNepemMeHHble X W ) BXOAAT B aHanWTU4ecKoe BbIpaXeHune yHKLUN
CYMMETPUYHO, TO YacCTHYI MPOM3BOAHYID MO ) MOXHO MOMyYnTb, 3aMeHsil B YacTHOW

NPON3BOHOW Z X Ha y,a y Ha x.ToecTb

ox
o —xyx* 4+ y? —(l—xy)iﬁy2

ay x2 +y2

CnepyeT 3aMeTUTb, YTO YaCTHbIM MPOV3BOAHLIM (DYHKLMU ABYX NMEPEMEHHbIX MOXHO AaTb
HarnaaHbI reoMeTpUYecKUiA CMbICHT.

Teopema 1

MyTb dyHKuMs AByx nepemenHbix z = f(X, ) onpeaeneHa Ha mMHoxectse D R? u

1574
Touka M (xg, yo) € D . YacTHas nponssoaHas 5(M0) paBHa tg oL, rae O - yron mMexay

) ) ) ) ] [z=f(xy)
KacaTernbHOIA, MPOBEAEHHON K NPOCTPAHCTBEHHOM KPWBOW, 33[aHHON CUCTEMOI ,
X = XO

B TOUKE C KoopanHaTamm X, ¥o, f (xg, vo) nocsio Oy .

[oka3aTtenbcTBO

0z
[pwn BblYUCIEHNN YACTHOW NPOU3BOLAHOMN a—(MO) nepeMeHHas X COXpaHAeT NOCTOSIHHOEe
y

sHadeHne x=x,. Oynkuma z = f(x, yo) reoMeTpuyeckn 3afjaeT JIMHUI0 MNepeceveHust

nosepxHoctn z = f(x, y) ¢ NNOCKOCTbIO X = X;y. M3 reoMeTprieckoro cmbicna npou3BoaHOi
. . Oz

OYHKUMM OHON MEepeMeHHON crieayeT, yTo a—(MO) PaBHAETCS YIMOBOMY KO3(MULIMEHTY
Y

KacaTenbHOW K 9TOW KPUBOW B TOYKE C OpAMHATOW Yy unu tg o, rae oL - yron, KOTopblid 9Ta
kacaTernbHas cocTaBnsieT ¢ ocbto (Jy (puc.7).

z A

Puc. 7.

CnpaBegnuBa aHanornyHas Teopema O reoMeTpuyeckoM CMbICIIE YaCTHOW MPOU3BOAHOM

0z
—(M,).
% (11,

14



Teopema 2

MycTb OYHKUUSI ABYX MEPEMEHHbIX Z = f(x,y) onpeneneHa Ha MHoxectBe D C R u

Oz
Touka M y(xg, o) € D. YactHas npoussopHas G_(MO): tgo, rae a - yron mexay
i

] ! R ) [z=flxy)
KacaTemnbHoI, NPOBEAEHHON K NPOCTPAHCTBEHHON KPUBOW, 3aAaHHOI CHCTEMON :
Y=>o
B TOUKe C KoopanHatammn X, Vo, f (xg, vo) nocsio Ox .

Mpumep 4

5 Cz=qx2 42
Kakol yron coctaensieT kacatenbHas K KpuBoWn B Touke M, (1,1) ¢ oceio

x=1
Oy?
PelweHue
Ecrn o - NCKOMbIN yron, TO tga = %(1,1). Onpegenum
g—zzl(x2 +y2)_% 2y N S BbluciuM B Touke M. tgo =L,
y 2 V2

cnepoBaTtenbHO, UCKOMbIW YIon o = arctg%.

2.2. OuddepeHumnpyemasn dyHKums. Ycnosusa aucpdepeHumMpyemMocTu
OnpepgeneHue 1

DyHKLMA w=f (xl 3 X0 5eees Xy ) Ha3blBaeTcs OucbghepeHyupyemol B TOouKe

M, (xlo,xg,...,xg)e D c R", rae D - obnactb onpeaeneHns yHKUWW, ecrin ee MosiHoe

n
npupaiieHne Aw B 3TOW TOUYKE MOXHO NpeactaBuTth B Buae: Aw = ZAl-Axl- + G(p), rae A; -
i=1

Yuycna, KOTopble 3aBUCAT TOJIBKO OT KOOPAMHAT TOYKU MO (xlo,xg,...,x,?) N HEe 3aBUCAT OT

Ax;, a G(p) ecTb GeckoHe4HO Maras Gonee BbICOKOro nopsaka, Yem 6GeckoHe4HO manas

3AMEYAHUE 1

3ameTuM, YTO COfMacHo onpedeneHunio nornHoe npupalleHne AW  auddepeHUMpyemon

n
dyHKUMM NpeacTaBumo B BUAe ABYX vacTei. [epsas yacTb - Z Al-Axl- ABNAeTCs NMUHEeNHON
i=1

oTHOCWTenbHO npupaileHnii  AX;. a sTopas - O(p) ABnsieTcs GeckoHeyHo Marnoi Gonee

1

BbICOKOIo nopsaaka, 4em Kaxxgoe npupatleHume Axl'.

3AMEYAHUE 2

B oTtnuune oT yHKUMM OOHOW MepemMeHHOW Ans (PYHKUUMM MHOTrMX MNEpPEMEHHbIX Hernb3si
cchopmynmpoBaTb yCroBue, KOTOpoe SBMSIETCA OQHOBPEMEHHO HEOOXOAMMbBIM Y JOCTaTOUYHbLIM
ycnosuem anddepeHunpyemocTy.
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Teopema 1. (Heo6xoaumoe ycnosue auccepeHumpyemocTn)

Ecnn cyHKUMAa n  nepemMeHHbIX AnddepeHuupyema B HEKOTOPOM TO4vke, TO OHa
HernpepbiBHa B 3TOM TOYKE M MMEET B HEN KOHEYHble YacTHble MNPOM3BOAHbIE MO BCEM
nepemMeHHbIM.

[dokasaTtenbcTBO
MycTb PYyHKUNSA w= f(xl 5 X0 yeeey Xjyeey Xy ) anddepeHuupyema B Touke

0 0

M, (xlo, xg,...,xi ,...,xn) n3 obnactu onpegenennss D — R" . Mo onpegenennio ee nomnHoe

npupaLleHue Aw = f(xlo + Axq, xg + Axy,..., x?l + Ax,, )— f(xlo, xg,..., xfl) MOXHO

npeacTaBuTb B BUAE:

n
Aw=>" 4;Ax; +0(p) (1)
i=1
W3 nocneaHero paBeHCTBa crieayer:
1. Mpupawenuns Aw — 0 npu Bcex Ax; — 0, i = L,2,...,n. 370 AcHO U3 Toro, 4to P -

6eckoHeuHo manas npu Ax; — 0, i =12,...,n, a nockonbky A; - HekoTopble uYncna, To u

n
D> AiAx; > 0npn Ax; >0, i=12,...,n.
i=1
2. Ecrm nonoxutb Ax, = Axy =...=Ax, =0, To paBeHcTBO (1) MOXHO 3anucaTb B

oW 0(Ax
Bupe A, w= A Ax + G(Axl) nnu Ax—l =4, +% v nepeiit k npegeny npu Ax; — 0.
1 1

) ) . O(Ax
Torpa lim —— =lim A+ lim u = A,, oTkyna cnepyeT, YTO CyLLECTBYET KOHEUHbI
Ax;—>0 Axl Axy—0 Ax;—0 Axl
. AW Bw
npegen lim —1— =="(M,).
Axl_)0 Axl axl
AHanorMyHo MOXHO [10KasaTb CyLIECTBOBAHME KOHEYHbIX YacCTHbIX MPOM3BOAHBIX
ow ow ow
2 01). 2 uty) o 2 o)
X, Ox; ox,

CnepctBue 1

M3 AoKa3aTelibCTBa TEeopEMbI cnenyer, 4yTo vyycna A

i B onpeageneHnn

anddepeHUMpyeMoii  (OYHKLUMM  paBHbl  3HAYEHUSIM  YacTHbIX MPOU3BOAHBLIX B TOYKe
AndbdepeHUMpyemMocTu. CnepoBaTernbHo, nosiHoe npupaiieHue hyHKLUM

W= f(X],Xg000r X;5oeey X, ), BADDEPEHLIMPYEMOIE B TOUKE M (), MOXHO MPEACTaBUTL B BUAE

n
Aw = Za—W(M0)~Axl- +6(p), rae B(p) - GeckoHeuHo manas Goree BLICOKOTO NOPSAKA, YeM

i=1 UA;

n

> (Ax;)? npuscex Ax; —0.
i=1

CnenctBue 2

Ecrm y dyHkumm  w = (X[, Xy,.ey X;peey X,;)  HE CyLIECTBYET KOHEYHAs 4acTHas
ow 5 y
npousBogHast 6_(M0) X0Tsl Bbl N0 OfHOI NepeMeHHol X;, To B Touke M, dyHKuMA He
x

i

aBnsieTca audepeHLmpyemon.
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Mpumep

CDyHKLI,I/IFl OBYX NEepeMeHHbIX zZ = )C3 y onpeaerneHa Ha NOAynmnocKOCTU: —o0 < x < +00 U

3
ow  x

—= . Tak Kak
2y

\

8_ He cywectayeT npu y = 0, To 3agaHHast yHKUMS He siBnseTcst auddepeHLmpyemMoii Ha
y

nyye y = 0, Bxoasiem B o6rnacTb onpeaeneHusi.

ow
0 < y < +00 . Ee YacTHble NPOM3BOAHBIE PaBHBbI: . = 3x2\/; ,
X

Teopema 2. (ocTaTouyHoe ycrnoBue andcepeHLMpyemMocTh).

Ecnun doyHkumns w = f(xl, X3 peres Xjyures xn) onpeneneHa Ha MHoxectBe D — R" v umeet

B TOuKe Mo(xlo,xg,...,x?,...,x,?)eD HenpepbiBHbIE YacTHble MNPOW3BOAHBLIE MO BCEM

nepemMeHHbIM X; , TO OHa B 3TOMN Touke AnddepeHLmpyema.

[Joka3aTenbcTBO

HpM OOKa3aTesnbCTBe OorpaHn4nMmca criy4vyaem CbYHKLI,VIl/I OBYyX nepemMeHHbIX. Ons (*)}/HKLI,VIVI
fonbLuero yncna nepemMeHHbIX OoKa3aTellbCTBO 6yneT aHaNorm4HbIM.

Ons cywkumm z = f(x,y) nonHoe npupawenve B Touke M (xg, ) vmeeT Bua:
Az = f(xg + Ax, vy + Ay) — f(xy,y0). TMpubaBum 1 BblMTEM B FEBO YacTu 3TOrO

cooTHoLeHus 3HadeHune dyHkumn f(x, + Ax, ). Toraa Az MoxHo 3anucaTs B criedyloLem
Buae

Az = (f(xg + Ax, yo + Ay) = [ (xg + Ax, yo )+ (f (xg + Ax, g )= f(x,,0))-
MpumeHss Teopemy JlarpaHxa K pasHOCTAM YHKUUA OOHON MNEpPEeMEHHOW, CTOALMX B

ckoOkax, nony4yum

0. 0
Az = (g + Ax, 1) Ay + (x5 )- Ax, @)
oy ox

rae yo <y <yo +Ay, x9 <x; <Xy +Ax. AcHo, yto npu Ay = 0, y; = y, v npu
Ax —> 0 X —> Xp-

|_|OCKOJ'Ibe YacCTHble NMPOn3BOOHbIE HEMPEPbIBHbI, TO

.0 0 .0 0
Al)}goa_i(xp)b):a_i(xo’yo); Alylgoa_;(xo +Ax,y1)=a—;(xo,yo),

oTKyaa crneqyer, 4TOo %(xl , Y0 ) = g(xo .0 )+ oc(Ax) "
ox ox

%(xo + Ax, y1)= %(xo,y0)+ B(Ay), roe OL(Ax) " B(Ay) - 6eckoHeYHO Marble PYHKLMY
y y

npu Ax > 0 n Ay — 0. YunuTbiBas 370, COOTHOLLEHME (2) MOXHO MepenucaTb B CreayoLleM
Buge
0z

Az = (0 ) A+ (54,30 By + ) A+ Bay)- Ay
X oy

3ameTM, 4TO BbIpaxeHue oc(Ax)‘Ax+B(Ay)-Ay npeacraenseT coboi BGeckoHeuyHo

manyto dyHkumio npu Ax — 0 n Ay — 0, nmetowyto Gonee BbICOKWI NOPSAOK, YeM Ax u

Ay . Ecnn 0603HaunTb 3Ty 6ECKOHEYHO Manyl YHKLMIO G(p), rae p= \/sz +Ay2 , TO
nosiHoe npwupalleHne cyHKUMM 3anuwetca B Buae: Az = 4; - Ax+ 4, ~Ay+9(p), rae A; m

A, - BewecTBenHbie uncna, a B(p) - GeckoHeuHo manasi npu Ax — 0 n Ay — 0, Gonee
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BbICOKOrO nopsigka, 4em p :\/sz +Ay2 . CnepoBatenbHo, yHKUMA ZzZ = f(x, y)
AncbdepeHumpyema B Touke M.

2.3. MpousBopgHas cnoxHon ¢gyHKumu. NonHas nponsBogHan

Teopema 1

lMycTb Ha MHOXecTBe DCR"sa,u,aHa anbdepeHuvpyemasi no nepemMeHHsIM Xp, X5 ,..., X,

dyHKUMS w=f(x1,x2,...,xi,...,xn) n dyHKUMM Xy =x1(v1,v2,...,vn),
Xy =Xy (vl s V) seees Vy ) X, =X, (vl, vz,...,vn) B CBOIO ovepedb ABNAIOTCH
AnddepeHUMpyeMbIMA PYHKUMAMN 71 HE3ABUCUMBIX NEPEeMEHHbIX Vi,V),...,V,, . Torga dyHKums

W ABNAETCA CNOXHON AnddepeHLmMpyeMon yHKUNER HE3aBUCUMBIX NEPEMEHHBIX Vi,V ,...,V,, "
YacTHble NPOM3BOAHbIE OT (PYHKLMN W MO 3TUM NEPEMEHHBLIM PaBHbI:
ow ILow Ox;
ov; z10x; Ov;

=12,..,m.

[dokasaTtenbcTBO

L Oow
N3 audbdpepeHUMpyemMoCT YHKUMM W  criedyeT, udTo Aw=za—-Axi+9(p), roe
i=1 OX;

W

ow A o)
Av Ox; '

n
g‘ Av Av

J J
B nocnegHem paBeHcTBe nepengemM K npedeny npu Avj — 0, s3adwkcupoBae Bce

ocCTanbHble NepemMeHHble Vv, . Monyunm

A w n o A Xy
: % 0
lim =>— lim — "4 lim @
Av;  i50x; Av;=>0 Av;  Av;—0Av;
Avj—>0
N3 andpdepeHumpyemocTn yHKUNA X, X5 ,..., X;,, N0 NEPEMEHHBLIM V|, V,,...,V,, crneayeTt
. Aiji axl o
CyLLLeCTBOBaHME KOHeYHbIX npedenos lim =—=—, a TaKkKe HenpepbiBHOCTb (PYHKLMN
Av; ov j
AVJ—)O

X]5 X9 4y X; . VI3 HENPEPBIBHOCTM QYHKLUMA X, X5,..., X, CrNeayeT, 4To Avixl- —> 0 npu
Avj — 0 ansBcex i = 1,2,...n. MNpwn atom 13 AudbepeHLMpYEMOCTU PYHKLIMIA X1, X7 ,..., X

cneayeTt Takke, YTo G(p) aBnseTca 6eckoHe4HO Maron 6onee BbICOKOro nopsaka, Yem Avj n,

. 0 . Aw ow XL ow Ox
3HauwnT, lim @=O CneposatensHo, lim——=——=>) —-—X, npu Bcex
Av; -0 Avj Avj avj i=10x; 8vj
Av:.—0

j =12,...,m. Teopema gokasaHa.
B 4actHOM cnyyae, Ons CNOXHOM YHKUMM [OBYX MEPEMEHHbIX Z :f(x,y), roe

x:x(u,v) " y:y(u,v), YacTHble MPOW3BOAHbIE MO HE3aBUCHMMbIM MEPEMEHHBIM U U V
BblUMCNATCA No chopmynam
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Oz 0z 8x 0z Oy 0z 0z Ox 0Oz Oy

5 ox ou 8y ou’ 5 ax Ov 8y ov
Mpumep 1

ﬂ
3apgaHa crnoxHas dyHkuma W =27 | rge x=—, y= \/_ Z—v +3v. Bbluncnute
%

ow

w
YacCTHble npon3BogHble — N ——
ou ov

PeweHue
ow_ow Ox Ow dy Ow 0Oz

Ucnonbays hopmyny npon3BoAHON CNOXHON YHKUMN — = — + — + — +——

ou  ox ou oy ou 0Oz ou

ow =
1 BbIYUCIIMB YaCTHble NPOU3BOAHbIE MO NEpPeMEeHHol X : — = 2 7 -ln2~Z, Mo nepemeHHoik

ox z
ow 2 X ow 2
—=27-In2-=, wu no nepemenHon z: —=-27 -In2- —)2/ a TaKKe YacTHble
oy z 0z z
ox 1
MPOM3BOAHbIE OT MEPEMEHHBIX X, ), Z MO HE3aBUCUMbIM NEPEMEHHBIM U U V' 8_ =—,
u v
oy 1 oz
— = , — =0, nonyunMm BblpaxeHne AN 4acTHOW MPOU3BOAHON (PYHKLUM
ou  2\u ou
W 0 NepemMeHHON 1 .
xy xy
ow 1
MW 2z .m2-2. 2427 m2.2
ou z v z 2\/_

AHarnorMyHo, BbIpaXeHue A9 4YacTHOM MNPOU3BOAHON CYHKUMM W MO He3aBMCUMOK
nepemMeHHo vV MOoMy4yuMM, UCNonb3ys opmyrny MNpPOU3BOOHON  CMOXHOW  (PYyHKUUK

ow _ow Ox ow Oy Ow Oz
—=—+—+——+——, 1, BbIYUCIINB BCE BXOASALIME B HEE YaCTHble NPON3BOAHbIE

v ox ov dy v oz ov
ox _ u oy 0z

=——,—=0, —=2v+3.
ov Ve ov ov
ow 2 y ou 7 xy
—=-27.In2-=-—-27 -In2-=-(2v+3).
v zZ v z

CnenctBue 1

Ecnn Ha mHoxecTBe D C R" 3apaHa AnddepeHumpyemas no nepeMeHHbIM Xy, Xg ..., X,

dyHKUMNA W= f(xl,xz,...,xl-,...,xn) " ecnu dDyHKUNN x| = xl(t),
Xy = xz(t), ..... X, = xn(t) - andpcpbepeHumnpyemble PyHKLMM HE3aBUCUMOW NepemMeHHon f,

TO PYyHKUUA W ABMSETCH CROXHON AnddepeHumnpyemon yHKLMen 0OgHON NnepemMeHHon | 1 ee
ronHas npou3eodHas No He3aBMCMMOW NepemMeHHoN [ paBHa:

dw_ 5 ow dx
dt  Sox, di
Mpumep 2
arct
HaiiTu nonHyo npomsBogHyd No ¢ OT dyHKUUK z:w, ecnrm x=¢t-Int,
Uy
y= tg3 t.
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PeweHne
dz _0z dx 0Oz dy

Mo dopmyne nonHom nponssogHon — = —-—+—-——_ Torga

dt  ox dt oy dt

_2
oz 1 1 3 y2 Oz 1+()1ry)2 —x-3 y—arctg(xy)%- y 3 1+Zj:)2 —arctg(xy)
— = . . y = s —_— =
Ox i/; 1+ (xy)2 1+ (xy)2 oy 5? 33
i .2
ﬂzlnt+t-l Inz+1, Y =3tg’t 12 :3.sm4t.
t t dt cos” ¢ cos" ¢

MoactaBnsast BblYNCHEHHbIE npon3BoaHbIE B (bopMyny, nony4yum

Xy
2 5 —arctg(xy)

3

dz iy 1+ () sin’ ¢
— = (Int+1)+—2 -3 :
dt 1+(xy)2( ) 3t cos*t

3AMEYAHUE

WHorpa dyHKUNA w ABHO 3aBUCUT oT nepemMeHHown t, TO

w= f(t X (t) Xy (t) R (t)) B aTom cnyyae cdopmyna Ans nofiHoM Npou3Bo4HON umeeT

dw ow ow dx;

R o ,2157 o

ow

3pecb cneanyet  pasfiMbdatb  4aCTHYHO  NpPou3BOAHYHO 8—, KOTOpaa BblHUCIAETCA
t

npeanorioXeHun, 4To xl, x2 yerns Xn He 3aBUCAT OT NepeMeHHOMN t,n NONHY NPOU3BOOHYHO

dw

7 , KOTOpas YYMTLIBAET M 3aBUCUMOCTb OT § OyHKUMIA X, X7 ..., X, .
t

Mpumep 3

z=t- cos(t +x° + 2y3 ) me x=e¢ ', y= lz . Bbluncnute nonHyto NnponssoaHyto %.
t

PewieHue

dz _0z 0z dx o0z dy

Mo dpopmyne nomnHowm npomsBogHON — = — + — - — + — . Bbluucnum:
bopuy P di or ox di oy di
%z cos(t+x2 +2y3)—t~sin(t+x2 +2y3),%= —2xtsin(t+x2 +2y3),
X
& =—6y tsm<t+x +2y ) dx =—e ', Q=_%,
6y dr dt t

1 nogcrtaBnuM BblHUCIIE€HHbIE NMPON3BOAHbIE B (bOpMyJ'Iy NnosiHomn FIpOM3BOD,HOI7I. |_|Oﬂy‘-II/IM

%: cos(t+x2 +2y° )—t-sin(z‘+x2 +2y3)+ (— 2xtsin(t+x2 +2y° ))(— e_t)+

+(—6y2tsin(t+x2 +2y3))'(_t%)'
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3. OundphbepeHuman PyHKLUMN HECKOSTLKUX NepPeMEHHbIX

3.1. OnpepeneHue aucpdepeHumnana pyHKLUN HECKONbKMX NepeMeHHbIX U ero
cBoncTBa. MHBapuaHTHOCTb dhopmynbl audcepeHumana

OnpepgeneHune
Ecrm  dyrkuns  w = (x|, Xy, Xj5ee, X)) OncppEpEHLMpYEMA B TOUKE
M, (xlo, xg,..., le,..., x,?) ms ee obnactu onpegenednss D < R", 710 nuHeiHas

OTHOCUTENbHO npupalleHnii Ax;,Ax,,...,Ax, 4YacTb NOMHOro NpupaLleHns yHKLUKU, TO ecTb
n
BennuMHa Z A;Ax; wasbiBaeTca Oupcpeperyuanom GyHKUUU (X[, Xoyeeey X;perey X, ) B
i=1
Touke M, n o6osHavaeTca dw .
YunuTbiBas 3amevaHue 1 pasgena 2.2, oopmyna ansa andpcepeHumnana B Touke M, umeet

BUO;

1

1 0
dw=§a—:(M0)-Ax..

MockonbKy AMst He3aBUCUMbIX MepeMeHHbiX Ax; =dx;, i =12,.n, To nocnegtwoto
dopmyny ans gudpdepeHumana B NpON3BOSIbHOM TOYKE MOXHO 3anucaTb Kak

dw = ig—w(xl,xz,...,xn)~ dx; .

i=1 OX;
B uactHocTM, ana auddepeHumpyemMon YHKUUMU OBYX MEPEMEHHbIX Z = f(x, y)
dopmyna ee anddepeHLUmnana B Kaxxaon Touke auddpepeHumpyeMocTn UMeeT BUa;:
0z oz

dz za(x,y)-Ax+%(x,y)-Ay, wnn dz za(x,y)-dxﬁtg—;(x,y)-dy,

3AMEYAHUE 1

CneayeT noHMMAaTh, 4To AnddepeHuman yHKUMM 71 NepeMeHHbIX SBrsieTcs dyHKunein 27
nepemMeHHbIX. YTo6bl BEIMMCANTL €r0 3HaYeHNe B HEKOTOPOW TOYKE, Mano 3agaTtb KOOpAWMHAThI
31OV Touku. Cnegyer elle 3agaTb 3Ha4YEHNS NPUPALLEHUA HE3ABUCUMBIX MEPEMEHHbIX.

Mpumep 1
Haitn 3HauyeHne panddepeHumnana yHKUUK @z = arctg% B Touke M (1,1), ecnu
npupawenua Ax = 0,02, Ay = —-0,03.

PeweHwne
Oz Oz
Mo dopmyne nomnHoro auddepeHunana dz = a—(xo,y0)~ Ax + a—(xo,yo)- Ay . YacTHble
X y

0z 1 X
T2

0z 1 1
npon3BodHble paBHbl: — = 5T - = 5 . Bbluncnum 3Ha4YeHund
x 1+ 1;) yoo a+l) oy

Oz z
4aCTHbIX NPOVN3BOAHBIX B Touke M ) : —(l,l): —(l,l): —5. MoacTtaBnas aTK 3HaYeHUs,

1
Ox 2" oy
a Takke  3HadeHud Ax " Ay B copmyny auddepeHumana, nonyvunm

dz = % -0,02 — % -0,03 = —0,005 .
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Teopema 1

1 ow
JudbdepeHuman dw=Z—(x1,x2,...,xn)~dxl- obrnagaeT CBOWCTBOM WHBapUaHTHOCTM

i=1 YA
copmbl, TO ecTb opmyna Ana Hero CoxpaHsieT CBOW BWA, €CNU X|, Xj,..., X, He NpoCTbie
He3aBUCUMble NepeMeHHble, a SABMSAITCA (YHKUMAMU NEepemMeHHbIX Vi, Vj,...,V, . B aTom

cnyyae auddepeHumnansl dx; # Ax;, a B CBOW ovepedb BbIMUCMSOTCS MO popmMynam
m
dx; = Z%(vl,vz,...,vm)-dvj, i=12,..,n.
j=19Yj
[lokasaTenbCTBO 3TOM TEOPEMbI FTIENKO MPOBECTN CAMOCTOATENBHO.
Ecnun u = f(xl,xz,...,xi,...,xn) mnw= g(xl,xz,...,xl-,...,xn) - (OYHKUMN 11 NepeMEHHbIX,
TO MpW BblUMCREHUN AnddpepeHUManoB cnpaBeanBbl creayrowme npasuna:
1. d(c-u)=c-du,rne ¢ = const;
2. dutw)=dutdw;
3. du-w)=u-dw+w-du;
A d(l)— du-w—u-dw

W2

5. df(w)=f) -dw.

OTM npaBuna ygobGHO uMcnonb3oBaTb MNpY BbluMCHeEHUN AudpepeHUManoB CrOXHbIX
dyHKUUA.
Mpumep 2

w

Haittn audbcepeHuman pyHKLMM Tpex nepemMeHHbix w = 37
PeweHue

dw = (3xyz)xyz -d(xyz)=3"7 -In3-(yzdx + xzdy + xy dz).
3.2. TeomeTpuueckuin cmbicn gudcepeHumana ¢pyHKLUN ABYX NepeMeHHbIX.
YpaBHeHue kacaTefibHOM NSIOCKOCTU U HOPpMarnu K NOBepPXHOCTW.
Teopema
Ecnu cyHkuma z = f(x,y) - ouddepeHUMpyema B TOUKe (xo,yo), TO CYLLECTBYeT He
napannensHas ocu ()z KacaTenbHasi MOCKOCTb K MoBepxHocT z = f (x, y) B TOuKe

My (xq, 0, f(x050)), ypaBHerue kotopoit umeet aun
0 0
Z=z +6—Z(x0aJ’0)(x = x0)+ (9, 0) (¥ = 30),
X oy

rae zo = f(xo=y0)-
[okasaTtenbcTBO

HanomHuM, 4TO yHKUMSA OBYX NepeMeHHbIX Z:f(x,y) 3apaeT B MNPOCTPaHCTBE C
BBEAEHHOIN JeKapTOBOW CUCTEMOMN KOOPAMHAT HEKOTOPYIO NOBEPXHOCTb.
YpaBHeHWe NMOCKOCTW, MpPOXOAslleid Yepe3 TOouky Mo(xo,yo,zo), umeeT BUA:

A(x - x0)+ B(y - y0)+ C(Z - zo): 0.Ecrm C #0, To MOXHO pa3pelunTb 3TO ypaBHEHUe

OTHOCUTENLHO MEpemMeHHo z , Toraa monyuum ypaskenne z =z +a(x—xo)+b(y - o),
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BbISICHAM, NPU KakMx 3HauYeHWsiXx napameTpoB a W b 9T0 ypaBHeHVWe sBnAeTcs
ypaBHEHVEM KacaTesbHOM MIIOCKOCTY K MOBEPXHOCTU Z = f(x,y) B TOYKe (xo,yo )

Y =X

MNonoxvs B 3TOM YpaBHEHUN y = yo, nosfy4ynMmMm ypaBHeEHUe FIpFIMOl7I ,

Z ~ ~ ~
KOTOpaa npun a = a—(xo 5 yO) ABNAETCA YypaBHEHMeM KacaTellbHOM K KpuBOW, 3adaHHOU
X

. Y=Y
CUCTEMOV ) B TOUKE (xo , 0 )

z=f(x,y

MONoX1B B 9TOM YPABHEHUM X = X, MOMY4YUM YpaBHEHUE MPSMOIL B b( )
z2=Zo+0\y—)o

X=Xx,

z=f(x.y)

Z . -
KOTOpasa npu b= a—(xo, y()) ABNAETCA ypaBHEHMEM KacaTeJibHOU K KpUBOU B

TOYKe ()CO » )0 )

#AcHo, 4To 0be 3TK KacaTenbHble NPAMbIE NPUHALIEXAT UCKOMOW KacaTernbHON NNOCKOCTU
(pnc.8). lNMockonbky 4Yepe3 OBe MnepecekaroLmnecss MpsMble MOXHO MPOBECTU TOMbKO OOHY

MIOCKOCTb, TO ypaBHeHue zZ=2y +a (x — Xy )+ b (y - yo) ABNdeTCcd ypaBHEHUeM

. 0z
KacaTenbHOM NNOCKOCTU K MOBEPXHOCTU Z = f(x,y) B TOYKe (xo,yo) npn a = a—(xo, J’o) "
X

1574

b :5()“(» )’0)-

-
-

N

<Ly

Pnc.8.

CnepctBue 1
Ecnn noBepxHOCTb 3adaHa YpaBHEHUEM Z = f(x,y), N QyHKUMa z = f(x,y)

anddepeHumpyema B ToUke (xo,yo), TO ypaBHEHME HOpMasnu K 3TON MOBEPXHOCTU B TOYKEe

Mo(xo,yo,zo), roe zo :f(xo,yo), nmeeT BUA!

X=X _ Y=)Yo _Z72%0
Oz Oz _
a(xod’o) 5y(x0’)’0) 1
CnenctBue 2
Monaras B ypaBHeHUU KacaTenbHon NSIOCKOCTU

0 0
z=1Z +a—i(xo,yo)(x—x0)+a—;(x0ayo)(y—J’o), x=xyg=Ax n y-y;=Ay, MOxHO
yCTaHOBI/ITb, YyTo

5 )
dz :a—Z(XOaJ/o)A’H—Z(XoeJ’o)Ay =z -z,
X oy
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TO €ecCTb ,D,McbcbepeHu,wan (byHKLI,I/IVI OBYX MNMepeMeHHbIX paBeH ripupaweHuro arniukamsl
KacamersibHOU rocKkocmu.

Mpumep
Hanuwute ypaBHEeHMs KacaTenbHOWM NfIOCKOCTM WM HOPManu K MOBEPXHOCTW, 3agaHHOMW

ypaBHEeHVEM Zz = ln(x + y2) B TOYKe (1,0).

PeweHue
. 0oz 1 1574 2y
YacTHble npousBoAHble 3agaHHOM  OYHKUMW  paBHbI =%, = 7
ox x+y oy x+y
0z 0z
BbluMcniMM 3HaYeHUst YacTHbIX MPOU3BOAHLIX B TOYKE (1,0): 8—(1,0):1, 5(1,0):0.
X

3HayeHne yHKLUMN B TOUKe (1,0) zg =In1=0. Toraa ypaBHeHue kacaTenbHOI NMIOCKOCTU
uveetr Bug: z=0+1- (x - 1)+ 0- (y - 0), wm z=x-1. YpaBHeHue Hopmanu:

x-1_y =z

1 0 -1
3.3. MpubnuxeHHble BbIMUCNEHUSA N OLeHKa NOorpewHocTen

L ow
M3 onpepenenna anddepeHumana dw = Z_(MO)'Axi PYHKUMN HECKOSTbKMX NEPEeMEHHbIX
i=1""Y
W:f(xl,xz,...,xi,...,xn) cnegyeT BaxHbIN BbiBOA. B Tex cnyyasx, korga mMogynu npupaileHun
|Axl-| OOCTATOMHO Marnbl, MOXHO 3aMeHATb npupalleHne QYHKUUMM B HEKOTOPOW  TOYKe

M(xl + Axy, Xy + Axy,.n X, + Axn) ee AuddepeHUManom, Tak Kak OHU OTMMYaloTCs Ha

GeckoHeyHo Manylo 6Gornee BbLICOKOrO MOpPSAAKa, MorpelHocTb,

NosBSAOLLAACA Npu TakoW 3ameHe, He MPEBOCXOAUT P . ITUM MOMb3YTCA NPU BbIYMCIIEHUN
NPUONKEHHBIX 3HaYeHn auddepeHunpyembix OYHKLMNA.

Mpumep
BbluMCINTL NPUBIKEHHO \13,012 +3,982 i
PeweHune

PaccmoTpum yHKUMIO Z :\/xz +y2 . HeobxoamMmo BblMMCNUTL ee 3HavyeHne B Touke
M(3,01;3,98). MpeactaBum z =z, +Az, rae z( = f(xo,yo), X9 =3, yo =4. Torga
zy =5. Tenepb npeactasum x=3,01=xy+Ax un y=398=y,+Ay. Tak kak
Xg=3uyy=4,70 Ax=0,01,a Ay =-0,02. Mockonbky Ax n Ay pocraTo4Ho marnbl, TO

3aMeHUM npupalieHme dyHKLUK Az ee onddepeHumnanom
0z Oz
dz = a—(xo,yO)Ax + a—(xo,yO)Ay. Ona  aTOro  BLIMMCAMM  YacTHble  MPOU3BOAHbLIE
X 4
0z X 0z y

— = B TOuKe (3,4). Monyunm %(3,4):0,6 n
X

oy /x2+y2

—(3,4) =0,8 . Torga auddepeHuman B ToUke (3,4) npu Ax =0,01 n Ay =—-0,02 pasen

dz=0,6-0,01+0,8-(—0,02)= 0,006 0,016 = —0,01.
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CnepoBaTenbHO, NpUGNIMKEHHOE 3HAuYeHWe (yHKuMM paBHo zy +dz =5-0,01=4,99.

MpKn 3TOM BEpXHAA rpaHMLa aGcontioTHONM norpellHocTn A onpefensieTcs U3 paBeHCcTBa:

A= 82(

Xano
X

A+ |12 (x|
oy
B paccmotpenHom npumepe A =0,6-0,01+0,8-0,02 = 0,006+ 0,016 = 0,022 .

4. YacTtHble npousBoaHble U audcepeHUmnanbl BbICLUMX NOPAAKOB
(PYHKLMN HECKONBbKMUX NepeMeHHbIX
Myctb yHKUMS W = f(xl,xz,...,xl-,...,xn) MMeeT YacTHble MNPON3BOAHbLIE B TOYKE

Mo(xlo,xg,‘..,x?,...,x,?) n3 ee obnactm onpegenennss D < R”. Bygem HasbiBaTb UX

YacTHbIMW MPOU3BOAHBLIMM MEPBOro nopsiaka. Tak Kak OHM ABMAOTCS YHKUUAMU Tex xe
NepPeMEHHbIX, YTO W AaHHast (PyHKUMS, TO Yy KaXKOOW U3 HUX MOTyT CYyLLEeCTBOBaTb YaCTHble
NpPOn3BOAHbIE MO NOOOMY U3 3TUX apryMEHTOB.

Mony4yeHHble Takum 0Opa3oM YacTHble NPOU3BOAHbIE  HA3bIBAOTCA  YacmHbIMU
rpou3800HbIMU 8MOPO20 ropsidka.

B yacTHoCTM Anst pyHKUMM OBYX MNEepeMeHHbIX Z:f(x,y) MOXXHO COCTaBUTb YeTbipe
YacTHbIX NMPOU3BOAHbLIX BTOPOro Nopsiaka, koTopble 0603HaYaTCsA creayowmm oGpasom:

o ( 82) 0%z e i *z ., ooz oz,
——=—=Z =——=z ,;, —| — =Zy;
ox\ox) ox? 8y é‘y 8y2 Yooox\ oy 6x oy Y

0(é&)_ 0z _
6y ox oyox
Boo6u.|,e ana Ka)K,EI,OI7I M3 3TUX 4YacCTHbIX NMPOM3BOAHbLIX BTOPOro nopdaaka MOXHO AaTb U
CTpOroe onpeneneHve.

Onpepenexne 1

0z
. ax(xo +Ax, y ) - ax(xod’o)
Ecnn cywectByeT M koHeyeH lim , TO OH HasblBaeTcs
Ax—0 Ax
yacmmHoU pou3eo0HOU 8mopo20 fnopsidka om z Mo X 08ax0bl B TO4YKe (xo,yo) 7
0%z "
o6o3HavaeTcs —— Wz,
Ox o

AHanornyHo paroTcs CTporne onpegeneHna ana ocTallbHbIX YacCTHbIX MPOU3BOOHbLIX
BTOpPOro nopdaka. YacTHble npon3BoaHble OT YaCTHbIX MNPOU3BOAHLIX BTOPOro nopdagka
Ha3blBAOTCA YAaCTHbIMU NMPON3BOOHbIMU TPETbLEIO Nopdaka, U.T.4.

Ons dyHkumm  w = f(X],Xy,...r Xj5..., X, ) HYACTHAs NPOW3BOAHAA MATOrO  MopsaKa
O w
82x,- x ; 0x,

, €CIN OHa CyLLeCcTBYeT, onpeaensercs Kak OyHKUWs, NonyYyeHHasa 13 AaHHOW

nyTem [OBYKPaTHOro AMMP@EpeHLMpPoBaHNA MO MEPEMEHHbIM X; | X;, W OOHOKpaTHOro
anpdpepeHumpoBaHna no x, . MNopagok anddepeHunpoBaHns Npy 3TOM He UMEEeT 3HaueHus,

TaK Kak MMeeT MecTo Teopema, KoTopasi B JaHHOM Kypce npuBoauTcs 6e3 fJokasaTenbeTaa.

Teopema 1
Ecnun dyHkuma w = f(xl,xz,..., Xjyees xn) “meeT kak B Touke M), Tak U B HEKOTOpOIi ee
0w
OKPECTHOCTW YaCTHYK MPOM3BOAHYIO BTOPOro rnopsigka ————, NPUYEM OHa HenpepbiBHa B

x; OX
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y w
Touke My, TO B 9TON TOUKE CYLLECTBYET M YacTHas Npou3BogHas ———, COBMajatolas ¢
X : OX;
] l
2
o“w

YacTHOM NPOUN3BOAHON .
x; OX ;

O606Lwan Teopemy Ha Npou3BogHble Ooree BbLICOKOro nopsiaka, MOXHO caenaTb BbIBOA,
4YTO Npu cobniogeHMn yKasaHHbIX YCIOBUM pesynbTaT YacTHoro AuddepeHumpoBaHus He
3aBUCUT OT nopsigka anddepeHLpoBaHms.

Mpumep 1

2
BbluMcnnTb Bce YacTHbIe MPOU3BOAHbLIE BTOPOro nopsigka Ans pyHkuum w=x-z° + cos% .

PewweHue

YuuTblBas pesynbTaT TEOPEMbl, MOXHO YCTAHOBWTb, YTO CYLLECTBYET LIECTb PasfNyHbIX
YacTHbIX NPOM3BOAHbLIX BTOPOro Nopsiika Anst AaHHOW OyHKLUK.

YacTHble Npon3BoAHbIE NEPBOTO Nopsiaka:

ow . 1 ow . X ow
=z _sinx.—; —=smi-—2, — =2xz
ox Yoy oy Ty Z
YacTHble NPOU3BOAHBLIE BTOPOrO NOpsifKa:
o*w 1.8 2 0
—— =-cos¥-—; ——=-cos* - ~——sinx.2X; =2x;
o*w X 1 0w 0w
=cos¥-—+sinE.-—; = =0.
Ox Oy yoy3 Y oy? xoz Oy Oz

OnpepgeneHue 2
MycTb PyHKUNSA w= f(xl 5 X9 geeey Xjyeeey Xy ) anddepeHuupyema B Touke
M, (xlo, xg,...,x?,...,x,?). Torpa B 3TOM  Todke  cywectByeT  AudpdepeHumnan
" ow .
dw= Z—(xl,xz,...,xn)-dxl-. Byaem B panbHeilem HasbiBaTb ero AucdepeHuuanom
i=1 0%
nepBoro nopsigka unu nepsbiM anddepeHumnanom. JupgepeHyuanom emopo2o nopsdka unu
emopbiM OughghepeHyuanom dyHkUMM w B Touke M, HasbiBaeTcs AudpepeHUman oT ee

nepBsoro amdepeHumana d(dw), KOTOpPbIN 0603HaYaeTCs d’w.

Teopema 2
Ecnu sagaHa anddepeHumpyemas yHKUMA W = f(X], X ey X ooy X, ) U X5 X0 5000y X,y =
He3aBMCUMbIE MepeMeHHbIe, TO UMEET MecTo popMyna

2 1 9
dw= ) ﬁ(xl,xz,...,xn)-dxl--dxj.
i,j=10%0X
[dokasaTtenbcTBO
Tak KaK X{,X5,...,X, - HE3aBUCUMble NEpemeHHble, TO dx|,dXy,....dx, - Toxe

He3aBUCUMbIE NEPEMEHHbIE. |_|03TOMy
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d*w=d(dw)= d(znlg—w(xl,xz,...,xn)-de = ﬁ:d[a—W] -dx; .

i=1"*

n 2
Mockonbky d ow :Z ow ~dx;, T0
ox; ) joox0x;

i

2
d*w= > a—w(xl,xz,...,xn)dxi wdx ;.
=l 6xl-8xj

B yacTHOCTM, ANs DYHKUMM ABYX MepeMeHHbIX z=f(x,y), yynTblBasi HE3aBUMCUMOCTb
YacTHbIX NPOU3BOAHbLIX OT Nopsaka AnddepeHUMpPoBaHus, CpaBeanBo:;

2 2 2
:2-(dx)2+2- 07z .dx-dy+6—§-(dy)2-

d*z
2
Ox Ox 0y oy

AHanornyHo onpeaenstotcs anddepeHumansl 6onee Bbicokoro nopsaka. OQudpdepeHuunan
TpeTbero nopsgka unu Tpetun guddepeHumMan — 3TO0 AuddepeHuman OT BTOPOro
auddepeHumana.

Jlerko nokasaTb, 4TO ANA PYHKUUN ABYX NEPEMEHHbIX Z = f(x,y) dopmyna gnsa TpeTbero
anddepeHumnana umeeT Bua;

0’z 3 3 2 o’z 2 o3z 3
d’z="=(dx) +3 (dxYdy +3 de(dy) + —=-(av)’.
: ox ( X) 8x28y ( X) 4 Gxéfyz X( y) 8y3 ( y)

dopmynbl ans BToporo avdpdepeHumana yHKUUM ABYX NEPEMEHHbIX Z = f(x,y) yao6Ho
3anucbiBaTb B CUMBOJIMYECKOM BUAE:

d’z = i-a’x+i-dy 2 z,
ox oy

rge nog 3anucbro 8_ NMOHMMAETCA ornepaunda B3ATUA YacTHom I'IpOl/I3BO,EI,HOl7I no nepemeHHoPl
X

X, a noa 3anncbro a— NMOHMMaETCA onepauna B3ATUA YacTHou I'IpOM3BOLI,HOVI no nepemeHHoﬁ
y

V.
B obuwem crnydae ana avddepeHumana 7 - ro nopsaka QyHKUMW OBYX NepeMeHHbIX
z= f(x,y) cnpaseanvea dopmyna:

0 0
d'z=|—-dc+—-dy|".
ox oy

3AMEYAHUE
CJ‘Ie,qyeT NMOMHWUTb, 4TO 3TN (bOpMynbl 3anucaHbl B MNpeanosiokeHnn, 410 X " y -

He3aBUCUMblE NepeMeHHble. Ecnn xe Zz = f(x,y) ABNAETCSA CMNOXHOW OYHKLMEN, B KOTOPOU
X 1 ) B CBOI ovepeab ABAAOTCA PYHKLUMAMU OBYX NEPEMEHHbIX, TO

d*z=d @-dm@-dy :d(%-dx]+d %y =d(@]-dx+@-d2x+d )y +
ox oy Ox oy ox Ox oy
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2 2 2 2
:a—i-(dx)2+ 0z _dy,dx+%.d2x+g.(dy)2+ 07z -dx-dy+%-d2y=
ox Oy ox ox oy’ Ox Oy ox
2 2 2
O P s a2 O ey s @y E
ox ox Ox Oy oy Ox

3AMEYAHUE 2

CpasHuBas dopmMynbl Ans AvddepeHumana BTOporo nopsaka B crnyyae, korga u4to X n ) -

He3aBUCUMble NepemMeHHble, U Korga OHWM B CBOK o4epedb ABNAKTCA d)YHKLl,I/IHMVI OBYyX
nepemMeHHbIX, MOXHO caenaTb BblBOA, 4YTO BTOpOﬁ ,u,mbcbepeHuman He obnagaeT CBOMCTBOM
MHBAPUaHTHOCTW.

3AMEYAHUE 3

Mpn BblMUCHEHMM AnddepEHLNanoB BbICLIMX MOPSAKOB WMHOraa y,CI,06HO HEe NoNb30BaTbCA
nonyvYeHHbIMn d)opmynaMM, a BbluUCNATL AuddepeHumnansl, NpPoBOAs HENOCPEACTBEHHOE

n.._ n—1 n_ _
Anddeperumposatime, yuutsisas, yto d - w=d\d" w)un d"x; =0 npu ycnosum n = 2,

ecnun Xl- - He3aBucnMmMmada nepemMeHHasa.
Mpumep 2

Bbluncnure d3z, ecnu z = Cos(x — Sy).

PeweHue
Mo dpopmyne ans anddepeHuynana cynepnosnuumn AByx PyHKUMIA NepBbi anddepeHuymnan
MOXHO 3anucaTtb B BUAE

dz = —sin(x = 5y)- (dx - 5dy).

MockonbKky Bblpaxenue dx —5dy He 3aBUCUT OT MEPEMEHHbIX X M ), TO BTOPOW
anddepeHumnan nveet Bua

d’z= —cos(x —Sy)- (dx— de)2 .
AHanornyHo BeluncnseTcsa Tpetun auddepeHumnan
d’z = sin(x —5y)- (dx - 5dy)3.
Mpumep 3
Boiuncriute d 2w, ecnn w = 397 .
PelwueHue

B pasgene 2.4 6bin Bbiuncrien dw =397 -In3-(yzdx + xzdy + xydz). Torna
d2w=ln3(d(3xyz)-(yzdx+xzdy+xydz)+3xyz d(yzdx+xzdy+xydz))
d*w=3%".In? 3-(yzdx+xzdy+xydz)2 +3%7 . In3-((dv-z+y-dz)-dx+(dx-z+x-dz)-dy +

+(dx-y+x-dy)-dz).

Ynpotias nony4eHHoe BbipaxKeHue, 3anuiiem
d*w=3%".1n?3. (y222 (dx)® +x222 (dy)* +x?y *(dz) )+

+397.2In3-(1+xyz-In3)-(z-dx-dy+-x-dy-dz+ y-dx-dz).
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5. MpousBogHble (PYHKUNIA HECKONBbKUX NepeMeHHbIX, 3af4aHHbIX HeSIBHO

5.1. HesBHaa dyHkuusa. OucdepeHunpyemoctb HessBHOU hbyHKUUNU. Dopmyna
ANA YacTHbIX NPOU3BOAHLIX (hYHKLUM ABYX NepeMeHHbIX, 3afaHHOMN
HEeAIBHO.

OnpepgeneHune
OyHKUMS W = f(xl ,Xy,...,X,) Ha3bIBAETCH 3a[AHHOM HESIBHO B OKPECTHOCTU TOYKM
(xlo,xg,...,xg,wo), €CInn 3ajaHo ypaBHeHVe F(xl,xz,...,xn,w): 0 necnu:
. F(xlo,xg,...,xg,wo): 0;
. VM(xl,xz,...,xn)e US(MO) 3 €[VHCTBEHHOE WEUS(WO):
F(xl,xz,...,xn,w)z 0.
B uactHocTy, ypasmerne F(x,,z)=0 B okpectHocTsx Tex Touek (Xo,Vy.Zo), ANs
KOTOpPbIX ypaBHEHWe F(xo,yo,z) =0 wumeeT x0Tsi Obl OAWH KOPEHb Z, 3a4aeT HesiBHYIO
dYyHKUMIO Z = f(x,y), 3HaYeHVst KOTOPOW PaBHbI KOPHAM 3TOrO YpaBHEHUS.

l'IpM 3TOM ypaBHEHune F(x,y,z) =0 MHorga MoxeT ObiTb pa3peleHo OTHOCUTENbHO Z , a

uwHorga HeT. He crnegyeT nyTtaTb BOMPOC O CyLIECTBOBaHWM HESBHOW (DYHKLUW C BOMPOCOM
nonyyeHns ee B Buae ABHOM 3aBucumocTn. Cregylowas Teopema pfaeT YCrnoBus
CYyLLLeCTBOBaHWS, €AUHCTBEHHOCTU 1 AndpepeHUMpyeMoCcTn HEABHON (PYHKLNN.

Teopema 1
Ecnn dpyHKUMA F(xl,xz,...,xn,w):

e HerpepbiBHA B OKPECTHOCTU TOYKU (xlo,xg,.. x? wo);

9Vp o
o MMeeT B 9TOM OKpPeCTHOCTM HenpepbiBHble YacCTHble Npou3BOoAHbIE MO BCEM
nepemMeHHbIM;

0 0 0 .
. F(xl ,xz,...,xn,w0)=0,
(.0 _0 0 .
. Fw(xl ,xz,...,xn,wo):t 0;
0 .0 0

To ypaBHeHne F(x|,X5,....X,,w)=0 3agaeT B OKPECTHOCTU TOYKU |X|,X,,...,X,, W,
O4HO3HaYHYt0 AnddepeHUnpyemyo dyHkumo w = f (xl,xz,...,xn), AN KOTOpOi crnpaBeanvBo

_ 0 .0 0
Wy = F()c1 ,xz,...,xn).
[oka3aTenbcTBO

B cuny CnoxHocTM M rpoOMO3AKOCTM [0KasaTenbCTBa 3TOM TEOpembl, pacCMOTpUM ee
[0Ka3aTeNbCTBO TONbKO AN (PYHKUMU ABYX NEepeMeHHbIX yzf(x), 3agaHHON HesBHOMN

3aBUCHMOCTbIO F(x,y)=0, roe PyHKUmMS F(x,y) HerpepbiBHa U AuddepeHUmpyema B
HEKOTOpPOl & - OKPEeCTHOCTM  TOYKM (xo,yo) " Fy’ (xo,yo);tO. Ecnn  Touka

(xo +Ax,yq + Ay) MPUHaANEXMNT 3TON OKPECTHOCTU, TO
F(x9,30)=0n F(xg+Ax,yy +Ay)=0,

torpa u F(xg + Ax,yo +Ay)— F(x,70)=0. [Ins nesoit 4acT nocreaHero paseHcTsa
MOXHO Mcrnonb3oBaTh TeopeMy JlarpaHxa.

F(xq + Ax, pg + Ay) = F (x9,0) = [F (xg + Ax, yo + Ay) = F (xg + Ax, yo )]+

oF oF
+[F(xg +Ax, y9) - Flx.0)] = 5()‘0 +Ax, ) Ay +a(x03yo)'m =0.
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oF
Ay g(xo +Ax, )

M3 nocnegHero paBeHCTBa criegyet, YTo E S oe— lMepexoasa B Hem K npepeny

5(350 ayo)

npu Ax—>0mn y4yutbiBad, 4YTO HYacCTHbIE€ NPON3BOAHbIE HENPEPbIBHbI, MOJTy4YUM

oF oF
f’( ) T 67(350,)’0) a(x()ayo)
Xo )= m | — = — .
a0 Pgineny) | Dvgn)

oy Oy

3AMEYAHUE

Mbl He TombkOo Aokasanu AnddpepeHumpyemMocTb YHKLUK y=f(x), HO M MOny4unu
dopmyny ANs BbIMUCIIEHUS €€ MPON3BOLAHOMN.

oF
ye=-%.
Oy
AHamnorMyHO [0OKa3biBaeTCsl, YTO (PYHKUMA [ABYX MNepemMeHHbix z = f (x, y), 3agaHHas
ypaBHeHem F(x,y,z)=0, roe F(x,y,z) - OudbdbepeHUMpyemas Mo BCEM MNepemMeHHbIM
dyHKUMa, guddepeHumpyema B TOYKax, B KOTOPbIX %—f;ﬁO M ee 4YacTHble MPOM3BOAHbIE

BblUMCNATCA No chopmyrnam

oF oF
0z &%, 0Oz o
ox ¥ gy
Oz Oz

Mpumep 1

BbiacHUTe, B Kakmx Todkax avddepeHumpyema yHKumMa ) = f(x) 3ajaHHas HesiBHO, ©

X v
BbIYMCIIUTE ee Npou3BoaHyto, ecnin — +e™ =0,
y

PeweHue

X
F(x,y)=—+exy. Moatomy dyHKUMA andpdepeHuupyemMa BO BCeX TOYKax, 3a

oF F Xy
uckroveHnem Tex, rome —=0. TMockonbky ——=——3te -x, T0 dyHKUNS
Oy oy
X
onddepeHunpyema Besfge, rAOe BbINOMNHAETCA  ycrnoBue ——2+exy -x#0. Tak kak
oF 1
—=—+¢eY-y,70
ox y
—+e-y
___J
Ve =——
-5 te¥x
y
Mpumep 2

BbIsicHWTE, B Kaknx Toukax anddepeHumpyeMa pyHKUmsa z = f(x,y), 3afaHHasi HesIBHO, U

X
BbIUMCNNTE €€ NPON3BOAHYI0, eCnn — + z - Cos(xy) =0.
z
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PeweHue

X
Tak Kak F(x,y,z)z —+z- cos(xy), TO (pyHKUMA andbdbepeHUnpyema BO BCeX TOYKax, 3a
z

oF X
UCKMIoYeHneM Tex, B kotopbix — =0 . —=——2+cos(xy), cnenosarenbHo, (yHKUUS

Oz Oz

X
anddepeHupyema Besfe, rae BbIMOMHAETCA ycroBue ——2+cos(xy)¢ 0. YuutbiBas, uto
z

oF 1 . oF .
—=—- sm(xy)' Zym—= —sm(xy) - ZX , MOXHO 3anucartb
ox z
1 .
G _ oo sl
Ox —Z%+cos(xy) ’ oy —Z%+cos(xy)

5.2. TlpounsBogHble HeABHbIX (PYHKLMN, 3afaHHbIX CUCTEMOMN YPaBHEHUN.
Onpepenutenb kobu

Mpumep 1
3 xy+u’=-y ou Ou
dyHKUUM u(x,y) " w(x,y) 3agaHbl CUCTEMOMN 5 . Bblumcnute —, —,
uw+y- =0 ox Oy
w., ow
ox Oy
PeweHune
MpoanddepeHunpyem oba ypaBHEHMS CUCTEMbl MO nepeMeHHonm X. [lonyunm
0 15}
y+2u-—u=0 2u~—u=—y
Ox ., vnm Ox . Pewas 3Ty cucTeMy OTHOCUTENBHO
ou ow ou ow
— - wtu-—=0 — - w+u-—=0
ox ox ox ox
ou ow
HEeU3BECTHbIX — W —, NOMy4YnUM
ox  oOx
ou |0 ul —yu_ y ow_|[w 0| yw
ox  |2u O] 242 2u” ox  |2u O 247
wou wou

Tenepb npoauddepeHumpyem oba ypaBHEHUSI CUCTEMbl NO nepemeHHon y . [Mony4mm

x+2u-a—u:—l 2u-2—u:—x—1
Y , M Y . Ecnn pewwuts 3Ty cuctemy
ou ow ou ow
— wtu-—+2y=0 — wtu-—=-2y
Oy y Oy y
ou ow
OTHOCMTESTLHO MPOU3BOAHbIX 2 " 5 TO cpopMyIbl AN HUX ByayT MMeTb BUA
y
-x-1 0 2u —x-1
Ou | =2y u| —xu-u_ x+1 ow_[w =2y | —dyutxw+w
oy 2u 0 22 2u oy 2u 0 212
wou wou
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ou Ou Ow
M3 nonyyeHHbIX oopMyn Ans YaCTHLIX MPOM3BOAHBIX —— M — BUAOHO, YTO

8x’§’a oy

HeABHbIE beHKLI,I/IM M(X,y) n W()C,y) HE ABMNAKTCA ,D,M(*)d)epeHLl,l/lpyeMblMM B TO4YKax, B

2u 0
KOTOpbIX  onpepenutenb =0, wim u=0. Takon onpegenuTens HasblBaeTCA
wou
onpedenumernem 5kobu.
OnpepeneHue
o Fl(x,y,u,w):O
Ecnn HesaBHble yHKLMK u(x,y) 7 w(x,y) 3afaHbl cUCTeMon , TO
F, (x, y,u,w) =0
o R
onpegenutens [ = 6‘?}‘ glff Ha3sblBaeTcs orpedenumernem 5Ikobu.
T2 T2
Ou ow

VimeeT mecTo crnegywulad TeopemMa, KoTtopasa Jierko 06obuwaeTcsa Ha cnyqaﬁ oonbLiero
4ymucna nepemMeHHbIX.

Teopema
F (x,y,u,w) =0

FQ(x,y,u,w):O
HenpepbiBHble W  AnddpepeHuMpyemMble MO BCEM MEPEMEHHBIM B  OKPECTHOCTM  TOYKM
Mo(xo,yo,uo,wo), SBNAOLWENCS peLueHneM cucTeMbl, (YHKUMM KU ecnm B Touke M,

Ecnn 3apgaHa cuctema { , roe Fl(x,y,u,w) n FQ(x,y,u,w)

oF,  OF
onpegenuTens HAkobu [ = C,% g}g #(0, 10 cuctema onpegenset yHKUUN u(x,y) "
ou ow

w(x, y), KoTopble SBNSATCH AnddepeHLmpyeMbiMi B Touke M.
Mpumep 2
. uz—wz—i-x2+y2 =0
OnpegenvTe, Npu KakoMm YCnoBUW cUCTEMA ypaBHEHUN 3agaet
uw+xy =0
anddepeHumpyemble yHKLMK u(x,y) " w(x,y), v BblumcnuTe du, dw u d*u.

PewieHue
-2

w u

Bbluncnnm onpegenutens Akobu [ =

W‘ =2u® +2w?. Mockonbky I =0 TonbKO

npu © = w =0, To BO BCex Toykax, KpOMe Hayana KoopavHaT 3ajaHHas cucTema onpegenser
[Be HesiBHble AnddepeHUmpyemMble pyHKLNM u(x,y) n w(x,y).

Tenepb BuluMcnuM du , auddepeHumpys oba ypaBHEHUs CUCTEMbI

u-dw+w-du+dx-y+dy-x=0

1),

d(x2+y2+u2—wz):0 - 2xdx + 2ydy + 2udu — 2wdw = 0
d(uw+xy)=0

2udu —2wdw = -2xdx — 2 ydy
wedu+u-dw=—-y-dc—x-dy

Peluas nocrneaHion cUCTEMY OTHOCUTESNbHO di , NOMy4YnMm
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xu+ yw u+xw — yu + xw
du =—— yzdx—y2 >dy, dw= )2; S dx +— >
u-+w u-+w us+w u +w

xXu+yw

dy .

Bbluncnum BTOpble gnddepeHunansl B cucteme (1)

2dx? +2dy* +2du* = 2dw? +2u-d*u—-2w-d*w=0 -
w-d2u+du-dw+u-d2w+dw-du+dx-dy+dy~dx:0,
u-d*u—w-d*w=—dx* —dy* —du® + dw?
w-d*u+u-d*w=-2du-dw-2dx-dy .
Pewasi 9Ty CACTEMy OTHOCWTENbHO d 1, MOMYYMM  BbipaxeHne Ans BTOPOFO
anddepeHumnana
B u(a’x2 +dy”® +du® —dw’ )+ 2w(du dw + dx dy)

u? +w?

d*u =

OKOHYaTenNbHO B 9TO PABEHCTBO HYXHO MOACTABUTHL BbIpaXeHUs ana anddepeHumanos du u
dw.
6. JKcTpeMyM (hpyHKLUN HECKOJNTbKMX NepPeMEeHHbIX

6.1. ®dopmyna Tennopa Ana GyHKUUU N nepeMeHHbIX

Ecnn dyHKums w=f(x1,x2,...,xn) n pas gugpdepeHumpyeMa B OKPECTHOCTM TOYKM

M, (xlo , xg yees x,? ) TO B HekoTopoi okpecTHocTn U'g (MO) 3Ty (bYHKLMIO MOXHO NPeacTaBUTb

B BUOE
. 0 0 0 df(xlo,xg,,..,xg) dzf(xlo,xg,...,x,?)
f(.xl,X2,...,xn)— f X1 ,x2 seees Xpy + T + o +
(0,20 a7 5.5,
.t nl 4+ ,
n! (n+1)
0 ~ 0  ~ 0  ~ ]
rae x; <X <Xy, Xy <Xy <Xy,.., X,<X,<X,; a dx; B BblpaxeHusx nAans

anddepeHLmanos d"f(xlo,xg,...,x,?) rnonaratoTcst paBHbIMU X; — x?.

Ota dopmyna HasblBaeTca opmynol Telnopa ONs OYHKLMK w:f(xl,xz,...,xn) B
TOYKe Mo(xlo,xg,...,x,?). Ecnn xlo :xg :...:x,? =0, 1O dopmMmyna HasbiBaeTCcs
¢opmynol MaknopeHa.

Ecnn  dx; :xi—x? BeckoHe4yHO Manble, TO nocrnegHun 4neH opmynbl Ternopa

d"(F % 0¥, )

1) aBnsaetTca GeckoHeyHO Manov 6onee BbICOKOro nopsiaka, YeM Kaxaas w3

6eckoHEeYHO MarnbIX dX; .

6.2. JKcTpeMyM chbyHKLUM ABYX NEepeMEeHHbIX

OnpepeneHue 1

MycTe doynkumsi f(x, y) onpenenera 8 obnactn D R? a My (xq,v0) - BHYTPEHHSS

Touka aToit o6nacTu. Touka M, HasbiBaeTCs TouKoi MuHuMyma dyrkummn f(x, v), ecrn

FUs(M):V M(x,y)eUs(Mo)= f(x.9)= f(x0.0)-
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OnpepgeneHue 2

MycTb dpyHKUMA f(x,y) onpedeneHa B obnactm D C Rz, a Mo(xo,yo) - BHYTPEHHSS

Touka aToit obnacTu. Touka M, Ha3bIBAETCS TOUKON MakcuMyma OyHKUMN | (x, y), ecnu

FUs(M):V M(x,y)eUs(Mo)= f(x,y)< f(x0,0)-

Teopema 1

Ecnu dyHkuma f(x,y) AvndbcdepeHUMpyema B OKpeCTHOCTU Toukn M, (xo,yo) N UMeeT B

%(xod’o)=0

3TOVi TOUKe OKCTPEMYM (MaKCUMYM Wi MUHUMYM), TO 4 & .
3 (x0.70) =0

[oka3aTtenbcTBO

Ecnu paccmoTpeTb (PyHKLMIO OOHON NepeMeHHON f(x, yo), TO OHa MMeeT JKCTPEMYM B
TouYke X, . o HeobxoOMMOMY YCMOBWIO 3KCTpeMyma Aans (yHKUMW OOHON NepemMeHHOW
%(xo,yo ) = (. AHanornyHo OokasbIBaeTcs, YTo %(xo,yo ) =0.
3AMEYAHUE

[okazaHHas TeopemMa Ha3blBaeTcH HeO6XO,EI,VIMbIM ycnoBmem 3KCTpemMyMma (byHKLI,VIVI aByx
nepemMeHHbIX. Ycnosue paBeHCTBa HYMIO YacCTHbIX MPOU3BOAHbLIX B HeKOTOpOIZ TOYKEe He
ABNAETCA 4OCTAaTOYHbIM yClnoBMEM CyLLEeCTBOBaAaHUA SKCTpeMyMa B 3TOM TOUKE.

CnencrtBue

g g
Ecnu xoTa 66l 0aHa M3 YaCTHBLIX MPOM3BOAHBIX &(XOJO);& 0 vnm @(xo,yo);t 0,108

Touke M, (xO ,yo) HeT aKCTpemyma.

3HaunT, SKCTPEMYM crieflyeT UckaTb B TeX TOYKaX, B KOTOPbIX 06e 4acTHble NPOV3BOAHbIE
paBHbl Hymo. Tak Xe kak n Ans yHKUMU OOHOW NEPEMEHHON 3KCTPEMYM MOXET ObiTb U B
Toukax, rae pyHkumst He saBnsieTcs avddpepeHupyeMon. Takne ToYku B ganbHenwem dyaem
Ha3blBaTb MOAO3PUTENbHLIMU Ha 3KCTPEMYM WUNU KpuTudeckumn. Cpean KpUTUYECKUX TOYek
0Cc060 BbIAENSTCA CTaUMOHAPHbIE TOYKM.

OnpepeneHune

Touka M (xq, o) HasiBaeTcs cmayuoHapHot moukoil dyrkumn f(x,y), ecrm f(x, y)

%(xo,yo)=0

, Unn df(x , Y ):0,
%(x()ayo)zo 00

anddepeHumpyema B 3TOM TOYKE U

Teopema2

Ecrmn M, (xo,yo) - CTauMoHapHas Toyka ABaxabl AuddepeHumpyemon pyHKLUn f(x,y)
N eCnu B HEKOTOPOW OKPECTHOCTU 3TOW Toukn d 2 f (xo, yo) COXpaHseT 3HakK, TO (PyHKUMNA B
Touke M wmeer skctpemym. [pu atom ecrnm dzf(xo,y0)> 0, TOo aTOT OKCTpEMyM

MuHUMYM. Ecrin d2f(x0,y0)< 0, To aT0 MakcumyM.
HokasaTenbcTBO

MpeacTaBum pyHKUMIO f(x,y) B OKPECTHOCTU Toukn M (xo,yo) dopmynown Tennopa 4o

2 3 o~ ~
UfeHOB  BTOPOro  nopsaka: f(x,y): f(xo,y0)+ df(xlo',yo) + 4 f(;,o’y‘)) +4 fgf’y). C

3 3
TOYHOCTbIO OO0 OeckoHe4yHO Marnbix ©Oornee BbICOKOro nopsaaka, 4em (dX) :(X—XO) n
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(dy)3 = (y - Yo )3 , Y4nTbIBasi, 4TO B CTaLMOHApHOW TOuKe df(xo,yo): 0, dopmyny
Tennopa MOXHO 3anucaTb B BUAe

d*f(x,, P15 ~ ~
f(x,y):f(xo,y0)+ f(;!oy‘))+ fgfy),r,qex0<x<x,y0<y<y.

N3 copmynbl avddepeHumana 3 - ro nopsgka ACHO, YTO MPW OOCTATOMHO MarbiX

2
x—x0,y—yo flx,y)= f(xo,yO)er. /3 nocrnefHero COOTHOLIEHUSI $ICHO, YTO

ecnu dzf(xo,yo ) >0, To B HekoTopoit okpecTHocT U (MO) BbINOIHAETCA HEePaBEeHCTBO
f(x,¥)> f(x9.79), uto cootsetctByeT onpemenenmio  MuHmmyma. Ecn ke

d? f(x0,79)<0, To B Hekotopoii okpectHoctn Ug(M,) wmeem HepaBeHCTBO
£(3,¥)< £(xq,¥0 ), v kotoporo creayer, uto B Touke M, Makcumym.
3AMEYAHME

2
Ecnn d f()CO N yo) MeHAEeT 3HaK B OKPEeCTHOCTU TOYKN MO , TO 3TO eLlle He O3Ha4aeT, YTo B

3TOWN TOYKE HET SKCTpemMyma.

Mpumep 1
dyHKUMA z = x4 +y2 —4x vMeeT B TouYKe (1,0) MUHUMYM. OTO crnedyeT U3 TOro, YTo
% 4y 4
6x62 N eOVHCTBEHHas CTauMoHapHas Touka (1,0). YacTHble npon3BoaHble BTOPOro
Z -9
oy 4
2 2 2 2 2 2
nopaara 2 =12x2, S2 9 972 4. 20212, P2 (10)=2, LZ(10)=0.
ox? 8y2 Oxdy ox? 6y2 OxQy
Toraa d?z(1,0)=12-(dx)* +2-(dy)* 20.
Teopema 3
Ecrm M, (xo,yo) - CTauMoHapHad Touka pfBaxabl AuddepeHumpyeMon (yHKLMK

0%z 0%z 0%z
Z:f(x,y) n ecnm Az—z(xo,yo), C=—2(x0,y0), B=—2(x0,y0), TO DyHKUMSA
ox oy oy

MMeeT 3KCTPEMYM, ecnu AC —B? >0 u He nmeet 3KCTpeMyMa, ecrnu AC-B?<0. Mpw
3TOM 3KCTPEMyM - MakcumyM, ecrim A < 0 v muHumym, ecnim 4 > 0.
OokazaTtenbLcTBO

B Teopeme 2 gokasaHbl JOCTATOYHbIE YCMOBUSI SKCTPEMYMa: €CIn dzz(xo,yo)z 0,708

Touke M MuHUMYM; ecrin dzz(xo,yo)é 0, To B Touke M, makcumym. PaccmoTpum

o? o? 0?
dzZ(XOa)’o): —j(xo»J’o)' (dx)2 + 2—Z(x0aJ’0)' dx - dy +—§(x0,y0)- (dyy’ nm
ox Oxdy oy

dzz(xo,yo):A(cbc)2 +2B-dx-dy+C(dy)2.
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2
BbiHecem (dy)2 3a  cKkobky dQZ(xO,y0)= A(%) +23~%+C -(dy)2 "
x x

d
0603Ha4YMm @ =t.Torpa
dx

d?=(xg,v0) =412 + 281+ C) ().

YT1o6bl BbIpaXeHue a’zz(xo,yo) ObINO ONPEeAeneHHoro 3Haka, AWUCKPUMUHAHT D
KBagpaTHOrO  TpexuneHa A-t>+2B-t+C  pomkeH 6biTb  MeHblue Hy IS,
D=4B>-44C = 4(82 —AC). CnepgoBaTenbHo,  npu B? - AC< 0, wwm npu
AC—-B? >0 ects akcTpemym. Mpu AC — B? <0 wer aKCTpEMyMa.

Ecm AC-B? > O, o npu A4>0 keBagpaTHbIi TpexyneH A-1>+2B-t+C>0 n

3KCTpeMyM siBnseTca MuHUMyMoMm; npu A > 0 kBagpaTHbIii TpexdneH A - t>? +2B-t+C<0n
9KCTPEMYM SIBMAETCA MAKCUMYMOM.

3AMEYAHUE

2 .
Ecru AC—B” =0 akcTpemym MoxeT 6biTb, @ MOXeT U He BbiTb. JTOT cnydain TpebyeTt
[LOMNOJSTHATENbHbIX UCCNea0BaHu.

Mpumep 2
WcecnenosaTth Ha 3KCTPEMYM OYHKLMIO Z = x+ y3 —Oxy+27.
PeweHne
62 2
a—?)x —9% 3x2—9y:O x2:3y x2:3y
% 32 gy 32 -9x=0" 992 —27x=0" x*—27x=0

2

=3

* . Cucteme yoBneTBOPSIOT [BE CTALMOHAPHbIE TOYKY (0,0) " (3,3).
x (x3 -27)=0

0%z 0%z 0%z
BbluMcnMM YacTHble NPoM3BOAHbLIE BTOPOro nopsiaka — = 6x, — =6y,

ox 8y2 Ox0y -

Ona nepBoit  CTaUMOHapPHOW  TOYKK (0,0): A=C=0, B=-9 . [OuckpummHaHT

D=AC—-B? =-81<0. 3Haut, B 370/ TOuKe HET GKCTpeMyma. [Insi TouKU (3,3):

A=C=18, B=-9. OuckpummHant D =324—-81>0, a Tak kak A >0, To aT0 TOuYKa
MUHUMYMa.

6.3. JkcTpemyM chyHKLMIA N NepeMeHHbIX

OnpepeneHus n Teopembl 6.1 1 6.2 nerko o6oOWarTCa Ha PYHKUUU 7 NEPEMEHHbIX.
MpenocTaBnsiem Bam Bo3MOXHOCTb, caenaTb 3TO CaMOCTOATENbHO.

Mpumep

Wcecneposath Ha 9KCTpEMYM (byHKLl,I/HO w= x4 + y2 + 22 -2z.

36



PeweHue

ow

= =4x° =0
ox
ow .
CTaunoHapHbIe TOUYKN HaXOAUM U3 CUCTEMbI ™ =2y =0 , 13 KOTOpOIi BUOHO, YTO
V
ow
—=2z-2=0
Oz
€AVHCTBEHHOW CTaLMOHapHON TOYKON sBnsieTcs Touka M (0,0,1). Bbluncnvm Bce YacTHble
02w 5 0w 0w
MPON3BO/HbIE BTOPOrO Mopsiika: ——- = 12x~°, 3= 2, = 2,
ox oy 0z

o*w _ o*w B o*w B
Ox0y 0x0z 0yoz
Torga BTOpow anddepeHuman B CTalMOHapHON TOYKE paBeH:
d?w=12x%-(dx)* +2-(dy)* +2(dz)* +2-0-dxdy+2-0-dxdz +
2:0-dy-dz =2-(6(dx) +(@v)?)> 0.

CnepoBarernbHO, To4ka MO - TOYKa MMHMYMa.

6.4. HanmeHbluee n HanbonbLee 3Ha4YeHUA (PYHKLIMN HECKOJTLKUX NepeMeHHbIX
Teopema

HenpepbiBHast yHKUUS w:f(xl,xz,...,xn), 3agaHHas Ha OrpaHMYeHHOM U 3aMKHYTOM
MHOXEeCTBE, NPMHUMAET Ha 3TOM MHOXECTBE Hanbornbllee N HaMMEHbLLEE 3HAYEHUS.

Hanbonbliee M HavMeHblUee 3HaAYeHUs MOryT OOCTUratbCA B TOYKaX 3KCTpemMmymMma U Ha
rpaHuue obnacTtn, NO3TOMY AJ14 UX OTbICKaHUA NOCTyNaroT clefyounm 06pa30M.

. Onpe,u,enmoT CTauMOHapHble TOYKU (*)yHKLl,I/II/I N BblMUCNAKOT 3HA4YEeHUA (*)yHKLl,I/II/I B TeX
CTauMOHapHbIX TOYKaX, KOTOPble coaepXaTcA BHYTpU 3aA4aHHOIo MHOXeCTBa.

L] BbluncneHHble 3HaveHus (byHKLIMl/I CpaBHMBaOT Mexay coboi M co 3HadYeHUsIMU
(byHKLI,I/II/I Ha rpaHuue obnactu. Cpe,El,I/I HUX HaxoasaT Hanbonbluee N HaMMeHbLLEe.

Mpumep
HaitTu Hambornbluee M HauMeHbluee 3HA4YeHUst PYHKUMKM Z = sinx +sin y — sin(x + y) B
o6nacTu, orpaHM4eHHON KOOPAUHATHBIMU OCSIMU U NPSIMOA X + = 27T .

271
-
2m
Puc.9.
PeweHne

CraumnoHapHsle TOYKM DyHKLMM onpenensTcs n3 cuCTEMBI:
Oz
o cosx —cos(x+y)=0
8§ BblunTas M3 NepBOro  ypaBHEHUs BTOPOE, MOMy4uM
—=cosy—cos(x+y)=0
oy
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cosx=cosy, unm y==xx+2nk. Mockonbky Ans 3apaHHon obnactm 0 < x < 2w, 1O
[OCTaTOYHO B3ATb Y = X . lNoAcTaBMM 3TO B NepsBoe ypaBHeHue. Mony4Mm cos X = Cos2X,

otkyaa x =2nk wwm 3x =27nk. CooTtHoweHue x =2mk paet Toukm x=0 n x=2m,
nexaiume Ha rpaHuue. M3 cootHowenuss 3x = 27k crnieyeT, YTO TOMbKO OAHA CTauMoHapHast

TO4Ka zTnsz_gn) NEeXUT BHYTPU obBnactu (puc.9). 3HauyeHue YHKUMM B ITO TOUKE
2 :2sin2—3’t—sin4—3”:\/§+@:¥_

FpaHMu,a obnactn 3agaetcs YpaBHEHNAMU:

x=0, 0<y<2n.HaaToi yactv rpaHnubl z =siny —siny =0.

y=0, 0<x<2m.Haarou yactvt rpanmusl z =sinx —sinx = 0.

x+y=2nr wwm y=2n-x, O0<x<2m. Ha 970N yYacTM rpaHuLpl
z =sinx +sin(2m - x)+sin2n =0

CnepoBaTtenbHo, Hambonbllee 3Ha4YeHue q)yHKLJ,I/IVI paBHO Z; :é, a HauMMeHbllee

22 :0.

4. KOHTPOIbHbIE BOMPOChI MO TEOPWMK

1. Kak onpegensieTcsa npsiMoe npousBefeHne MHOXECTB?

2. Kak onpepgensietca pacctosgHne Mexay Toukamu B 11 - MEPHOM NpoCTpaHcTee?

3. Kakoe npocTpaHCTBO Ha3biBaeTCsd METPUYECKUM?

4. YTO Takoe OKPEeCTHOCTb WM MPOKOMOTas OKPECTHOCTb TOYKU B 7 - MEPHOM METPUYECKOM
npocTpaHcTBe?

5. Kakas Touka MHOXeCTBa Ha3blBaeTCsl BHYTPEHHEN?

6. Kakas Touka MHOXeCTBa Ha3blBaETCHA rPaHNYHON?

7. Kakas Touka MHOXeCTBa Ha3blBaeTCsl NpeaerbHON?

8. Kakoe MHOXeCTBO Ha3blBaeTCs OTKPbITbIM?

9. Kakoe MHOXeCTBO Ha3sblBaeTCs 3aMKHYTbIM?

10. Kak onpegensieTca yHKUMA # NEPEMEHHBIX?

11. Yt0 HasbiBaeTcs npeaenioMm QyHKUUN 7 MEPEMEHHbIX B 3a4aHHON ToYke?

12. Kakas dyHKUMSA 11 nepeMeHHbIX Ha3biBaeTCcs HemnpepblBHOM B Touke? Ha mHOxecTBe?

13. Kak onpegensatoTcsa YacTHble NPOn3BOAHbIE (DYHKLMM ABYX NEPEeMEHHbIX?

14. KakoB reoMeTpmyeckmMin CMbICI YaCTHbIX NPON3BOAHBLIX PYHKUUN ABYX NEPEMEHHbIX?

15. Kakast dyHKUMA 1 nepeMeHHbIX HasbiBaeTcs anddepeHLnpyemMon B ToUKe?

16. Kakoe ycrnoBue sBnsieTca HeobxogumbiM Ana  auddepeHumpyemMocTn  yHKUUN 1
nepemMeHHbIX B HEKOTOPOM Touke?

17. Kakoe ycnoBue sABRsieTCA [OOCTATOMHbIM Ans  audpdepeHumpyemMocTn  YHKUMN  #
nepeMeHHbIX B HEKOTOPOW Touvke?

18. UTto Takoe auddpepeHuman dyHkUMM 1 nepemMeHHbIX? Kak 3anuceiBaeTtcs ero popmyna?

19. B uem cocTouT nHBapuaHTHOCTbL chopmMyrbl NepBoro auddgepeHumana?

20. KakoB reomeTtpuyeckuin cMbicn anddepeHumnana gyHKLUNM ABYX NepeMeHHbIX?

21. Kakown Bug meeT ypaBHEHWE KacaTeNbHOW MOCKOCTU K NOBEPXHOCTN Z = f(x,y) B TOYKe

Mo(x()s)’mZo)?
22. Kakoi BMA WMEET YypaBHEHWE HopManM K MOBEPXHOCTU z:f(x,y) B TOuKe

Mo(xo=J’0azo)?

23. Kak onpegensioTcs NpoM3BOAHbIE BTOPOro nopsaka pyHKUMnM ABYX NEPEMEHHbIX?

24. Kakomy yCrnoBui0 YOOBMETBOPSIOT CMELUaHHble MNPOM3BOAHbIE (PYHKLUUM  HECKOSbKMX
nepemMeHHbIX?

25. Kak Bbirnggut ¢opmyna BToporo u TpeTbero gudipepeHumana ¢yHKUUMM  OBYX
nepemMeHHbIx?

26. Kak Bbirnagut doopmyna nponssogHoON CRoXHoOW yHKUMK ABYX 1 Bonee nepeMeHHbIX?

27. Kak BbIrngauT oopmyna nonHon Npon3BoaHON PYHKLNN HECKOMbKUX NepeMeHHbIX?

28. Mo kakum cdopmynam BbIYUCIIAOTCA YacTHble MPOM3BOAHbIE PYHKUUN OBYX NepemMeHHbIX

Z(x,y), 3ajaHHOW HEABHO?
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29. Mpn  kakoM  ycroBUM  HesBHas  YHKUMSA,  3adaHHas  CUCTEMOW,  SABnSeTCS
audpepeHLmpyemMor B JaHHOW ToYke?
30. Kak Bbirnagut cdoopmyna Tennopa yHKUUN 77 nepeMeHHbIX?

31. ®yHKUMA OBYX NEPEMEHHBIX Z = f(x,y) MMeeT B TOYKe Mo(xo,yo,zo) MUHUMYM. YTO 3TO
0O3Ha4aeT No onpeaeneHno?
32. OyHKUMSA OBYX NepeMeHHbIX z=f(x,y) nMeeT B TOYKe Mo(xo,yo,zo) Makcumym. YTo

3TO O3Ha4aeT no onpeaeneHno?
33. B uem coctout Heobxoanmoe ycrnoBue aKCTpeMyma OyHKUMN OBYX NepeMeHHbIX?
34. Kak hopmynupyoTcst 4OCTaTOYHbIE YCIOBUS IKCTpeMyMa OYHKUMM OBYX NepeMEHHbIX?

5. BOMPOCHI ANA NOAroToBKM K 3K3AMERY

1. MeTpuyeckoe npoctpaHctBo R”. OkpectHocTy Touek B R” . Knaccudmkaumsa Touek B

R" . OTKpbITbIE 1 3aMKHYTbIE MHOXECTBA.

2. ®yHKUMM 1 nepeMeHHbIX. [pegen n HenpepbIBHOCTb MYHKLMN 72 NEPEMEHHbIX.

3. YacTHble npousBoaHble PYHKUUM 71 NepeMeHHbIX. YacTHble NpounsBoAHble OYHKLUM
OBYX NepeMEHHbIX N UX FeOMETPUYECKUIA CMbICH.

4. [OundpcbepeHuupyeman  OyHKUMNA n nepemeHHblx. Heobxogmmoe  ycrnosue
andppepeHumpyemocTn (cny4vam QyHKUUN OBYX NEPEMEHHBIX).

5. OunddepeHumpyemas  dyHKUUS n nepemeHHblx.  [locTaTtoyHoe  ycnosue
anddepeHumnpyemocTu (crnydarm dyHKUMN ABYX NEPEMEHHbIX).

6. [MpousBogHasa CNoOXHOM PYHKUMU 71 nepeMeHHbIX. [lonHas npounsBogHas yHKUMN n
NnepeMeHHbIX.

7. OnddepeHuman pyHKUMM 1 NnepeMeHHbIX: onpeaeneHue, opmyna anddepeHumana,
WHBapWaHTHOCTb hopMynbl Nepsoro anddepeHumnana, npasuna gudgepeHLmpoBaHus.

8. [HuddepeHumnan dyHKUUN OBYX NEePEMEHHbIX, €f0 FreOMeTPUYECKNIA CMbICH. YpaBHEeHune
KacaTesnbHOWM MAOCKOCTU U HOPManwu K MOBEPXHOCTH.

9. YacTtHble npousBodHble W AudpepeHuMansl BbICWUX MOPSAOKOB  (OYHKUMKM 1
nepemMeHHbIX.

10. lNMpounsBogHble OYHKUMA 7 MepeMeHHbIX, 3adaHHblX HesBHO. [dunddepeHumpoBaHue
HesIBHbIX OYHKLMIA, 3a4aHHbIX cucTemon. Onpegenutens Akobw.

11. OKCTpeMyM YHKUUM 71 NEepEeMEHHbIX: onpegeneHve u Heobxoaumoe ycrnosue.
CTaumnoHapHble N KpUTUYECKUE TOYUKM.

12. ®opmyna Teunnopa n MaknopeHa ¢yHKUMU 71 nepeMeHHbIX. [locTaToyHble YyCcrnoBus
3KCTpemymMa.

6.  BbINMWUCKA 13 KANEHOAPHOIO MNAHA NMPAKTUYECKUX 3AHATAN

6. AndbepeHumanbHoe ncumcneHme (pyHKLUUN HECKONbKMUX NepeMeHHbIX
(10 yacos)

7. HaxoxpgeHnve obnacten onpeaeneHns yHKUMIN OBYX 1 bornee nepemeHHbIX. BeiuncneHne
npegenoB 1M uccrnegoBaHue Ha HeMpepbiBHOCTb YHKUMI OBYX NepeMeHHbIX. Beluncnexve
YaCTHbIX NPON3BOAHbLIX. [€OMETPUYECKNIA CMbICIT YaCTHbIX MPOU3BOAHLIX TUNOBOW pacyeT
no Teme: « PYHKLUN HECKOMBKMX NepeMeHHbIX» (2 yaca).

1n.4: 3004, 3010, 3042, 3058,3067,3075,3091.
8. [MpowussogHas crioxHon yHKUmMK. MNMonHas npoussoaHas (2 vaca).
n.4: 3032, 3033, 3126, 3127, 3128, 3131.

9. [OuddepeHumnan yHKLNM HECKONMbKMX NepeMeHHbIX. OLeHKa norpeLHocTemn
NPUONMKEHHbIE BbIMUCTIEHUS. YPaBHEHNE KacaTenbHOM NIIOCKOCTM U HOpManu K
NMoBepPXHOCTM (24aca).

n.4a: 3106, 3111, 3113, 3324, 3326, 3327.

10. TllpousBogHble 1 anddepeHumnansl BeiCUMX NOpsakos. duddepeHunpoBaHne HeABHbIX
dyHKUMI (2 Yaca).

n.4:3176, 3181, 3188, 3222, 3225, 3228, 3329.

11. OKCTpemyM yHKUMU OBYX NepeMeHHbIX. 3agayn Ha HanmeHbLuee 1 Hanbonbluee
3HayeHwue (2 yaca).

J.4: 3259, 3267, 3270, 3281, 3282.

12. Tlpuem TMNoBoro pacyeTa « PyHKLIMU HECKONbKUX NepeMeHHbIX». KOHTponbHas
pa6oTa» (2 yaca).
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