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2. BbIMCKA 13 KANEHAAPHOMO MITAHA NEKLIAN

9. O6bIKHOBEHHbIe aucdepeHUnanbHbie ypaBHEHUA.
(14 yacos)

3. 3apauu, npuBogsAlMe K MOHATUIO AuddepeHumansHOro
ypaBHeHus (OY). O6bikHOBeHHbIE [1Y. OCHOBHblE MOHATUS:
nopsigoK ypaBHEHUsl, YacTHoe u obulee pelleHusi, 3agaya
Kowwn. ®dopmynupoBka  Teopembl  CyLWeCcTBOBaHUS WU
€[MHCTBEHHOCTWN YaCTHOro peLleHns Ansd ypaBHEHUsS NepBoro
nopsgka. [eomMeTpuyeckMin CMbICT ypaBHEHUS NepBOro
nopsiaka n ero pelleHund. None HanpaBneHUMN U U3OKMWHbI.
MoHATne 06 ocobbix Toukax K 0cobbIx pelueHusx OY

4. LY c pasgeneHHbiMM M pasgensitiowumMucs nepeMeHHbIMU.
OpHopopHble Y. JlnHenHble [Y nepBoro nopsgka, ux
pelleHne MeTOA0M Jlarpanxa. ay B NOJSTHbIX
anddepeHumanax.

5. Y Bblcwmx nopsigkoB. OcCHOBHble MOHATUS. PopmynmpoBka
TEOpeMbl CyLIECTBOBaHUA W €OUHCTBEHHOCTU YaCTHOro
pelueHus. YpaBHeHus, gonyckaroLme noHmxKeHMe nopsaaka.

6. JIuHenHble Y n-ro nopsigka. CBoONCTBa peLUEHUI NMHENHOTro
ogHopogHoro Y. JIMHenHas 3aBUCMMOCTb M HE3aBMCUMOCTb
peweHun. CTpykTypa oOWero peweHns  fMHENHOro
ogHopogHoro Y. PeweHua nuHenHoro ogHopogHoro Y c
NOCTOSAHHbLIMM KO3hpULIMEHTAMN METOAOM dnnepa.

7. CTpykTypa obLuero pelleHus NMMHenHoro HeoaHopoaHoro Y.
MpuHumn cynepnosunumm. PeweHune JNIMHEnHoro
HeogHopoaHoro 1Y meTtogom JlarpaHa.

8. PeleHne nuHeltHoro HeoaHopodHoro Y ¢ MNOCTOSIHHLIMU
KoadppmumeHtamm metogom nopodopa. dPuanyeckun cmbicn
peLleHnn ogHopoaHOro n HeopgHopoaHoro Y (csBobogHbie w
BbIHY>XOEHHbIE konebaHus).

9. Cuctembl aunddepeHumnanbHbliX YypaBHeHUA. HopmanbHas
dopma 3anucu cuctembl. PelleHne cuctembl cBegeHMEM K
OOHOMY ypaBHeHUI0. JInHenHble cucTtembl. MaTpuyHas 3anuchb.
CeovictBa pelieHun. PelleHne opHOPOOHOM — FIMHEWHON
CUCTEMbl MeToAoOM Jwnepa (CrnyYyam MpOCTbIX KOPHEN
XapaKTEpPUCTUYECKOTO YpaBHEHWS).
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9. AudbhepeHumanbHble ypaBHEeHUNA

9.1. BeedeHue

OnddepeHumanbHble ypaBHEHWS MOXHO pasfgenutb Ha [ABe
fonbwne rpynnbl. 3TO — OObIKHOBEHHbIE AuddepeHUmanbHbie
ypaBHeHus (O1Y) n ypaBHEHMS B YACTHbIX NMPOU3BOOHbIX.

PelweHneM 06blkHOBEHHOro AudpdepeHumansHoro  ypaBHEHUS
ABNAETCA (PYHKUMA OOHOro NepemMeHHOro, B TO BpeMs Kak pelueHvem
ypaBHEHUS B YaCTHbIX MPOU3BOAHbIX ABNAETCA PyHKUUSA AByX 1 bonee
nepeMeHHbIX.

Mpumep 1. YpaBHeHue, onucbiBawllee CBOOOAHblE KonebaHus
MaTepuanbHOM ToukM B cpegde 6e3 conpoTmerneHns sisnsetca OOY u

d
MOXeT BbITb 3anucaHo B Buge: —— + kfx = 0.

dt?]
310 ypaBHEHNE MOXeT ObiTb 3anMcaHoO TaK Xe B Bunge

oo dﬁx
X" k*x=0 wwm x¥k’x=0.3gece —, x"n x[6603HavaOT

dt?

NPOM3BOAHYIO BTOPOro nopsiaka yHKUMm x(ﬂ) no nepemeHHown ([

Mpumep 2. YpaBHeHWe, onucbiBawllee KornebaHue CTPyHbI,
SIBNSAETCA ypaBHEHVWEM B YacCTHbIX MNPOM3BOAHbLIX W MOXET ObITb
2 2 2 2
o“ull O“ull Oo‘ull O°u

=a . 3gecb L 3

ot? ox? Ot Oox

YyacTHble MNPOU3BOAHbIE (PYHKLMM u(ﬂ,x) no nepemMeHHbiM M Xx

3anncaHo B Bunae: obosHavaroT

COOTBETCTBEHHO.
Hanee wmbl Oygem paccmaTpmBaTb TOSMbKO OObIKHOBEHHbIE
oudpepeHLmanbHble ypaBHEHNS.

9.1.1. 3adayu, npueodsiujue K NOHsIMuUK 06bLIKHOBEHHO20
dughghepeHyuaibHO20 ypasHeHUs

K noHsTUi0O 0ObIKHOBEHHOTO AMdepeHUMansHOrO  ypaBHEHNUS
NpUBOAAT PU3NYECKUE N FTEOMETPUYECKUE 3a4a4N.

Mpumep 1. ®dusmnyeckasa 3apayva. Hanmtm 3akoH OBUMXKEHMSA
MaTepuanbHOW TOYKM NoS AeNCTBUEM CUMbl TSXECTU.



PeweHue. Kak n3BeCTHO n3 (pusnkn, OBMXKEHUE MaTtepuanbHoOm
TOYKA B [JaHHOM Criydyae noauymHsaeTcsa 2-My 3akoHy HbroToHa

mi= FTakum obpasom, 3agada cBoanTcs K pelueHmto O1Y Buaa:

P[]

roe g - yCKOpeHue cumbl TsxkecTw, m - macca. TpebyeTcs HanTu
3aKOH OBWMXEHUS MaTepuarbHON TOYKM.

Mepenuwem ypaBHeHVe B Buae —— = —g[] 1 npouHTerpmpyem

dt?

ero asaxabl no tDﬂOﬂyHMM 3aKOH OBWMXEeHUA MaTepmaanon TOYKWN:

x(ﬂD]: —gt—f+ Citl+ CLl

Mpumep 2. TleomeTpuyeckas 3amava. Hantm  Kpusyio,
npoxogsiyto yepes Touky M (0;1) n obnapatoLLyo Takum CBOMCTBOM,
4YTO B NMOOON ee TOYKe YrnoBoW KOIMULMEHT KacaTenbHOW paBeH
YABOEHHON abcLmcce TOUKM KacaHus.

PeweHue. [lycTb ypaBHEHME WCKOMOW KPUBOW WMeeT BUA

y= y(}D] Ycnosue,  paBeHCTBa  Yrnoeoro  KoadduumeHTta
KacaTenbHOWN yABOEHHOWN ToYke abCLMCcce KacaHUsl MOXHO 3anucaTtb B
Buge tgo = 2xlrge o — yron HaknoHa kacaTensHon. Toraa nckomas
KpvBas aBnsieTca pewweHmemM anddepeHLmnansHoro ypaBHeHus
ylE 2x[1

WHTerpupys 3TO ypaBHeHMEe, nonyyaem oblwui Bug WCKOMOW
KpuBOW y(}D} xf+ CL] YuutbiBasi, uto KpvBasi NpoxXoauT 4epes
3afjaHHY0 TOUKY M[CO;I), Havigem C=1.

Takum 00pas3oM, YypaBHEHME MWCKOMOW KpWUBOM WUMEEeT BuUA
yl= xF+1 , 3To napabona, npoxoasLias yepes Touky M (puc. 1).



Puc.1. 'pacurk nckomon Kpuson
9.1.2. O6bIKHOBEHHbIe ughhepeHyuanbHbIe ypagHeHUs
nepeozo nopsioka. OCHO8HbIe MOHSIMUSs

OnpepeneHune 1. O6bIKHOBEHHbLIM AnddepeHumanbHbIM ypaBHe-
HWeM nepBoro Nopsiika HasblBaeTCs ypaBHEHWE BUAa

F(xly3)=0,
rae X - HesaBucMMmas nepemeHHas, )= y@rD]— anddepeHumnpyemas
dyHKUUSA, y']— Npon3BoAHas 3TON PYHKLNN MO NEPEMEHHON X .
OnpepgeneHune 2. YpaBHeHVe B1aa

yl= Sl p)

HasblBaeTCs ypaBHEHNEM, paspeLLEHHbIM OTHOCUTENBHO NMPOU3BOAHOM
Unu ypaBHeEHNEM B HOpManbHoW ¢hopme.

dyl’]
YuutbiBas, 4TO yDz d_i anddpepeHumansHoe ypaBHeEHME,
X
pa3peLLeHHOEe OTHOCUTENbHO MPOM3BOAHON, MOXHO 3anucaTb B BUAe
M (xy)xts N(x3)dy=0.

910 cumMeTpuyHas dopma 3anucu  audpdepeHumansHoro
ypaBHEHWsI.

Onpep,eneHMe 2. (DYHKLI,VIFI ([)()CDJ Ha3blBae€TCA peLlieHunem

YpaBHEHMST HA WHTepBane (xljﬂ;), €Cfn1 OHa onpeaeneHa Ha 3ToM

WHTepBarne, HenpepbiBHO-AUdepeHumpyemMa, U noacTaHOBKa 3TOM
dYHKUUN B UCXOOHOE YypaBHEeHWe obpaljaeT ero B TOXAECTBO Ans

Vxle (x;,ixh).
Mpaduk pyHKLMM (p(xD]HaablsaeTCH MHTerpanbLHOMN KPUBOMN.
Onpepenenue 3. Pewnts  anddepeHumnansHoe  ypaBHeHue,
3HaAYUT, HaNTU PYHKUMIO V(= (p(xD] ABMAOLLYIOCS PELUEeHUEM.



B panbHeviwem 3Ty yHKUMO OygeM HasbiBaTb  MCKOMOW
dyHkumen. [lpouecc HaxoxaeHus pewenns O[Y HasbiBaeTcs
MHTEerpupoBaHueM anddepeHunanbHOro ypaBHeHNs.

9.1.3. 3adaya Kowu. Ocobbie u 4acmHbie peuweHus!

Onpepenenne 1. 3agaya, B koTopon TpebyeTca HanTK pelueHue
AnddepeHumansHoro ypaBHeHNs F@(g}g}@:o nwm Y= ﬂ(,bcg/DJ
YAOBMNETBOPSIOLLEE HaYanbHOMY YCIOBUIO y(}(@: Y,/ HasbiBaeTcA

3apaven Kowum.
Teopema cywecTBOBaHMSI M €OUHCTBEHHOCTU peLUeHUsA
3agaun Kowm. Tlyctb pgaHo gudpdepeHumansHoe ypaBHeEHUe

yi= ﬁ(]x[ﬁZ)] roe  yHKumMS ﬂ(]x,]jﬂD] onpegeneHa B HEKOTOPOM

obnactn D nnockoctn Oxyl] copepxallen TOuKy (x@@(ﬂ). Ecrm

pyHKUMS ﬂ@x,]jﬂb]y,qosneTBopﬂeT YCrOBUSIM:

1) ﬁ@xEBZD]eCTb HenpepbiBHas QYHKLMSA OBYX NEPEMEHHbIX X
n ylBobnactu D;

ot

2) ﬁ(]xl]j]D]mmeeT YaCTHYI MPOU3BOAHYIO 8_j orpaHuYeHHyo
y

B obnactu D,
Torga HangeTcs UHTepBsan (xg— hﬂﬁc@+ hD] Ha KOTOPOM CyLLECTBYET

€OVNHCTBEHHOE peweHune y&" (p(X)J AaHHOoro YpaBHEHUA,

yOOBNETBOPSIOLLEE YCIIOBUIO (p(x@ =Y, -

[okasaTenbCTBO Teopembl B AaHHOM KypCe OnyckaeTcs BBUAY
CNOXHOCTU. C HUM MOXHO O3HAKOMUTLCSI B MOHOorpadumm [8].

Onpepenenue 2. PyHkums yI= (p(x]]D] roe Cl-InpoussonbHasn
KOHCTaHTa, Ha3sblBaeTcs o6LwmnmM peleHnem ypaBHeHUs

F@Bﬂ[ﬂﬂ@z 0, ecnn

1) oHa ypoBneTBopsieT ypaBHeHuio )iE ﬁ@xD/D] npyu noodbIX
JOMYyCTUMBIX 3Ha4YeHusIX koHcTaHTbl CI;J

2) kakoBO Obl HWM ObINO HavanbHoe YycrioBue y@c@:yp roe

TO4YKa (x@@@) NPUHAONEXUT obnactn, rae BbIMOMHAKTCS ycnosusa

10



CyLLECTBOBAHMA U €AMHCTBEHHOCTU pelleHnst 3aaadn Kowm, MOoXHO
nogo6patb Takoe 3HadeHne C, ) noctosiHHoit CL! yTo pelueHune

yiZo(x,)C;) 6Gymer ynoBneTBOPATH 3amaHHOMy —HauarbHOMy

ycnosuio, T.e. (x;)C}) =y, -

Onpepenenue 3. dyrkums O(x[P[C)=0 HasbiBaeTcs oBWUM
MHTErpanomMm YypaBHeHUs, ecnm oHa 3agjaeT obulee pelleHve
ypaBHEHUS1 B HESIBHOM BUJE.

OnpepeneHue 4. PelueHne, B  KaxgonW  TOYKE  KOTOPOro
HapyLllaeTcss eOUHCTBEHHOCTb pelleHus 3agauyn Kowwm, HasbiBaeTcst
0COObIM peLLEHNEM.

OnpepgeneHue 5. PeweHne, nonydeHHoe w13  obwero npu
HEKOTOPOM  JOMYCTMMOM  3HAYE€HUW MPOU3BOSILHOM  MOCTOSIHHOM,
Ha3blBaE€TCSH YaCTHbIM PELLEHVEM.

3ameyaHue. YactHoe pelieHne MoXeT OblTb NONy4YeHo U3
o6Lero pelleHnst npu HeKoTopoM 3HadeHum koHcTaHTel CL1Oco6oe
pelleHne He MOXeT OblTb Mony4YeHO u3 O6LEero HW nNpu Kakom
3HaYeHUn nponssonbHo noctosHHon CIl.

Mpumep 1. Hantn vHTerpanbHyo KpuByto anddepeHumnansHoro

ypasHeHuss ¥/ = 2x[, Inpoxoasilyio yepes Touky M[(];l).
Pewenne. O6LWIMM pELIEHNEM YpaBHEHUA SBMSIETCA YHKUMUA
BUga Y= x*+C, rme C - Npou3BOmMbHass  KOHCTaHTa.

DevictutensHo, ' &= 2x, otcioga V= j2xdx =x"+C.

Oyukumm  y=x7, y=xf+1, y=xP+2, nonyyeHHsle u3

obliero pelleHUss NpU  KOHKpeTHbIX 3HadeHusx CL] asnsawoTcs
YaCTHbIMU PELLEHUAMUN JAHHOMO YPaBHEHUS.

MocTpovB rpadvkyM pelleHnss Npu pasnuuHbix 3HadeHuax Cl]
nony4um B6eckoHe4vHoe MHOXECTBO HernepeceKaoLLMXcs
WHTErpanbHbIX KpWMBBIX, KOTOpoe Oyaem HasbiBaTb CEMENCTBOM
MHTerpanbHbIX KpUBBLIX (pUC. 2).
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Puc. 2. HTerpanbHbie KpyBble ypaBHEHUS

MocTpouM WHTErpanbHylo KpUBYIO, MPOXOAALLYID 4Yepe3 TOuKy
M[(];l). Ona aToro TpebyeTca pewuTb 3agadvy Kowm ¢ HavanbHbIM
yCrnoBmem y(ﬁﬂ)zl.

MoactaBum 3Hauennss x; =1, pj=1 B obwee peleHue.
MonyyenHoe  paBeHctBo 1=1+CO pewwmm  OTHOCUTENLHO
npoussonbHon noctosaHHon CLJ nonyuum C[= 0. Takum obBpasom,
pelieHMeM nocTtaBneHHow 3ajayn Kowwm aensetca dyHKumsa yI= xfl
Ha puc. 2 — aTo uvHTerpanbHas KpuBasi, npoxogsiias vyepes TOuKy
M(l;l), ee rpaduk BblgeneH XXUpHOW fNHNER.

[aHHoe ypaBHeHME He WMeeT O0cobObiX peleHnn, Tak Kak
ﬁ(]xl]jﬂmz 2x[] HenpepblBHAs YHKUMS W YacTHas MNpousBoaHas

0
lD: 0 orpaHuyeHa.
oyl
Mpumep 2. MNocTponTb MHTErpanbHble KPUBLIE ypaBHEHUE yu= 2\/;D
PeweHue. [laHHOe ypaBHeEHME MOXHO 3anucaTb B BUae
1 1
—= 2\/;D4nm xE—
2,/

v
o k)1
oyl oyl \/;[

Hanpem
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Mpu p=0 HapywaeTcs ycrnosue Teopembl O CyLIECTBOBaHUM U

€[VHCTBEHHOCTU pelleHns 3agaun Kowwu. YpaBHeHME MOXeT UMeTb
ocobble pelleHust.
O6wum  pelweHne paHHOro  AuvddpepeHuMansHOro  ypaBHEHUS

snsetcs X[= 4/ v+ CL]3ametum, yto npu 3Tom npeobpa3oBaHm Mbi

mMornu notepsTe pewwenne Y= 0.
YacTHbIM pelleHVeM YypaBHeHWsi sBRsoTca dyHkumm Xx[= 4/ Y[ inpu

C#0, x= \/;}1 npu C=1 wn 1.40. CemelcTBO WHTErpanbHbIX
KPMBbIX MOKa3aHo Ha puc. 3.
Paccmotpum pyHkumio y(== 0. OHa siBnsieTcs peLueHnemM UCXOgHOro

YPaBHEHWSsI, KOTOPOE HE MOXET ObITb MONyYEHO M3 OBLLEro HU Mpu Kakmx
3Ha4YeHNsAX NPOU3BOSILHOM MOCTOsiHHOW. CregoBaTtenbHO, 3TO ocoboe
peLleHne, B KaXaoM TOYKE Takoro peLleHunsl HapyLuaeTcs eAMHCTBEHHOCTb
3apgaun Kowu.

OewncrtButenbHo, ecnun 3agjaTb HavanbHoe ycnosue y(jl\'g)=0, TO

noctaBneHHas 3agadya Kowwn Oypetr wumetb pgBa pewenus. OpgHo
nonyu4ntcs 13 obuwiero pewenuns. Ecnm B dopmyne obuiero pelueHus

nonoxute  x=x,)[=0, to Cl=x/! n pewennem 3sapaum Kowm
ABNAETCA PYHKUMS X[= \/;H- X\l 310 pelueHne npoxoaut Yepes TouKy
(x@([[) BTopbiM pelleHVMeM, MNPOXOOALLIMM Yepes 3Ty TOUKy, ABMNSAeTCs

dyHkums y[= 0. Takum obpasom, B kaxgoi Touke pewenns y[=0

HapyllaeTcsl eAMHCTBEHHOCTb 3agayn Kowmn. Takoe pelueHuwe sBnsietcs
0coObIM.

x=2\y-2 xaﬁ x=4y+2

Puc. 3.
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9.1.4. Memo0 u3oknuH
MycTb 3agaHo anddepeHumnansHoe ypaBHeHe
y'= )
Ecnu obo3Hauntb oL yron mexagy KacaTenbHOW K UHTerpanbHOW
Kpuson yI= (p(x) M nonoxuTenbHbIM Hanpasnennem ocu Oxl,] To,

npuHuvasi B0 BHMMakHne, uto tga =)', 3 = fi(x[y)] nonyumm

tga = fxy)]

W3 aTtoro cnepyeT, 4To AnddpepeHumnansHoe ypaBHEHUE B KaXO0N
TOYKe MMOCKOCTH (x,y)] 3afaeT HanpaBreHuve KacaTenbHbIX K
WHTEerpasnbHbIM KpUBbLIM UK MOJie HanpaBneHUn.

Mone HanpaBneHWn MOXHO MOCTPOUTb, MPOBOASA B KaXKOOW TOYKe
(x, yD] 13 obnactn onpegeneHvs yHKUMK jﬁx@i[ OTpes3ok (ans
ONPEeAEeneHHOCTN €AWMHWYHOW ANWHBLI) C LEHTPOM B 3TOW TOuKe,
oGpasytowmini ¢ NonoxutensHbIM Hanpasnednem ocu Ox[lyron o,

ANsa KoToporo fgla. = ﬁ@xyD]
Ecnun B Touke (xo,yQ 3Ha4eHne yHKUUK ﬂ(]x@@@):oo, TO

HanpasneHune nond napaniernibHO OCU OyD B atom Cliy4qae HyXXHO
ncnonb3oBaTb ypaBHEHNE

a1
dyT ey

Ecrm xe B Touke (x))i)) 11_)nv10 flxly)= [%] TO B 9TOW TOYKe
y=yo!
none He onpegeneHo. Takyo TOYKY Ha3blBaloT OCOOOMN.

Mone HanpaBneHu [OaeT HekoTopoe npeacTaBrneHMe 06
WHTErpanbHbIX KpPMBbIX, KacaTerlbHble K KOTOPbIM B KaXXOOW TOYKE
coBnajalT C nonem HanpasneHun. [lpu nocTtpoeHun nongd
HanpaBneHUN CTPOAT 0COObIE NMUHUN — U3OKIWHBI.

OnpepeneHve 1. JIMHMKM, Ha KOTOPbLIX MOME HaMpaBneHUN
NOCTOSIHHO, Ha3bIBalOTCH U3OKITMHAMM.

W3 onpegeneHunsa n3oknuH cnegyeT, YTO UX YpaBHEHNE NMEET BUA

flxy)=c,

rae C - no6oe NOCTOsIHHOE YKCHO.

14



Mpumep 1. T[locTpouTb MOfe HanpasfeHUA U U3OKMUHbI

x[]
andppepeHumansHOro ypaBsHeHNs yD: ——D. Vcnonb3ysi NOCTPOeHHOEe

none HarnpasneHuin, NPOBECTU ero NHTerparnbHble KpUBbIE.
PeweHue. Haligem ypaBHeHWe Wu30knuH. [lo onpegeneHunto

ypaBHeHue umeet BUA ﬂ(myﬁt: ClICnepoBaTtensHo

XLl
yll
unm
yl=-Cxl]
Mpu C=1 ypaBHeHWe U3oKNMHbI UMeeT BuA YI=—x . Ha aton
W30KIMHE NOre HanpaBreHWn UMeeT Yrofl HakroHa oL, TakoW 4To

tgao=1, cnepoBatenbHo, oL =45 . AHaMOrMYHO HaxoAWM, Mpu

C'= -1 ypaBHeHue n3oknuHbl ) = X . Ha aToii usoknuHe tgo = —1,

o=135". NMpu C=0, ypaBHeHne u3oknmHbl X= 0, Ha M30KNMHE

tgoo=0, oo=0". Mpu Cl=o0 ypaBHeHne u3oknuHbl =0, Ha

n3oknuHe tgo =00, oL =90 .

M30KkNuHbI M none HanpasBfneHun npuBedeHbl Ha puc. 4. [lone
HanpaBneHWn [aeT BO3MOXHOCTb YCTaHOBWUTb, YTO WHTErpanbHbIMU
KPUBBLIMU SIBMSIOTCS KOHLEHTPUYECKME OKPYXXHOCTM C LIEHTPOM B Havane
koopauHaT (puc. 5). B Havane KoOpAMHAT Mone HanpasneHu’h He
onpegeneHo. 9To ocobas Touka.

Puc. 4. 3oknnHbl 1 none HanpaBreHuin

15



Puc. 5. VIHTerpanbHble KpuBble
9.2. YpaeHeHusi nepeo2o nopsidka, donyckaroujue
UHMezpupoeaHue 8 kgadpamypax

OnddepeHumanbHbiX ypaBHEHWU, 0OLIME pelleHus nnuM obume
WHTErpanbl  KOTOPbIX  HaxOOATCA  3NieMEeHTapHbiMM  NpUeMamu,
HemHoro. [lanee paccMOTPMM HEKOTOPbIE U3 HUX.

9.2.1. YpaeHeHuUs ¢ pa30enisiiouuMucsi nepeMeHHbIMU

OnpepeneHne 1. OGLIKHOBEHHBLIM AnddepeHUManbHbIM yYpaBHe-
HVEM C pa3aensloWMMUCA NepeMeHHbIMU Ha3blBAaeTCs ypaBHeEHue

e £l
M ()M (»)dx# Ni(x )N (y)dy=0.

MeTopq peleHna Takmx ypaBHeHMﬂ 3aKrnK4yaeTcd B cnefyrouiem.

dy]
PaccmoTpum nepBoe ypaBHeHMe. YuWTblBasi, 4TO yt:d_ﬁ
X

mnnn

X
YMHOXWUM YypaBHeHVWe Ha m Monyynm  anddepeHumansHoe
g

ypaBHeHme
DU
X,
20)

mnnn
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dyl]
0 Ffl)dy= 0.

MHTerI/Ipyﬂ 3TO paBeHCTBO nony4yum

jg@)] [ filx)dx= CL

BbluMcnvB wHTerpansl, HageM peLleHue YypaBHEHWUSI B BuAae
obLero uHTerpana. Ecnm ns aToro ypaBHeHUsI MOXHO Bblpa3uTb y(ch]

B SIBHOM BuAe, Toraa yHKumns yl= y(},EEE’D] ByneT SBNATLCS OOLUM

peweHnemM ypaBHEeHUA.
PaCCMOTpVIM BTOpOoe YypaBHeHue. YMHOXas ypaBHEeHNEe Ha

M) NG
TRmITE] N S )Y

3710 pPaBEHCTBO MOXHO WUHTErpunpoBatb, MNpun4emMm, nepBoe
cnaraemoe no x, a BTopoe no yD

ijxD]d Eerg(y)d = CO
NG 0)”
OT0 BbIpaXeHWe SABNSIeTCS OOLLMM MHTErpanoM ypaBHEHMS.
3ameyvaHue. YpaBHeHus Buaa M(]xbﬂx@r N@Dﬂy@c 0 sBnsioTcs

ypaBHeHUs C pa3aeneHHbIMU NepeMeHHbIMU.
O6LWMM MHTErpanomM Takoro ypaBHeHuUsl ByaeT BblpaXeHue:

[ M(x)de+ [ N(p)dy=cCl

3ameyaHue. [lpyu YMHOXEHWUM YypaBHEHUN Ha —F—
g

nosny4nm

Mbl MOITIN NOTEPATb peLleHNA UCXOOHOro ypaBHEHUA

1
M5 ()N ()
BMOa gCyD]: 0 nns nepeoro ypaBHeHWs 1 M;(yiz 0, N[ﬂxD]: 0

ONs BTOPOro ypaBHEHWs. OTU pelleHnss HeobxoanMO pacCMOTPeTb
oTgenbHo.  3gecb  BO3MOXHbI  Tpu  BapumaHTa.  PeleHus,

yaoBneTeopsoLLImMe COOTHOLLEHUSIM g(¥)=0,M5(y)=0,
Ni(x)=0:

17



1) moryT He ABNATLCA peLleHnaIMm NCXOOHBIX

anddepeHumanbHbIX YpaBHEHWUI;

2) MOryT €BNATbCA  YaCTHbIMM  pPELUEHMSIMU  UCXOLHbIX

andpepeHumansHbIX YpaBHEHWI;

3) MoOryT 4BnATbCA  OCOObIMM  pELUEHVSAMU  UCXOOHbIX

andpepeHumanbHbIX ypaBHEHWUNA.

3T0 npoBepsAeTCs HenocpeacTBEHHOW NOACTAHOBKOW peELLUEHUN B
NCXOOHOE YpaBHEHME.

Teopema. (O cywecTBOBaHUM U €AVHCTBEHHOCTU peLUeHUs
3agaum Kowm pgna  ypaBHeHusas Cc  pa3gensilowyMMUCA
nepemMeHHbIMM).

MycTe gaHo anddepeHumnansHOe ypaBHEHUE C pa3gensitoWmMMmICS

nepemMeHHbIMM
y'=flx)g(y).

roe f[(]XD] n g(yD]- HenpepbiBHbIE (byHKLI,I/IM Ha nNpAMOYyrosribH1ke

I ={(x )t ax x[<b, cl< yl< dfm g(3)%0.

Torga gna nobon To4YKM (x@@(ﬂ)eﬂ, pewweHne 3agaun Kowwm
CyLlecTByeT W eOuHCTBEHHO. To ecTb 4epe3 OOyl  TOYKY
(xpﬂ;)e II npoxoouTt ogHa u Tonbko odHa WHTerparnbHas KpuBas

ypaBHEHMS.

HokasatenbcTBO. [Ins AaHHOro ypaBHEHMWS BbIMOSIHEHbI YCNOBUS
Teopembl CyLWecTBOBaHWA W  eOMHCTBEHHOCTM 3agjaun  Kouuwm,
npveegeHHon B nyHkTe 9.1.3.

Mpumep 1. Hantn  obwee peweHne guddepeHLmansHOro
ypaBHeHus xdx 4 ydy= 0.

PeweHne. B 3TOM ypaBHEHMM nNepeMeHHble pasgeneHbl.
NHTerpupys ero, _[xdx@r jydy& 0, nonyyum o6Lwmin nHTerpan:

2 2

LYo

2 2

Mpumep 2. Hantn obwee peweHne anddepeHumnansHoro
ypaBHeHUst (1 + yﬁ)xdx@r (1 + xﬁ)ydy[: 0.

PeweHune. Pasgensss nepemeHHble, NyTeM OefeHus ypaBHEHUs
Ha BbIpaxeHue (l +xﬁ)- (1 + yﬁ), nosy4mm

18



(1+x@)d"@(1+y@) =0

WHTerpupys nonyquHoe ypaBHeHme

Halgem ero obwuii uHTerpan Eln‘l + xﬁo + Eln‘l + yﬁ‘ =C[J] vnn

ln‘l + xﬁo + ln‘l + yﬁ‘ = 2C[JMNpeacTaBmB NPOU3BOMbHYIO MOCTOSAHHYIO
B Buge 2C[= 1n|C\[|], Nony4nm ln‘l + xﬁo + ln‘l + yﬁ‘ = ln|C1:|]. OTclopa
‘1 + xﬁo . ‘1 + yﬁ‘ = |C1:|] unu (1 + xﬁ)' (1 + yﬁ): +Cll

Tak kak C|InponsBonbHasi NocTosiHHAs, obluee pelueHre NCXOAHOTO
ypaBHEHUA MOXHO 3anucaTb B BUAE:
(1 + xﬁ)~ (1 + yﬁ)z
3ameTum, 4TO NpU OeNeHN UCXOOHOTO YPaBHEHUS Ha BbIPaXKeHWe
(1 + xﬁ)- (1 + yﬁ) pelleHus He noTepsiHbI, Tak Kak

(1 + xﬁ)~ (1 + yﬁ);t 0. Ocobblix peLueHwit HeT.

9.2.2. OOHOPOOHbIe dughghepeHyuanbHbIe YpPasHEeHUs!

Onpepenenne 1. ®OyHkuuA ﬂ(]x,]jﬂD] HasblBaeTcs 00HOPOOHOU
yHKyuel nl-fo nopsidOka OmHOCUMEsbHO MepeMeHHbIX X Uyl lecnu

BbIMNOMHSAETCS PABEHCTBO ﬁﬁx[@@z t"ﬁ(]x[ﬁED]an t#0.

Mpumep 1.  PyHKUUS fﬁ(]xﬂﬂﬂm: xf— Xy yﬁ ABnseTcs
OZIHOPOLHOWN (hyHKLIME BTOPOro nopsiaka, Tak kak

ﬂ@‘x@tﬂz 2 xP—tPxy 2 yPl= tﬁ(xﬁ— Xy yﬁ): tzﬂ(])ciﬂED]

Mpumep 2.  DyHKLMA ﬂ@xﬂj]D]:ZD SIBNSIETCA  OQHOPOAHOM
X

(byHKLI,VIeVI HyneBoro nopsgka OTHOCUTENbHO NEPEMEHHbLIX X U ) .

[encreuTensHo, f[@‘x[@’Dﬁ %% ﬂ(lxﬂﬂﬂbl
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OnpepeneHue 2. [uddepeHumanbHoe YypaBHEHWE MEPBOro

nopsiaka
y' = filxi3)

HasblBaeTCAa OOHOPOOHBLIM, €Ccrn  PYHKUMS ﬁ@x[ﬂi)] oAHopoAHas
dyHKUMA HYNeBoro nopsiaka OTHOCUTENBHO NEPEMEHHBIX X U ).

Mycts  f (xl]jﬂi — oAHopodHasi byHKUMSI HyrneBoro nopsaka

1
OTHOCUTENbHO MepemMeHHbix X u . Monoxus #=— B TOXAECTBE
x[]

A= AT ronyaum A= ﬂél,%, . onopomHas

dyHKUMA  HyneBoro nopsiaka 3aBUCMT TOMbKO OT  OTHOLLEHMS

apryMEHTOB U ee MOXHO NpPeacTaBUTb Kak PYHKLIMIO OT aprymMeHTa 2 .

x[]

O6o3Havas /@1%& yepes (P(Z%' ogHopogHoe audpdepen-
X X

unanbHoe ypaBHeHUe Bcerga MOXHO npeactaBuUTb B BUOE:

dyll [y
dxl| q{xJ

MeToq pelleHns ogHOPOAHOro AuddepeHLMansHOro ypaBHeHNS
3aKnyaeTcs B CneayoLwem.

BBegem HOBYHO MCKOMYHIO (DYHKLNIO u(}D]cpopmynoﬂ
Y
u@rD]: =,
x[]

dyl] u
oTkyna y=u-x, —y:uﬁ}xﬁ]—. MoacTaBnsist 3TW BblpaXeHusi B
dx[] dx[]

dul]
NCXOMHOE ypaBHEHWe, nonyunm: i+ xd— = (p(u) umm

X[
xdu'= (p(u) - udx )
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Takum o6pas3oM, nocrne 3amMeHbl Mbl MOMNYYUNM  ypaBHEHWE C
pasgensiowmmMmncsa nepemeHHeiMu. Mogenum obe Yyactu nocriegHero

paBeHCTBA Ha X(ZP(MD]* uim npovHTErpupyem

I;duﬁjldx[
X

(o) =u

3ameHasa 3atem ulJHa ero 3sHadveHue nonyynm obLumin

Y
x[)
MHTEerpan ypaBHeHus.

Teopema. (O cyuiecrBoBaHum “M €eOUWHCTBEHHOCTU 3agaydu

Kown aons ogHOpoAHbIX ypaBHEeHUWN).
Ecnu dyHkumns (p(uD]HenpepbuaHa Ha NPOMeEXyTKe (a[@: npuyem

(p(uii;t ul_ans moboro ule (aﬂﬂ)] Toraa vepes Mobyto TOUKy (x@ @@)

npuHagnexatwyto o6bnactu  GI[J) npoxoauT ogHa M TOMbKO oAHa
WHTerparnbHasl KpuBasi ypaBHEHUS.

HdokazaTenbCcTBO  TeopeMbl  creayeTr U3 Teopembl O
CYLLEeCTBOBaHUM U eOMHCTBEHHOCTM 3adaun Kolum ans ypaBHeHWit c
pasaensowLnMMmUcs nepeMeHHbIMU.

OndbdepeHunansHoe  ypaBHeHVe M[(Zvl]jﬂbdx@r N(}[ﬂZ)ﬂy[:O
MOXHO MPMBECTM K OfHOpOAHOMY ypasHewmio, ecrin M (x/§)] u

N(}E@D] ABMAOTCA OAHOPOAHLIMU (PYHKUMSIMU OOHOTO M TOFO Ke
nopsiaka. JencrTentensHo, ypaBHEHNE MOXHO 3anuncaTb B BUAE:

dyll M(x[p)
dxll  N(xm)

30ecb npaBasi  4YacTb ypaBHeHUsI ogHopoAdHasi OYyHKLUMS HyneBoro
nopsigka.

Mpumep 1. PeluunTs ypaBHeHMe (xﬁ+ yﬁ)dx[— 2xydy = 0.
PelieHue. 3anuwem ypaBHeH1e B Buae

dyl] (xﬁJr y@)

dxl 2xy
Cpoenaem 3ameHy y[= ul-x, nony4nm ypaBHeHue
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u'x@ruB:xE(I—-i-uﬁ)

2x%ull
MpoBenem psg anrebpandecknx NpeodbpasoBaHuUi:

1+ uf’ 1+ uf 1+u’)-2u?
P (0 SR (53713 SIS (K7 wt
2x ul 2u 2ull
1—u?
= ull= - Monyuunu ypaBHeHWE C pasnensoMUCS
u

nepemMeHHbIMun. Pelwinm ero.
2ul] 1
I—zduB: j —dx# C.
1-u x[J
BbluncnuB uHTerpans!, nony4nM pelleHne B Buae obliero uHTerpana
ln|x|El— ln‘l —uz‘ = ln|C|] unu x(l —uﬁ)z C . BosBpawasch K

ncxogHom YHKLUMM, NOMAYYUM

A
x(l xﬁ] C

OBLLUMIA MHTErpan NCXOAHOro YPaBHEHNS.
3ameTum, 4TO MO XO4y peLUeHUs Mbl OENWNU YPaBHEHNE HA X U©

Ha BblpaXeHue (l—uﬁ), YTO MOIJIO MNMpUBECTU K NnoTepe peLlJeHVIVI

2
Buoa 1—u~ =0 n x[= 0. 311 peleHna MoXXHO Nomny4nTb 13 oblLuero

uHterpana npu C[= (0. CneposaTtensbHo, OHU SIBASIKOTCA YaCTHLIMM
peleHnamMn 1M BXOAAT B 0OWMA wHTerpan ypasBHeHusi. Ocobbix
peLleHnin UICXOQHOE YpaBHEHUE HE UMEET.

9.2.3. JluHeliHbIe dughpepeHyuanbHble ypagHeHUs 1Mepeo2o
nopsioka

OnpepeneHue 1. JluHerHbIM anddepeHunansHbiM ypaBHEHUEM
1-oro nopsigka HasblBaeTCH ypaBHeHMe BMaa

v+ px)y= g(3).
OnpepenenHne 2. Ecnn  dyHKUMSA g(x)EO, ypaBHeHne

npuUHUMaeT BUg y'+p(xDj/[:0. B atom cnyyae ypaBHeHue
HasblBaeTCcAd OAHOpOAHbLIM InuHerHbiM OfY. WHauve, ypaBHeHue
Ha3blBaeTCs HEOQHOPOAHbIM fMHeHbIM OL1Y.
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Hangem  pelleHne  HEOAHOPOOHOro  ypaBHEHUS  METOAOM
Jlarpanxa. [ns 9aToro cHavyana pelwaeTcs COOTBETCTBYHOLLEE
OQHOPOAHOE ypaBHeHMWe, a 3aTeM HEOQHOPOAHOE YpaBHEHUE.

1 atan. PaccMoTpuM ogHOpoaHoe ypaBHeHue Yl p(EcDj/[:O,

roe p(}D] HenpepbiBHasA beHKLIMFl. OHo gaBngeTcsa Takke YpaBHEHNeEM

C pasgendarwmmmMmnca nepemMeHHbIMNU. [ns Hero BbIMNOMHEHbI ycnosus
TeopeMbl CyLeCTBOBaHNUA N €JUHCTBEHHOCTU 3a4a4n Kowu.

Mycte yl# 0. Mepenuiiem ypaBHeHue B Buae
dyl] dyl]
25 p(}Dj/B: 0 vnm —y+p(1DHxE 0
dx!’ yl

W NPOVHTErpUPyeM ero:

[ plea= -

Mony4nm ln|y|[+ In eﬁmdx = 1n|C|]vmm |y|B: |C|Ejpmdx. B cuny

npoussornbHocTM noctosHHon C] obuwee pelleHne OOHOPOOHOIO
ypaBHEHUS NpUMET BUA:

v el

3ameTum, YTO pelueHne 6bino nosyyeHo npu ycnosusx yiz=0 u
C= 0. MNposepum, sBnsetca nu yl=0 pelweHneMm oaHOPOAHOMO
ypaBHeHus. [oactaBum ero B ypaBHeHUe. YpaBHeHMe npespallaeTcs
B ToxzecTBo. CnegoBatensHo, V=0 ecTb pelueHue OOHOPOAHOrO
NMHENHOro ypaBHeHus. [lpoBepuM, SBRSIETCA OHO OCOOLIM UMK
YacTHbIM peLleHneM. Tak Kak 3TO peLueHne MoxeT OblTb NoyyYyeHo 13
obero pewenus npu C[= 0, To 310 pelleHne — YacTHoe.

Ocobbix pelueHuii ypaBHeHWEe He uMeeT. Takum o6pasom, Ha
nepsoMm 3aTtane ObiNo nonydeHo obllee pelleHMe OAHOPOAHOro
ypaBHEHUS.

2 a3tan. OO6wee pelleHWe HEOLHOPOAHOrO YypaBHEHWUs OGyaem
uckaTb B TOM e BuAe, 4YTO M MonyvyeHHoe obliee pelleHue
OOHOPOZHOIO YPaBHEHWUS:

= Cla)erd
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C@)] cneayeT nopobpatb Tak, 4Tobbl pyHKUMs V(= CG‘D&EI plx)ax

AaBndanacb  peweHmemMm  UCcxogHoro HeoaHOPOAHOro - ypaBHEHUA.
MoacTaByM ee B UCXO0OQHOE HEOLHOPOOHOE YpaBHeHUE.

Crllerd " 1 (e (- ple)+ ple)ele ™ = o)
Otclopa C[ﬁxD&ﬂp(x)dx =g(x)  wm Clx)= g(chéH(X)dx.

WHTerpupys, nonyydmm sua OyHKLUN C(}D]

Clx)= [ gl av

CnenyeTt 3aMeTUTb, YTO MHTErpan CyLlecTBYeT, Tak Kak g(ch] no

YCINOBUIO TEOPEMbI SBIISETCH HENPepbIBHON OYHKLUMEN.
Ob6Lee pelueHNe HeOQHOPOOHOrO ypaBHEHNS UMeeT B

W)= edp(”ﬂ( [ gl s cg)

nnn

V)= e 4 TP [ gl e

MocnegHaa copmyna [Jaet CTPykTypy obliero pelueHus
NVHEeNHoro HeogHopoAHoro AuddepeHunMansHOro ypaBHeHUs 1-ro
nopsgka. OHo npeacrtaBnseTr M3 cebs cymmy obuiero pelleHus
OOHOPOLHOIO YPaBHEHUS W YACTHOrO peLleHUs HEeOOHOPOLHOro
ypaBHeHus1. OcobbIX peLleHnin JaHHoe ypaBHEHME HE UMeeT.

3ameyaHune. Ecnm pewaetca 3agada Kowm ¢ HavanbHbIMU

OaHHbIMK (x@x@), TO peLleHue 3agaeTcs hopmynon

- ]‘p(delx\ X j‘p(x)u’x

ya)=er | [alx)e®  de# ).

Mpumep 1. Hantn obLiee pelleHne ypaBHEHNS

]
y+ RN
xUJ
PeweHune. Pewwenne 6ynem nckatb metogom JlarpaHxa.
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1 aTan. Hangem obuee peLleHne COOTBETCTBYIOLLLEro

0
opHopoaHoro ypasHexus yl+ BASN

x[
3T0 ypaBHeHWE SBMSIETCS Takke YpaBHEHMEM C pa3aensoLmummcs
dyl dx
nepemMeHHbiMu.  3anvwem ero B Buge ———=0 wu
y  xU
dx
NPOVHTErpupyem I—— _D_ Cl.1BbluvcnMB MHTerpansl, Mosy4Ynum
y X
1 | 1 ol Yy ~ Yy _
ny|[ 1n|x|[— 1n|C|]:> In—= 1n|C|]:> —| = |C|]
X X

OG6Lee pelleHne ogHOPOAHOrO ypaBHeHust umeeT Bug = Cx L]
2 atan. OOllee pelleHME HEOOHOPOOHOrO YypaBHeHus Gyaem

nckats B Buge  y(x) = C(x): x 1

MoactaBnas ero B ncxogHoe YpaBHeHUe nony4yumMm,

Ot o) CEH C@‘)}D B o Cllie Ca)- Cla)= af) =
Clloc)xz x?) = C[(lxD]:x[ = C(}D]:jxd}c+CD nnm

c(m_wg

O6|.|J,ee peLlieHne ncxogHoro ypaBHeHI/Iﬂ nMeet B
pad
y(x)= Co X >

9.2.4. YpaeHeHuUs 8 noJsiHbIx QughghepeHyuanax
OnpepeneHue. [ucddpepeHumnansHoe ypaBHEHNE

M (x;@)ex+ N(e )y = 0

Ha3blBaeTCA ypaBHEHMEM B NOJHbIX .qmb(bepeuu,uanax, ecnn ero
ieBad 4acCTb dABNAETCA MNOJIHbIM p,mcbq)epeHu,Manom HeKOTopOVI

(byHKLl,I/II/I OBYX nepemMeHHbIX u(jc[BZD] TO €CTb ieBad 4aCTb ypaBHEHUA
npegcraBumma B BUuge

M(xip)dx# N(x[F)dy = du(x/5)
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Teopema. llycTb 3agaHo guddpepeHumanbHoe ypaBHeHue, rae
M[@x,j/) n N(x,j/) - HenpepbiBHO AuddepeHuUmpyeMble (PyHKLMN.

Ona Toro 4ToGbl YypaBHEHME ObINO YypaBHEHVWEM B  MOMHbIX
anddepeHumanax, HeobxXxoAMMO U [OOCTATOYHO  BbIMONHEHWe

crneayroLlero ycroeus
oM7) _ oN(x[y)
oyll oxll

HokasatenbcTBo. Heob6xogumocTb. [lycTb 3agaHHOe ypaBHEHNE
— ypaBHeHue B MonHbix aguddepeHumanax. Torga no onpegeneHuto

cyllecTByeT (YHKUMSA [OBYX MNepeMeEHHbIX u(}lj/) Takas 4To

M(x[3)dx + N/ y)dy = du(x/ ).

Mo onpegenexHuto NOAHOro ,u,mbq)epeHumana

ou
d ——d H—dyl]
u(}@) ﬁxDx 6y[y
CnepoBsaternbHoO M[Gx,j/) (}D/)
oul]
MpoanddepeHUpyem BblpaxeHne M[@(D})za—[ no yLl a
X

ul|
BblpakeHue N(}c,j/):a— no x . Monyuum
oyl

M:iéé_ug ON(xY) _ aéaug

oyl oyl ox oxll  ox\Uoy

B cuny HenpepbIBHOCTM (pyHKLWI M[(]x,j/) Z N(Ik,j/), NnopsiAoK
AN dhepeHUMPOBaHNSA B 9TUX BbIPAXKEHUAX MOXKHO MOMEHATL, TO €CTb

ié@ug 8 8u
oyl ox ox 63/

oM(x;y) _ oN(x[y)
oyl oxll

CnepoBaTternbHO,
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oM(x/F)!_ ON(xH)
oyl oxl]

cyliecTByeT DyHKLUMS u(&[ﬁﬂb] Takasi YTo

M(xip)dx % N(x[F)dy = du(x/5)

HanomHum copmyny nomnHoro ,qmcbq)epeHumana
du(x/3) = —dx@r —dyD

13 KOTOPOW CrieflyloT crneaytoLime paBeHCTBa

8 0
=Ml 3= M)
Paccmotpum obnactb GB: {(x[ﬁ]D]’@ (a[@:@@ (c[HD}

HDocTtaTto4yHocTb. [lycTb . Mokaxem, 4TO

oul
lMponHTEerpupyem paBeHCTBO 8_]: M@x[ﬂZJD] no x B 3Ton obracTu.
X

Mony4nm I% = jM@cD;DHE[r,qe Xy le (aJED] Ortcropa
x4

uls )= ulxpd )= | My,

xp!
xL]
u(x, )= ulep) y) [ M) )
MpoanddepeHumpyem nocrnegHee paBeHCTBo Moyl

8u(3£ybl du@@yDJ aiM@@D&m

oyl dyl]

oul]
YunTblBas, 4to 5” = N(x/%)) nonyunm

Naiy)= 00 d”@m ), o Z&MD@DMD
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B cuny HenpepbiBHOCTM  OYHKLMU M[(]x,]jﬂD] NnopsiAoK
AnpdepeHUnpoBaHMa U MHTErpupoBaHUA  MOXHO  MOMEHSATb,
xl

Nxiy)= B2V FO

o oy

@CEBZ)J_ aN(WDJ

M3 ycnosua = cregyer, 4To

d
Nw “i‘@;m [ M
BoinonHum psp, npeobpasoBaHmii:

N(xz) = Bliol?) d”@‘wm b Ni5)- Ny y) = M NG 3)

= du@cwDEhN(:kaa‘lyD = ul(xpy)= J;NWdeyme
vhle (cia).

MNoacrasme u@@@]s BblpaxeHue (*), nomny4um

ulxiy)= TMwwm Tszywyu

Takum obpasom, ecnu e [@x[@m ——N(}EBZD] TO MOXeT
6bITb NOCTpOEHa PyHKLMS u@rljﬂb] Takasi YTo
M () N )y (= dulx ),
310 O3Ha4aeT, 4TO paccMaTpuBaeMoe ypaBHeHWE ecTb

ypaBHeHUe B NOSHbIX AnddepeHymnanax.
3ameyaHue. PaBeHcTBO

[ e NGy ylav=C

3agaeT obLM nHTerpan ypaBHeHUs B NOfHbIX anddepeHuymnanax.
3ameyaHue. AHamNOrMYHO MOXHO MoKa3aTh, YTO PaBEHCTBO
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jM (e yp Jdx i+ iNbrinay[: C

TOXe  3agaer  obwMMW  uHTerpan  ypaBHEHWS B MOJHbIX
anddepeHymnanax.

3ameuaHnue. 3HayeHus X, n y[! MOXHO BblGpaTb MPOU3BOILHO.

Heobxogumo  Tonmbko 4TOObI  CyllecTBOBanM MOAMHTErpanbHbie
byHKLMM M@'Eﬁzoj N@c@@)] Ecnu pewaetca 3agava Koww, 10 x|

N Yy, COOTBETCTBYIOT Ha4arbHbIM JaHHbIM.
Mpumep 1. MNpouHTerpupoBaTtb ypaBHeEHME

(xh—i— yjdx@r (x} y)ﬂy@ 0.

Pewenne.  3pecb M@c[ﬂi)]: xf+ yl] N(chjAm: x=yll
oM(xiF)_ | ON(IB)_

oy ’ x[]

YpaBHeHVe sBNSeTCA ypaBHEHWEM B MOMHbIX AuddpepeHumanax.
Hangem obwuin mnHTerpan ypaBHeHUs. OTO MOXHO caenaTtb ABYMs
cnocobamu. JInbo Bocnonb3oBaTbCsA NONyYeHHbIMKU dhopmynamu, Nnbo
HanTM  obwmi  uHTerpan no  anroputMmy,  U3NOXEHHOMY B
[oKasaTernbCTBe TEOPEMBI.

Cnocob6 1. Bocnonb3yemcs nepBov 13 NOnyyYeHHbIX hopmyn

j(xm J’Da’ng T(x@— y)dy'= Clinyets x}= 0,5, )=0.

xp! 6

ji(xﬁ+ yD&’be j.(— yDZz’yB: CL

0

Bblumcnue  mHTerpansl, nony4YMMm oOWWMi uHTerpan 3agaHHoro
ypaBHeHUS

RIS DyEFy—E— CL
4 2

Cnoco6 2. Hampem obwuin wnHTerpan Henocpeu,CTBeHHo
8u

8 j @c[ﬂZﬁ: xP ylItorna ul= J'(x@— yDE]xB — + xllyH (p(yD]

MpoanddepeHUMpyem nony4eHHoe paBeHCTBO Mo ) .
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oull 0 [ xt _ _
2= [] — ’
o 6y£ YR yﬂp(y)J x# ¢'(y)

oull
YuutbiBas, 4TO — =

o (}Eﬂﬂi— x[= ylinonyumm x @ (ym: x= yld

2
WHTerpupys ypaBHeHve (p'(ym: -y Jnonyymm (p(ym: —y?. Otciopa

u(},]jﬂmz —+ xklyl= y2

CJ'Ie,D,OBaTeJ'II:HO, oowun MHTEerpan ypaBsHeHna nMeeT Bua:

x—ﬁ+xﬂyEFy—ﬁ: CL
4 2

9.3. uppepeHyuanbHbie ypagHeHUs 8bICWUX MOPSIOKO8

9.3.1. OcHOBHbIe NOHSIMUS

OnpepeneHue 1. O6bIKHOBEHHLIM AndepeHLnanbHbIM ypaBHe-
HMeM 71l-0ro nopsiaka HasbiBaeTCcsl ypaBHeEHUe Buaa

Flmmtat,..., y)=

rpe X He3aBuUCUMada nepemMeHHad, y& y(}D] NCKomMad d)yHKLI,MFl,

yD@DEL s B}@ NpPoun3BoAHble hyHKLMK y(})]no nepemMeHHoOn X .
Onpepenenune 2. [lopsagok cTaplled NpouM3BOOHOW HasblBaeTcs
NOpPSAAKOM ypaBHEHNS.

Hanpumep, ypaBHeHue yﬁ) +xkEly#2=0, saenaetca

OObLIKHOBEHHbIM ,U,I/I(bd)epeHLl,VlaJ'leblM ypaBHeHneMm TpeTbero
nopaagka.

OnpepeneHune 3. YpaBHeHne Bnga

y = Filerssatpt., ),

Ha3blBaeTCA YypaBHEHMEM, paspelleHHbIM OTHOCUTENbHO CcTapLue
MPOV3BOAHON UMW YpaBHEHWEM B HOpMarnbHon dopme.

Onpe,qeneHMe 4. q)yHKLI,VI‘r'I ([)()CDJ Ha3blBaETCA peweHnem

YpaBHEHUS Ha WHTepBane (xDJZlQ), €Cnv OHa onpeaeneHa Ha 3ToM
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uHTepBane, nlpa3s HenpepbiBHO-auddEpPeHUpyema, 1 NoACTaHOBKA
ee B YypaBHeHMe obpallaeT ypaBHeHME B TOXAECTBO Mpu

Vxle (x[Ji,).

Mpadurk aTON ByHKLMN Ha3biBAETCS MHTErPanbHOWN KPUBOW.

9.3.2. 3adaya Kowu Ons ypaeHeHul ebicuiux nopsiOKoe

OnpepeneHne 1. 3agaya  HaxoXOeHWs  peLleHus (p(xD]
ypaBHeHus F(},j/,y',y",...,y@) =0, y0BNETBOPSIOLLETNO
HayvasbHbIM yCrnoBuam y@;} = yhi y[@x@) = Vbt

ymzl)(xp) = y},)., HasbiBaeTca 3apaven Koww gnsa ypasHenus nl-oro

nopsiaka.
Teopema cywecTBOBaHUA U €AMHCTBEHHOCTU 3aga4um Kowu.
lNycTb 3agaHo ypaBHeEHME

y@ = ﬁ(}@,y',y",...y@q))
Y HaYarnbHble YCroBums
Yx56) = vob y1k) = vols o ¥V (x0) = Youa
Ecrm dyHKuma ﬂ(:xlj/,y',y",...y‘ffl)) HenpepbiBHa B HEKOTOPOW
OKPECTHOCTW HauamnbHbIX YCMOBW;, M HEMpPEepbiBHbI €€ YacTHbIe
npousBoAHbIe NepBoOro nopsaka Mo y@',y",...,yﬁzl) B 9TOI

OKPECTHOCTW, TO 3adaHHbIM HavarnbHbIM YCINOBUSIM COOTBETCTBYET
OfHO ornpefenieHHoe pelleHne AnddepeHUManbHOro ypaBHeHUs Ans
BCEX X W3 3TOW OKPECTHOCTM.

Onpepenenune 2. ®yHkuna  yl= (p(xI]IJCQ...,CE), rae
CLLl, C|l — nponsBomnbHble MOCTOSIHHbIE, HasbiBaeTcs OGLMUM
pelueHneM ypaBHEHUS!, ECIIN

1) OHa AIBNSAETCS pELLeHVeM, TO eCTb YAOBNETBOPSET YPaBHEHMIO
yf =ﬂ@@,y’,y",...ymkl)) npu MOGLIX LOMYCTUMBIX 3HAYEHUSX
koHctant CLJLL, C ;

2) ons nobbiX HayarnbHbIX YCNOBWN y(j@)z Vi y[ﬁxQ: Vi
yeffl)(x@)= Yonz CUCTEMA YpPABHEHUN
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@lx}iCHCY....CL) =y,
¢'(xp1CHCH....CL) = v,

0" (x1CHC...,.CI) = ¥y,
opHO3HayHO paspelwmma oTtHocutenbHo  Cl, LILIC, |,  Mpuyem

yHKumsa Y= (p(x(g Cols Cldseens CQ) YAOBMNETBOPAET HavanbHOMYy

ycrnosuio, T.e. (p(x@ Cols Cigyeos CQ)Z Ve -

3ameuaHue. Obuiee pelwweHne guddepeHumanbHOro ypaBHEHNS
nl-oro nopsiaka Bcerga coaepXXuT pOBHO #[ MPON3BOMbHbIX KOHCTAHT.
OnpegeneHne 3. PelueHne, NonyyYyeHHoe M3 OOLLEro pelleHust

npy  KOHKPETHbIX 3HaveHusix noctosiHHbIX C,...,C|] HasbiBaeTcs
YaCTHbIM peLLEHNEM.

Onpepgenexue 4. dyHKUMA q)(x@mgag...,(:;) =0 HasblBa-
eTcs OOMM WHTerparioM ypaBHEHMS, eCnu OHa 3ajaeT obulee
peLleHre ypaBHEHNS] B HESIBHOM BUAE.

9.3.3. YpaeHeHus, donyckaroujue NoHuUXxeHue rnopsioka

PaccmoTprm HekoTopble Buabl AnddepeHumnansHbIX ypaBHEHUN
BbICLUMX MOPSIAKOB, AOMNYCKaOLLME NOHWKEHNE NopsiaKa.

1 TMn. YpaBHeHuWe BMaa y(") =ﬂ(]X)]

O6llee pelleHWe [AHHOTO YpaBHEHWS HaxoOuTCs 71 KpaTHbIM
WHTErPMPOBaHMEM.

Y= deﬁdxﬂ.fﬁ@xbﬂx} C,+C,x+Cyx* ...+ C xIT.
%/—/
nlpa3
2 TMn. YpaBHeHue Buaa F(x[ﬂi@,@@”,l[ﬂ}@): 0.
OTO ypaBHEHWE He COAEepPXUT WCKOMOW (YHKUMM ©n  ee

npon3BOOHbLIX OO0 nopdaka k=1 BxnounTensHo. nopﬂ,D,OK Takoro
(k)

(*)yHKLI,l/I‘r'I ZDpaCCManVIBaETCFI KakK HOBasA HeM3BeCTHas (*)yHKLI,VIFI oT

YPaBHEHMS1 MOXHO MOHW3UTL Ha k| egmHny 3ameHoit z/= y'"’. 3peck

X, To ecTb z[= z(j)] Mpy Takoli 3amMeHe ypaBHeHWe NpPUMET BuA
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F(}J},Z’,...,Ef”Hk)):O. Ecnn ypactca HanTu obliee pelueHue

MONYYEHHOro ypaBHeHUst z[= (p(x,@?{j...,Clgkr), TO obluee pelueHne

MCXOOHOro ypaBHEHUA HangeTcs I’I:IkpaTHbIM MHTErpupoBaHneEmM
YpPaBHEHUA

Y = o(xiCp...,CL,).

3 TMn. YpaBHeHue Buaa F@,y',y",...,@("ﬁ): 0.

3T0 ypaBHEHME He COAEepPKUT HE3aBUCHUMYI0 NEepPEMEHHYI X .
MopSOOK YpaBHEHMS MOXHO MOHU3NUTb Ha EAMHWLY, WCMOmNb3ys
noactaHoeky yl= pl] 3gech yHkuMs p paccmaTpuMBaeTcs Kak

HOBas Hem3BecTHas dyHKUMsA oT Y[ ITo ecTb pl= p(j/)

Bce npoussoaHble yDD,@("T BbIpaXaloTCsi Yepe3 Npon3BOaHbIE
OT doyHKUMU p Mo ¥ . COOTBETCTBYIOLME (POPMYIIbl UMEIOT BUA!
U U
o dp
dx'] dxl dy dx[] dy dy!]

d{ dpl) d Ao L dPpr (dplY
b=
dx\I" dyl) dy\" dyl)dxl] dp?] dy

n Tak pganee. lMoacTaBMB 3TU BbIPaXeHUS ONS NPOU3BOAHLIX B
MCXOOHOE YypaBHeHue, nonyyum anddepeHumnanbHoe ypaBHEHUE

(nEl)—oro nopsigka OTHOCUTENbHO HOBOW HEu3BeCTHOW (pyHKuuUK

p(y).

Mpumep 1. Haiitu oblee pelieHne ypasHerns y!= sin x[

PeweHne. 3TO ypaBHEHME OTHOCUTCA K MEepBOMY TuMy.
WHTerpupya ero nocnegoBsaTenbHO Tpu pasa, Hangem obuiee
peLueHue:

y!= [sinxdx = —cos x+ C})
y'= [ (~ cosx# CPdx = —sin x# Cjx# C]

2
yi= [ (= sin x# Cjx# C; )dx(= cos x+ Cp%+ Chii# CJl
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Takkak C,,/C,, C; - npoun3BosibHble KOHCTaHTbI, O6LLEee pelueHne
MOXHO 3anucaTb B Bie
y=cosx® Cx° + C,x+ C,.
Mpumep 2. Haittn obuiee pelueHmne ypasHerns xp!' —y" =0.

PeweHue. 310 ypaBHEHME OTHOCUTCS KO BTOPOMY TUMY, OHO He
COLEPXKMT UCKOMYHO (hYHKLUMIO U ee NPOU3BOAHYIO NMepBoro nopsaka. B
3TOM cny4yae MNOpPSAOK YpaBHEHUSI MOXHO MOHWU3UTb Ha eauHULy

m

sameHon zI=y", Torpa y"=z". 3pecb dyHkuMa z
paccMaTpuBaeTcs Kak HoBasi HemsBecTHas yHKUMA OT X, TO eCTb
z[= Z(x). Mpn Takom 3ameHe nMofy4Yaem ypaBHEHWEe C

pasgensowmmmca nepemeHHbimm x£'— z(= 0. 3anuwem ero B Buae

dzD_ dx
z x]
N NPOVHTErpupyem
dz[]

—=C.
Bblyvcnum mHTerpanl, ln|z|3— ln|x|3: C . MpeactaBmMm NPoV3BOSIbHYIO

noctosiHHyto B Buge Cl= ln|C1|, ln|z|L+ 1n|x|# ln|C1|, In|Z| = ln|C1|,
X

—£:|C1|, zl=+C\x. Tak kak C, - Npou3BOsibHas KOHCTaHTa, 3HaK

+ moxHo onyctuTb z[= C, x|/ Bo3Bpallasicb K MCXOOHON (yHKLWM

nonyunm y" = C,x[.]OTo ypaBHeHWe peliaeTcsi nyTem ABYKPATHOrO
NHTErpMpoBaHus:

= [Caax = C, %hwz,

2 3
y@:j(c —+C;]dx=c 6J+C x3 C,.

34



Mpumep 3. Haittu pewenve 3agaun Kown yI=32sin’ ylcos yl]

o) =12, yi(1)=4.

PeweHue. 3T0 ypaBHEHNE OTHOCUTCA K TPETbEMY TUMNY, TaK KakK He
COOEPXKUT He3aBUCUMYIO NepeMeHHyo. BBeaeM HOBYH HEU3BECTHYIO

dpl]
dyl’
McxoaHoe ypaBHeHve mpusoanTcs k Buay plp’ = 32sin’ ylcos yl
OT0 ypaBHeHWe C pasfensloWMMUCs NepeMeHHbIMU. 3anuiuem ero B

dyrkumio  pi= p(). Coenaem sameny y'= pliTorpa yl=p

Buae pdpl=32sin’ ycos ydyll u npounterpupyem. [Monyuum
nocrnefoBaTternbHO

[ pdp = [32sin’ ylcos ydy!)]
2 .4
[ pdp = [32sin’ yd(sin y)) %:325“‘Tym+ loin
pti=16sin* y+ C[

Bocnonb3yemcsi HavanbHbIMW JaHHbIMY y(]]):n/Z, y[ﬁl):4.

Monyunm 47 :16sin4g+CDva 16 =16+ C}! Otciopa C; =0 n,

cneposatenbHo,  pll=16sin® y p= +4/16sin* y[= +4sin’ yl]
BepHemcst kK ucxogHom nepemerHon yl = +4sin’ yl.Bocnonbsyemcs
HayarnbHbIMW AaHHbLIMKU, Y4TOBLI BbIGPaTh 3HaK. M3 HavanbHbIX AaHHbIX
y()=n/2, y(1)=4, cnemyer, u4TO  HyKHO  BbIGpaTH
nonoxuTenbHblil  3Hak:  yl=4sin’ yll 3To ypasHeHne nepsoro
nopsaka ¢ pasaensolUMUCA NepemMeHHbIMU, 3anuileM ero B Buae

dyl] dyl]
- )2/ = 4dxn ﬂpOI/IHTerVIpyeMI - )2/ :J4de
sin” yL sin” yL
Monyuum  —ctg y[= 4x+# CLl Hainpem KOHCTaHTy, WCMONb3ys

e
HavanbHble AaHHble: — cth =4+ CL| Cil=-4. CnepoatensHo
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pelleHne 3agaum Kowun wumeer Bua —ctgy=4x=4 um

x&l—aﬂm.
4

9.4. JluHeliHble QughghepeHyuanbHbIe ypagHeHUs1 N—020
nopsioka

Onpepenenune 1. JluHenHbiM anddepeHunanbHbiM ypaBHEHNEM
nl-oro nopsiaka HasblBaeTCs ypaBHEHWE Buaa

o, () + o, () Lo ()= Alx))
roe ai;(xD]L;l (xD]D,E@(xD]M f(xD] - HenpepbiBHble (OYHKUMM Ha
npomexytke [aib]i a,(x)# 0, Vxi& [alb]]
3ameuaHue. Ecrv B paccmaTpuBaemoii obrnactu W3MeHeHUs
HesaBucuMoro nepementoro o, (x)# 0, To, nonenvs Ha o, (x) ] u
0603Hauasi MonyyeHHble KOIPMULMEHTHI U MpaByld YacTb BHOBb

o, (x),...,a, (x)] ﬂ(JxDJ 6ynem umetb
y™ +0L1(xDj/@*” +...+ocn(xDj/B: fﬁxD]

Takum o06pa3om, He ymansas OOWHOCTM MOXHO cuMTaThb
o, (x)=1.

Onpepenenne 2. JluHenHoe AudpdepeHumanbHoe ypaBHEHME
HasblBaeTcs OAHOPOAHbLIM, €Crnu ﬂ(bcﬁz 0, B npoTvBHOM cnyyae
HEOAHOPOAHbIM.

Teopema 1. Ecrm dyHkumm o, (x), (lEcl,...,nD] " ﬂ(bc)J

HenpepbIBHbI Ha HEKOTOPOM MHoxecTBe X, nuHeliHoe
anddepeHunanbHoe ypaBHeHWE Bcerga WMeEEeT  e4UMHCTBEHHOEe
peLleHne, yooBneTBopsioLLee HavarnbHbIM YCNOBUSAM:

y())=v6) yp) =y Y=y

9.4.1. JluHeliHble 0OHOPOOHbLIE ypa8HEeHUsI N—020 NMopsioKa

Onpepenenue 1. JInHelHbIM ogHOpPOAHbIM AndddepeHUnanbHbIM
ypaBHeHueM nl-Iro nopsigka HasblBaeTCa ypaBHeHME BMaa

Y o, (™ + . a, (x)yE 0.
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PaccmoTpyM  OCHOBHble CBOWCTBA JIMHEWHbIX OOHOPOOHbIX
anddepeHumanbHbIX ypaBHEHUN.

CeouctBO 1. JIMHenHoe oAHOpPOAHOE ypaBHEHME Bcerga MMeeT
peweHne y=0.

Doka3atenbcTBo. [poBepsieTca noacraHoskon y= 0 B ncxonHoe
ypaBHeHue.
3ameuanue. Pewenne y[= 0 HasbiBaeTca HyneBbIM, Tak kak OHO

YyOOBETBOPSAET  HYMNEBbIM  HayalibHbIM  YCITOBUAM y(j’@)z 0,
y[ﬁx@l:O, y@ﬂl)(xg):O. Opyrux pelueHvi, yooBneTBopsio-
LLUMX HYNEeBbIM HavarbHbIM YCIOBUSIM HeT.

CeounctBo 2. Ecnn dyHkumm yme] " yg(xD] — pelueHus

OAHOPOAHOTO YypaBHeHWsl, TO yHKuua  yl= Cﬁymxb} C, y;(xD]
TOXE PeLUeHne 3TOro ypaBHEeHHUS.

HokasaTtenbcTBO. Moactasum  y= Cpt ymx)} CLt y;(x)] B
neByto YacTb ypaBHeHus. [Nonyyum

a,(Ciyi Coy)" + af(Cyp s )" 4

+a,, (Cyp Coys) +ay(Cryp Covs) =

- gl a3t ol apyi)
+ Celagyl?) + a3+ Ea, it apyh).

Tak kak dyHKUMM y}[ﬂxD] n yg(xD] SABMSAIOTCA  peLleHNaMU

ypaBHeHMs1, To 06e CkOOKM, a 3HA4YMT U BCA NeBast YacTb ypaBHEHUS
paBHbI HyIO.
CnepcrBue. JlvHenMHaa KoMOMHauMS peELLUEHUn OOHOPOAHOro

ypaBHeHus  yl= Cljymxb}r C, y;(xD]+...+ C, yl;(xD] ABnseTCs
peLleHeM OAHOPOJJHOTO YPaBHEHMS.
Onpepenenve 2. Pewennsi ypasHenns yi(x)}  yh(x)) ...,

y,(x)IHasbiBatoTcn nuHeitHo HesaBucuMbIMN Ha [aib]) ecrm ans
Vxlé [aib] pasencrso
Ciyi# Coybi ... 2Cl =0
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BbinonHeHo Torga 1 TOnbKo Toraa, Koraa Bce KoauUMeHTbl paBHbl
nymo C; =C, =...=C,=0.

Onpepenexue 3. PelueHns ypaBHEHUA )y (xD] b2 (xD] ...,y,&xb]
Ha3bIBAIOTCS JIMHEMHO 3aBUCUMbLIMMU Ha [a;bﬂ] ecnu cylectsyert
Habop  koadbpuumeHtoB  CiJChl...,C,5; He  paBHbIX  HyIO
OAHOBPEMEHHO, TakoW, 4YTO

Ciypr Cops+...+ CLyLi=0,
ans Vxle [aib]l

3ameuaHnue. Ecnu cpeau pelueHun yl(xD] yz(xD] ...,ym(xD]

€CTb XOTA 6bl OAHO HYNEeBOE, TO OHU NIMHENHO 3aBUCUMBI.
OnpepeneHne 4. ®dyHOoaMeHTanbHOM CUCTEMOM pELLUEHUN
nuHenHoro  anddepeHunanbHOro  ypaBHeHMSt  nl-bro  nopsigka

HasblBaloTCA 71[ INMHENHO He3aBUCHUMBbIX peLleHUi yl(xDJ yz(xD]

ey yn@cD]eToro YpaBHEHMUS.
Onpepenenune 4. OnpegennTens

N
ygoooybh L0 oy
S e I
b I R B Y
roe yl(xDJ yz(x)J ceey ym(xD] (nHl) pa3 anddepeHumnpyemble
d)yHKLI,I/II/I Ha3blBaAETCA onpegenutenem BpOHCKOFO.

Wix=

Teopema 1. [Ins TOro, 4Tobbl CUCTEMA PELLEHWIA V) (x)] b%) (xD;

s Vo (xD] ypaBHeHUs Obina pyHAaMeHTanbHOM CUCTEMOWN peLUeHU,

HeobxoAMMO M JoCTaTodHO, YTOObLI onpegenutens BpoHckoro Ans
3TUX pelleHun He obpalianca B HOmMb XOTS Obl B OOHOW TOYKe M3

obnactn onpepeneHus ypaBHeHusi. TO ecTb W(xp);to, roe x, -
TO4Yka 13 obnacTv onpegeneHns ypaBHEHUS.

HokazatenbcTtBo. HeoGxoaumocTb. [lyctb dyHKUMM ) (x)]
Vo (x)] v V) (xD] 00pasyloT hyHOaMEHTanbHy0 CUCTEMY peLLEHUN
OOHOPOAHOTO NIMHEWHOrO ypaBHEHMS, Toraa QyHKUmMs!
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= Cryf) Chy () .. Cly (x);

TOXe pelueHue ypaBHeHUs No cneactsmio 3 CeoncTea 2.
MocTaBum ANA 3TON (PYHKUMM HyNeBble HaYarnbHbIe YCroBUSA

y(}(@:(), y[ﬂx(@:O,..., yéff‘l)(x(l;):()
B TOUKe X!

OTM HauanbHbIM YCMOBUSIM COOTBETCTBYET NIMHEIHAs OAHOPOAHAS!
cuctema otHocutensHo Ci,Chl...,C, -

C@Eﬂx@)+ ngg(x(ﬂ)+ ..H Cl;yi;(x@) =0
Cg/ﬁﬂx@)+ CQ}Q(XQ)+ .. H Cl;yj;(x@) 0

..

Cr™ () + Coyy )+ Oyl () = 0

[aHHaa cuctema saBRsieTCA NUHEWHOW OAHOPOOHOM CUCTEMOW
anrebpaundeckmnx ypaBHEHUN OTHOCUTEITbHO HEeN3BECTHbIX

Cl, 0y L[] ] Tak kak pelueHus y{ixbj y@(xDJ - yn‘(wD]o6pa3wa

cbpr,ameHTaanyro cucrtemy, 1O OHU NNHEeNHO HEe3aBMCUMbI U cUCTEMA
ypaBHeHVIVI nMmeet TOINbKO HyneBoe pelweHune

Ci=Cyl=..=C,=0. W3 oatoro cnepyer, 4TO onpenenuTenb
CUCTEeMbl OT/IMYEeH OT Hyn4. Onpe,u,enMTenb 3TON CUCTEMbI ABNSAETCS
onpegenuTenem BpoHckoro, To ecTb W[(j\c@) #0.

DoctatoyHocTb. [lycTb onpegenutens CUCTEMBI W[@(@);to,

TorAa ~ cucTeMa  WMMeeT  TOMbKO  HyneBoe  peLleHue
Ci=Csy=..=C, =0, u3 vero cnegyer, 41O pellEHUs yLﬂx)J
yo(x)) oy, (X)) - nuHeliHo HesaBucuMbl M criepoBaTenbHO

06pa3ytoT hyHAAMEHTANbHYIO CUCTEMY PELLEHWN.
3ameyaHue. Jlerko gokasaTtb, YTO eCnu W@c@) =0, 10 W[(}cm:t 0

ans Vx(é [aib])

Teopema 2. (O cTpykType oOLero pelweHnss OAHOPOOHOrO
nHenHoro anddepeHunansHOro ypaBHEHNS).
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Ecrm y, (X)), y, (x)= pyHaameHTanbHas cuctema peLLeHui,

TO obliee pelleHUe OAHOPOAHOro NUHelHoro aAvddepeHUMansHOro
ypaBHEeHVs1 UMeeT B1A,

V(= 2 Cilx),
roe CLILL, O] }- npousBonbHble NOCTOSHHbIE.

9.4.2. JluHeliHble HEOOHOPOOHbLIE YPasHEeHUsT N—020 NopsiOKa

Onpepenenne 1. JIMHEMHbIM HeOAHOPOAHLIM  AMddEpPEH-
uManbHbIM ypaBHeEHMEM 1 -Iro Nopsiaka HasbiBaeTCs ypaBHEHUE BUAa

Y v aflx) y + s a, () e (x): v flx)

Teopema 1. OO6uiee pelweHne TNUHENHOTO HEOOHOPOOHOro
ypaBHEHUA UMeeT BUL,

Vi Vbt Yl

rae y/ ], - obliee pelleHVe HEOOHOPOAHOTO ypaBHeHus, || - obliee

PelleHne COOTBETCTBYIOLLErO OOHOPOOHOTO  ypaBHeHus, V) -
YacTHOe peLleHne HEOOHOPOAHOMO YPaBHEHMUSI.

HokasaTenbcTBO. [loka3aTenbCTBO crefyet U3 HenocpeacTBeH-
HOM  nopcTaHoBkn  pewenns V) = VI + Yyl B uncxogHoe

ypaBHeHMe.

Cpeay  HEOOHOPOAHbIX  JMHEWHBIX  YpPaBHEHWA  BblgensioT
HEOOQHOPOZHbIE  NMHEMHblE  ypaBHEHUS C  MOCTOSIHHbIMU
Ko3dphuumeHTamMm, nMetoLye pasnnyHble pusanmyeckne NPUOXKeEHUs.
[na aTux ypaBHeHWIn paspaboTaHbl B MOMHOM OGbemMe MeToAbl
HaxoXAeHUst OBLLErO peLLEHNS.

9.4.2. JluHeliHble dughpepeHyuanbHble ypagHeHUsI N—020
nopsidka ¢ MocMosiHHbIMU Ko3ghghuyueHmamu

OnpepeneHune 1. YpaBHeHune Bnga
yVrayV+ . +a, ' Falyi= f(x)]

roe ap)ll,all,d,] - BewecTBeHHble uucna,  HasbiBalOT

HEeOaHOPOAHBIM NMUHENHbIMU AnddepeHunansHbIMU YpaBHEHUSMU C
NOCTOSIHHLIMU KO3hdhULmMeHTamu.
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JleByto yacTb nuHeriHoro OL1Y ¢ NOCTOSAHHLIMKU KO3 MLMEHTaMM
06bI4HO 0603HavYalT MOCPeACTBOM onepaTtopa L(}D] T.€.

LE)E y™W +ay™™ . +a,,yEalyL]

B aTnx 0603HaveHmsaX ypaBHeHNe 3anncbiBaeTcd B BUAe

L(3)= 1)

Obuwee pelleHne HEOOHOPOAHOIO YpaBHEHMS, Kak Bblno yka3aHo
B NpeablayLlemM nyHKTe, UMeeT Bug

V= Yhhdt Yo

PaccmoTpum pelleHne Takmx ypaBHEHUN meToaom JOunepa. B
3TOM cnydae oOuwee pelleHve uWeTcs B ABa dTana, CHavana
HaxoguTcs obuwee pelleHne OOHOPOOHOrO YypaBHEHWS, a 3aTem
YacTHOe peLleHne HEOAHOPOLHOIo YpaBHEHMS.

1 atan. OO6wee pelleHne COOTBETCTBYHOLIENO OOHOPOAHOrO
ypaBHeHMs

YW+ ap . +a, Y Fajyr=0
vwetca B Buge YI= el Moacraenssa  yli= e B ypaBHEHNE U

[
COKpaLlyada Ha e@ #0 , nony4yaem TakK Ha3blBaemoe
XapakTepuctn4yeckoe ypaBHeHue

N+al !+, +a, At+a,=0.

OTO ypaBHeHue, COrfnacHO OCHOBHOW Teopeme anrebpbl, MMmeeT
POBHO 7 [KOpHEN, C y4ETOM KPaTHOCTM.

3agadya HaxoXOeHWs KOPHEeWM XapakTepUCTMYECKOrO ypaBHEHMWS
ABNAETCA  3agadven HaxoXxgeHus KopHen MHOro4ynieHa C
BeLLEeCTBEHHbIMU KOo3dbduLmeHTamMmn. Bo3MOXHEI criegytoLime criyqau.

e XapakTtepucTuyeckoe ypaBHeHUe MMeeT NpocTbie
BelLeCTBEeHHbIe KOPHM.
KaxxgoMy npocTomy BeLLeCTBEHHOMY KOPHIO XapakTepuUCTUYECKOro

ypaBHeHWsi A, COOTBETCTBYET (DYHKUMS, SBNSIOIASACS peLlleHUem
NMHENHOro ogHopoaHoro AnddepeHunansHOro ypaBHeHNs
ymT: eXE'
PelweHus, cooTBeTCTBYIOLLNE pa3NUYHbIM BELLECTBEHHbLIM KOPHSAM
Xm ,  SBMAOTCA  NWHEWHO  He3aBUCUMMbIMW.  [1encTBUTENLHO,
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onpegenvTenb BpoHCKOro, MOCTPOEHHLIN Ha 3TUX pELUeHUsIX, He
paBeH HyJo:

0 IS ¥/ I U e el . et
wie| VY V[ Rael A, el
y@’l) yﬁﬂ’l) yﬁﬂHl) Nietm etr L el
1 1 ... 1
Wik ette . eM Mooh x””iO,
7»’;_1 X"ZHI k’;_‘l‘
Tak kak el el ... eM"'% 0 v onpegenuTens
1 1 ... 1
}\’1 7\’2

}\’n
1= H(kir_kk)
1<ikk&n

7\‘/{ =] }\‘/12 =] N }LnHl

nll
He paBeH Hymnio, ecrm A, # A .

Takum obpasom, nl/pelueHuin, COOTBETCTBYIOLUMX pPa3NUYHLIM
AEeNCTBUTENbHBbIM KOPHAM XapaKTepUCTUYECKOro ypaBHEHWS, IMHENHO
He3aBUCUMbl 1 006pasyloT (yHOAAMEHTamnbHYI0 CUCTEMY peLleHWun
OOHOPOAHOIO  NMHEWHOro  AudpdepeHunanbHOro  ypaBHEHUS ¢
MOCTOSIHHbIMK kKO3 duumeHTamn. ObLiee pelueHVe OAHOPOAHOMO
ypaBHEHMS B AaHHOM criyyae nMmeet BUA:

V)= Clet™ + Clel™ +... + Clet .
o XapaKTepVICTVI‘-leCKoe ypaBHeHue nmeet npocTble

KOMMNJIeKCHbIe KOPHWU.
Ecnu XapakTepuctn4yeckoe ypaBHeHne uMmeeT  passinyvHble

KOMMJ1EKCHbIE KOPHWU XW TO 3TUM KOPHAM TaK Xe COOTBEeTCTBYHOT

o _ ixL
JINHEMHO He3aBUCUMblE peLleHns yQJ— el . [okasbiBaetca 310
aHanorv4Ho nepeoMy cry4at. M obliee pelueHne MOXHO 3anucaTb B
Buae
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vl = Clet + Crel +... + Clet™ .

Ha NpakTuke HaC MHTepecCyrT BeWEeCTBEHHbIE peLleHnA, N0O3TOMY
NVHENHO He3aBMCUMbIE PELLEHNsI BLIBUPaKOTCS CrneayoLm ob6pasom.
N3 kypca anreGpbl n3BecTHO, Yto ecrm A, = Ol + il KOMMMeKkcHbIN
KOPeHb XapaKTepUCTUYECKOro ypaBHEHUA, TO CONpAXeHHOEe YUCIIOo
A, =0 —IPl TOXe SBNSETCS KOPHEM BTOMO XapaKTepUCTAYECKOrO

ypaBHeHUs1. OTON nape KOMMIMEKCHO COMPSKEHHBbIX KOPHEN MOXHO
nocTaBuTb B  COOTBETCTBME Mapy. JIMHEWHO  He3aBUCUMbIX
BELLECTBEHHbIX (DYHKUWA, SBMNSAIOWMUXCA peLleHUs MU  NTMHEeNHOro
oAHoOpoAHOro AndbdepeHLManbsHOro ypaBHeHUs. PaccmMoTpum

yj)=el4™ = e (cos Bx isin Px)
vl = e = e®f(cosPx /= isin Px)

CornacHo CBoMCTBY 2. Ans1 OOQHOPOAHOrO ypaBHEHUS, NUHeHas
KOMOVHaUUS pelleHniA ToXe peLleHne 3Toro ypaBHeHus. Monoxum

Fhl= (V4 yibi ) /2
JN/@\: (yp_yl;f\l)/[zi.

OTcloga NpocToMy KOMMIIEKCHOMY KOPHIO 6yayT COOTBETCTBOBATH
[Ba NNHENHO He3aBUCUMbIX PeLLEHNs:

V,l=e cosPx
Pl = e™ sinpxl]
e XapaKkTepucTMUeckoe ypaBHEeHUe UMeeT KpaTHble KOPHMW.
Ecnn A, - KOpEHb XapaKTEPUCTUYECKOTO YPaBHEHUSI KPATHOCTY
k[, To emy cootBetctByeT Kkl NMHEMHO HE3aBUCUMbIX PELLEHWIA
JNIMHEenHoro ogHOopoAdHOro ,qwcbcbepeHumaanoro YpaBHEHUA, KOTOPbIE
nony4arTCA U3 y%: e@xjﬂOCﬂeﬂOBaTeﬂbelM YMHOXEHNeM ero Ha
X.

V= € Y = VL Y r = Y Wy = v

Mo>kHO nokasaTb, YTO 3TW PeLUEeHNs NMMHENHO HE3aBUCUMbI.
O6buwee pewwenve JIOY nonyyaeTtcst NIMHENHOW KOMOMHaUMeEN BCeX
nlhony4YeHHbIX peLleHnin

Vo= Cypi Chyh+ ..+ Cly
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2 3Tan. B HeKkoTOpbIX Cryyasix MOCTPOEHWE YacCTHOro PeLLeHUst
cBoauTcs k anrebpaundeckol 3apgade. Ecnv npaeas yacTb ypaBHEHUS

ﬂ@c) UMeeT BUL crieuunarnbHbli BUA

fi(x) = e®I(P](x)cos bx+ Q] (x)sin bx)]
rae P (X)) O, (x)MHorouneHbl cTeneHn ml i n/CoOTBETCTBEHHO.

B oTOoM crnyyae 4yacTHOe peLleHWe HEOAHOPOAHOro YypaBHEHUS
nuieTcd B Buae

v, = xle™ (P(x)cosbx+ Q) (x)sin bx) |
CteneHb s[] nokasbiBaeT  CcKONMbKO pa3  cpean  KOpHew
XapakTepUCTUYECKOrO  YpaBHEHUSI  BCTpeYaeTcsi KOpeHb  BuAaa

A, =a®ib,) P(x);Oi(x)] - wMHorounersl creneHu k[ c

HeonpeaenéHHbIMU KoaddumumeHTamu, rae k= max(mln)l Takum

obpasom, YacTHOe peLleHVe MUMEET TOT e B, YTO M npaBasi YacTb
ypaBHEHWs!, TOMbKO MHOMOYMNeEHbl 3anucaHbl C HeonpedeneHHbIMU

koadppuumerntamn. OHn noabuparoTca Tak, 4ToObl OyHKUMA Y|
Oblna peLeHnem NCXOOHOro ypaBHEHMS.

Mpumep 1. Pewwnts ypastHenne Y- y= x71

PelwieHue.

a) Paccmotpum opHopogHoe  ypaBHeHue: y'- y=0. Ero
XapaKTepUCTUYECKOE YpPaBHEHUE WMEET BUA: A —1=0. KopHu
XapaKTepucTU4ecKoro ypasHewns A, =1, A, =—1, npocTbie u

BelleCTBEHHbIEe.
OTnm OBYM KOPHAM COOTBETCTBYHT ABa NIMHENHO HE3aBUCUMbIX

pewenns y=Cle* n yll=Cle™, obpasylomx (yHaaMEHTamNbHYO
cuctemy peleHni. Obuee pelleHne 0gHOPOAHOMO YPaBHEHUS:
Vb= Cle" + Che ™.
6) Hampem u4acTHOe pelleHne HeogHOPOOHOrO YpPaBHEHMS.
MNpaBasi YacTb ypaBHEHUS UMEET BUA; fﬁ@x) = xf] unn
S)= e ((1- x4+ 0- x% 0)cos(0- x) (1 x*+0- x#0)sin(0- x)).

30ecb OTCYTCTBYIOT 9KCMOHEHTa U TPUrOHOMETPUYECKME (DYHKLIMK,
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noatomy al= b= 0, cnemosatensHo, a4 bil= 0. Honb He siBnsieTcs
KOpHEeM XapaKTepUCTMYECKOro ypaBHeHUs, aHaumT s= 0.

Tak kak x2 — MHOrou4mneH BTOpOVI CTeneHun, To 4YactHoe peLlleHune
HeoaHOPOoAHOIo ypaBHEHUA UWEeTCA B BUAE MHOro4reHa BTOpOIZ
creneHn C  HeonpeaereHHbIMn KOS(beVILI,VIeHTaMI/I, TO €CTb:

Y, = Ax* + Bx# C. TMoacrasum V., B ypaBHeHve. [na 3aToro
Hanaem nNpousBogHbIe:
1| yl= Axt+ Bx+ C
0 | y'=24x+B,
1 1 y"'=24.
MoacTasnss 3HaveHus y U y" B UCXOQHOE ypaBHEHUE, MOSTyYUM
245 Ax?- Bx= Cl= xfl

MpupaBHMBasi ko3PPUUMEHTBI MPU OAMHAKOBbLIX CTEMEHSX B
NeBoi U NpaBOW YacTsiX MOSIyYEeHHOro anrebpanyeckoro ypaBHEHWS,

onpenenum A, Bln C.

X' —A=1=>A4=-1;

x : —BZ0=B=0;

x" 1 2453 CF0=Cl=-2.

=—x’-2.

y.H.[

Otciopa y
Mockonbky V,, =Yoo T V., » TO OOLiee pelleHne 3afaHHOro
ypaBHEHWs! UMeET BUA;
v, =Cel+Ce™—x*-2.
Mpumep 2. PewwmnTs ypasHeHne y” + 6y’ +9y= 18" .
Pewenue. a) Pelnm ogHopogHoe ypasHenue "+ 6y +9y=0.
CoCTaBUM XapakTepucTuieckoe ypasHeHne A° + 64 +9 =0 . OHo
NMEeT KpaTHbIA KopeHb A, = —3.
OTOMy KOPHIO COOTBETCTBYIOT [Ba JIMHENHO HE3aBUCHMbIX
pewenns y[=e " 'n yll=xeTl", obpasyroiume dyHAAMEHTANbHYIO

cuctemy peweHun. N3 storo cnegyer Bug oOWEro  pelleHus
OAHOPOLHOrO YpaBHEHMS:
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vl =C el +C,xe".

6) Hampem u4acTHOe pelleHne HeogHOPOOHOrO YpPaBHEHMS.
[MpaBasi yacTb ypaBHEHUS WMMeET BUA ﬂ(x):ISel'j”. Onpegenum
CHayana 3HayeHune crteneHn sLI B npaBoit 4yactu ypaBHeHUs
MPUCYTCTBYET  OKCMOHeHTa, noatomy  al=-3. OrtcyTcTBylOT
TpUroHomeTpuyeckme yHkumm, nostomy b= 0. Yucno a+ bil= -3
ABMNAETCA KOPHEM XapaKTepUCTUYECKOro YpaBHEHWsI KpaTHOCTU 2,
cnepoBaTensHo, S= 2.

[MpaBas YacTb MMeeT BUA IKCMOHEHTbl YMHOXXEHHOW Ha MHOrO4SIeH

HyneBoit cTenenn 18e "

YacTHoe pelueHne HeOOHOPOAHOro ypaBHeHus Oyaem nckatb B
TakoM Xe Buae, B3sSB  MHOrMOYNEH HyneBOW CTeneHn C
HeonpegeneHHbIM Ko ULUEHTOM:

v =xUe

9| y=xPUle™

6 | y' =2xde + x? e " (-3),

1| y" =2A4eT —6xde”" —6x4eT +9xPUe "

Moactasum y, y' n y" B ypasHeHue:

24eT = 6xAeT — 6xAeT + 9xFUe ™ +12xA4eT —18xTUe " +

+9xtUe =187 Unn 24el* =18

MpupaBHUBas kKO3 PULNEHTLI NpU e nonyunm A =9. Torpa
yil,=9xfe .

O6Luee peLLeHe HEOAHOPOAHOIO YPaBHEHNS! UMEET BUA
v, =Ce” " +C,xe” " +9xfe ™"

MpuHuMn cynepnosuumn. MycTb NpaBasi YacTb HEOOHOPOOHOIO
NTMHENHOro ypaBHeHWs NpeAcTaBuMa B BUAE CYMMb

Si(x)+ fo(x)+ .+ f(x),
L(y)=fi(x)+ fi(x)+...+ fl{x)
roe y,.(x) — YacTHOe peLleHNe YpaBHEHUS L(j/):ﬂ;(x), Toraa

YaCTHOe pelleHne NCXOA4HOro ypaBsHeHna nmeet Bua
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y(&)= yi)+ yilx)+ ..+ i (x).

[okasaTenbcTBO.

Mokaxem, uto  Y(X)=yi(x)+y,(x)+...+y,(x) sBnsetcs

peLueHuem. MoACTaBUM €ro UCXOAHOEe YpaBHeHVe
Liyp(x) + yy(x) +...+ y[(x)) =
= Ly{(x)+ Ly, (x)H ...+ Ly (x) = fi{x)+ fL{(x)+...+ f,{x).

Mpumep 3. lNMpounHTerpnpoBaTb ypaBHEHNE
yIH2yl=3sin 2x 4 cos x|

PeweHne. Ob6Lee pelleHne 3TOro ypaBHEHWS wuMmeeT BUA

Yoh =Y+ YV
a) Pewwas ogHopogHoe ypasHenne y['+ 2y =0, Hangem V, ,

Xapaktepuctuyeckoe ypaBHeHne A2 +2A=0. Ero KopHu

2x[1

L=0,1,=2, = y | =C+Cle™ .
0) [lpaBas uvacTtb ecTb cyneprno3vuuMs OBYX  YHKUMNA
Si(x) =3sin2x[1f,(x) =cosxl] YacTHoe pelueHne WCXOAHOrO

ypaBHeHus ByaemM uckatb B BUAE: yQB 0 y,D;_ T+ y‘@ﬂ:
Haitnem y|) . Paccmotpum ypasHenne !+ 2yl 3sin2x]]

3gecb f{(x)=3sin2x[L] B 37Ol hyHKLMM OTCYTCTBYET SKCIMOHEHTa,

nostomy alZ 0. B 3T0i yHKLMN NPUCYTCTBYIOT TPUrOHOMETPUYECKas
dyHkuma  sin2xl, noatomy b= 2. CneposatensHo, al+ bil= 2il]
Uucno 2i[He sBNAeTCS KOPHEM XapaKTepUCTUYECKOro ypaBHEHMs,
cnepoeatensHo, s(=0. YacTHoe pelueHne wweTca B Buae

yl] = Asin 2x+ Blcos 2x!]

OnpegenvMm  3HayeHusi  HeonpedenéHHbIX  KOIPMULMEHTOB.
Bbluncnnm nponseogHble GyHKLNN yDM:

0 | y= ASin2x+ BCos2x![]

2 | yl'=2A4cos2x=2Bksin 2x]

1 | yl=—4A48in2x=4Bicos2x!/]
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MogctaBum  3HaYeHUsN yD n ym B UCXOOQHOE YpaBHEHUe

—4A48in2x=4Blcos2x+ 4 Accos 2x1= 4Bsin 2x[= 3sin 2x /]
MpvpasHuBas koadduumeHTsl npu cos2xn sin 2x[]B npasoit u
neBor 4actu ypaBHeHUd, nonyvyumm cCcuUctemy nOnda onpegeneHnda
HeonpeaeneHHbIX koadpduumeHtos Al B :

{— 44=34B=3

—4BH#44=0
Otciopma A= —-3/8, B=-3/8, cnegosatensHo

J’Qm: —gsin 2xB%cos 2x[]

Hanpem yf;“. Paccmotpum ypasHerve y'#2yl=cosxl13gech
f5(x) =cosxL] B aTon pyHKLUMM OTCYTCTBYET 3KCMOHEHTa, MO3TOMY
al=0. B aToM yHKUMM NPUCYTCTBYIOT TPUrOHOMETpPUYECKas

dyHKUMs cosx, noatomy b=1. Coctasum al bilZil1Yucno il]
HEe  SBNSETCA  KOPHEM  XapaKTepuUCTUYEeCKOro  ypaBHEeHUs,
cneposarenbHo, s=0.

YacTHoe pelueHue uiem B BuAe V), = Asin x4 Bicos x[]

Hangem HeonpeaenéHHble KO3(PPULNEHTBI. Bobluncnum
NPoOn3BOAHbIE 3TOWN (PYHKLMK.
0 | y[= ASinx+ Bcosx[]

2 | yl= Acos x4 Bisin x!|
1 | yl=— Asinx= Bcosx/]
Moactaensem sHadeHns ylim Il B ucxogHoe ypasHeHue u

npupaeHMBas KoapUUMEHTbI Mpu CcOSXx U sinxl,] Hangem:
A=2/5B=-1/5.

ja 2 sinx3 L cosxl]
Vi, 5 5

Mo npvHUMNY cynepno3numm

Vi vaa:j‘i'y@ﬂ:
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2 . 1
ygﬂf—gsin 2xE§cos2x@r gsm xErgcosxD

OTcroga
o 3. 3 2. 1
v}, = C# Clel g5 2xEL§c052x@r gsmechosxD
Mpumep 4. MNponHTErpnpoBaTh ypaBHEHUE:!
YI=2yl4 2yl el sin? %D

PeweHwune. o TpuroHomeTpmuyeckum dopmynam sin’ gDz I_C%E
criefjoBaTterbHO, ypaBHeHUe NepenuweTcs B Buae:
yI=2yH 2y= %eﬂ—%eﬂcosx[
a) Pewaem opHopopHoe ypasHenne Y =2y42y=0.

XapakTepuctieckoe ypasHenme ~A° —2h+2=0, uveer aga

kopHst A, =1+i[JA, =1—ilJkoTopbiM cooTBETCTBYIOT ABA NUHENHO
HesaBMCUMble pelenns | = e cos x[,] y) 1= e* sin x|

v}l = Cléticos x+ Chef sin x[]
6) [llpaBas 4YacTb eCcTb cCynepno3vumsi ABYyX  YHKUUN

1 1
filx)= Eex‘ n fL(x)E —Ee" cos xL.]4acTHoe peLueHne NCXOAHOTO

ypasHeHus umeet sua V) = vi + v

Havgem y,ﬁ;)m PaccmoTpum ypaBHeHue yﬁ—2y3+2y[=%e'j

1
3aechb ﬂ]x)%zem. B 3TOM (PyHKUMWU €CTb 3KCMOHEHTa, NMoaToMy

al=1. B aToi YHKUMUM OTCYTCTBYIOT TPMIOHOMETpUYEcKas yHKLNSA,
nostomy b=0. Yucno al#bil=1, He saBnsetca KopHeM
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XapaKTepUCTUYECKOrO ypaBHeHMs, cregosatensHo, si= (. YacTHoe
1 X
peweHue nwetca e euge y,, =€ A.

[nsa onpegeneHus 3Ha4vyeHWi HeonpenenéHHbliX KoadhduUMEHTOB
BbIYMCNIMM NPOU3BOAHbIE 3TON DYHKLINN.

2 |y=e'4
2| y'=e'4
11 y"=e"4.

Moactaensem sHadeHus y,[1y" u »" B ucxogHoe ypaBHeHue u

NpVYpPaBHMBas KO3MMULIMEHTBI NMPU OAMHAKOBLIX CTEMEHSIX MOMyuUM:
A=1/2.CnepnoBaTtensHo:

1 x
-—e .
Y. 7
1

Haiigem ., ﬂ;(x)z—ge"‘bosx. B oToil  chyHKUMM

MPUCYTCTBYET 3KCMOHeHTa, noatomy al=1. B aTon dyHKumuM
MPUCYTCTBYIOT TPUrOHOMETpUYecKas yHKums, noatomy b = 2. Yucno
a+bil=1+1, aBnaeTcs KOPHEM XapaKTEpPUCTUYECKOro ypaBHEHUS,
cnegoeatensHo, s[=1. YactHoe peleHve wuwem B Buge

y2, =xe"(Asinx# Bcosx).

[na onpegeneHns 3Ha4yeHUn HeonpeaenéHHbiX KoadhdUUMEHTOB
BbIYMCIMM NMPOUN3BOAHBLIE 3TOW (DYHKLIMU.

y' = e*(Asinx=® Bcosx)+ xe*(Asin xF Bcosx) +
+ xe*(Acosx=3 Bsinx).

y" = e"(Asinx® Bcosx)+ e*(Acos x2 Bsin x) +
+e"(Asinx# Bcosx) + xe*(Asin x+ Bcosx) +

+ xe* (Acos x[# Bsin x) +e*(A4cosx= Bsinx) +
+xe*'(Acosx — Bsinx)+ xe*(—Asinx — Bcosx).

YnpocTum BoipaxeHue ana )"
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yl'= 2ef(ASin xI+ Blcos x) + 2et(Acos x= Bsin x) #
+ 2xel(AcosxH Bsinx) ]|

MoacTaensiem sHauerus )1 y{in y'l B nucxogHoe ypasHeHue
nonyumm: A=1/4, B=0.

yi =- %xex sin x|
— g . I o 1 .
Vha. = Cleticos x# Chelsin x# Ee’ﬂ—zxe sin x[.]

9.4.3. YpaeHeHue dguxxeHUs1 MassMHUKa KaK npumep
JIUHeUHO20 ypaeHeHus

MNpumepomM  NUHENHOro  ypaBHEHUs BTOPOro nopsgka C
NOCTOSAHHLIMKU KO3 PULMEHTaMN ABMSIETCA YypaBHEHWe KonebaHus

MaAaATHUKA:
Yo yGrkly = fi(r)

PaccmoTpum cHavana cnydan f[(}?):O. B astom cnyvae
ypaBHeHMe SABMAETCA OAHOPOAHbIM. PU3NYECKM 3TO O3HAYaeT, YTo
MasTHUK [ABMXETCA CBODOOAHO, Ha HEro He [EWCTBYIOT BHELIHWe
(BbIHYXOaOLWME) CUNbI,

vt aylFkyp=0
XapaKkTepucTn4eckoe ypaBHeHne VMeeT Bu
M +al+k=0.

Pewas ero, Hangem KOpHU
—ata? -4k

A, = 5 .

Wccneaoyem pasHble crnyvawm.

a) a’ —4k[>0. dusnyeckn 31O COOTBETCTBYET LOCTATOYHO
CUIbHOMY TPeHWto (conpoTuBneHunto) cpedbl. O6a KopHs A, U A, B
3TOM cny4vyae [AeUCTBUTESbHbI, Pasfu4YHbl U OTpULATEMbHbI, U UM
OTBEYalT [Ba  pelleHus ), = ety yhl= et Obuwee pelleHne
umeet Bup Y= Cléll + Clel?

PaccmoTpym 3agady Kowwm ¢ HauyanbHbIMU AaHHbIMU
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0 i 0
Y(0)=yy, ¥'(0)=y;.
MoctosHHele C; u  C, MOXHO OAHO3HAYHO OMpeAenUTb U3
HavanbHbIX yCnoBuin. [leNCTBUTENBHO,
ygjz C +C,
yﬁ: CA, +Chh,
Monyunnn nuHEenHyr cucTteMy anrebpanyecknx ypaBHEHUN

OTHOCUTEJIbHO HEN3BECTHbIX Cl n C2 . OI'IpeD,eJ'IVITeJ'Ib 3TOW CUCTEMBI

OTNMYeH oT Hyns. MonyyeHHoe Takum 06pasoM peLleHne HavarnbHON
3agauu

Moo =W e, Mo =W
7“2 _7\’1 7‘1 _7“2

He ocumMnnupys, Nnpubnukaetcs ¢ pocToM ¢k pewenunto Y= 0.

y=

2
6)a” —4k(< (0. ®dusnyeckn 9TO COOTBETCTBYET [10OCTATOYHO
cnabomy TpeHuto (COonpoTVBNEHUNIO) cpefbl. B aTom cnyvaed, u A,

ABNAOTCA KOMMNEKCHO COoNpAXeHHbIMU: 7\.2 = Xl n
ot
yi=e=el? (cos%t@ i@n%tﬁl yi= [ raep =4k —a’ .

HeTtpyaHo BugeTb, yto  y[=Rey[) yi=Im y[ltakke sBnsawoTcs
peLleHnsIMN YpaBHeHus. [lencTBUTENBLHO,

(i ivs) +alyisivs) +k(+ivs) =
= (yD + ay{i+ kyﬁ) + i(EyQ” + Ocy§ + ky?] =0

OTKyaa, npupaBHUBaA Hymnw OTAeNbHO BelWeCTBEHHYH0 U MHUMYKO
YacTu, nonyymmMm TpeGyemoe yTBeEpXxXaeHue.
Bosbmem ﬂMHeVIHyIO KOMOUWHaLNIo Yy, ny,,nonyimm

—atl] —oautl]

Y= Cly[# Ciybl=C,e? cos%t} Ciel? sin%t]

HeTpyaHo y6eantbes, uto, kak u npexxae, C, n C, ogHo3Ha4HO
ONpeaensoTCs HavyanbHbIMW YCIOBUSIMMN.
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PeweHne 3agauu:

—outl] —autl]
— 2 a - .
yEyle ? cosEt@r— Y+ —=yhllel smEt
2 B 2 2
onucbiBaeT konebaTenbHbIN npouecc. KonebaHusa 3aTtyxatoT No 3aKoHy

—at
exp[jTi]. C POCTOM { 3TO peLUEeHne TakKe CTPEMUTCH K MOSTOXKEHWUIO

paBHoBecuss y=0.
Ecrm  «a =0 (conpoTuBneHue OTCYTCTBYET), TO MOJyYyaem

nepuoguyeckue konebaHus ¢ 4yactoton ®, = kL)

1 .
Y= yiicos myt+— yfsin @t
)

0

B) o’ —4kZ= 0. B aTOM Cry4ae OnucaHHbIM Croco6 AaéT TONMbKo
. -a
onHo pewenve y[=ell, roe A= BN HeTpyaHo, opHako,

HenocpeaCTBEHHO NpoBepUTb, 4YTO B 3TOM cnyyae peleHnemMm

aBnseTcs Take ), = tel).

9.4.4. MemoO JlaecpaHxa Ons IUHelHbIX HEOOHOPOOHLIX
ypaeHeHul
OOwee pelleHe NMHENHOrO HeogHOpPOAHOro AuddepeHumnans-
HOrO ypaBHEHWUs1 71-0ro MopsiAka MOXHO HaWTu MeTodom JlarpaHxa.
OTO MeTon HasblBaeTCd Takke MeTOoAOM BapuauvMu MpoU3BOSIbHbIX
NMOCTOSIHHBIX.
PaccmoTpum aTOT MeToq Ha npumepe NIMHENHOro HeEO4HOPOAHOIO
AnddepeHunansHOro ypaBHeHUst 2-0ro nopsigka:
4 —
vl ajy'+ayy = flx).
lNycTb n3BecTHa (pyHOaMeHTarnbHasa cuctemMa peLleHnm
COOTBETCTBYHLLIEr0 OAHOPOAHOIO YpaBHEHUs1, Toraa ero obuuee
peluerve uvmeet sua Y| = Cy, (x)+ Ciy, (xDE Bynewm vckaTb

obuee peweHne HeoOaHOPOOHOro ypaBHEHNA B BUAE

Vo= Clx), () + Colx), (x))
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roe meD] " C;(XD] — npousBonbHble YHKUMK. lMoacTaBum 3TO

peLleHne B UICXOLHOE YPaBHEHME.
Hangem npegsaputensHO

Y= Cllx)y, () Chla)y, () Cilee)) (6 C () ()1

B cuny npousBonbHOCTM thyHKLNIA meD]M C;(xD] BbiGepem ux Tak,

YTOObI
Cllx)y, () Cx)y, (x) =0,
y= Gl () Cy (x5 (x)
Hanpem

y'= Cle)yi () )3 () Clle)a(x)+ Cole)s (x):
Moactasum y[y', ¥" B McxoaHoe ypaBHeHe.
Cll)yi (o Colx)yy () CHla)y () Cola)yg ()
+al(CLlx)y] (o Colx)ys (x)+ @b (Clle )y, (x s Co(x)y, () = £()

3ameTum, 410

CHlep (o Colx)ys () @ (Cl )y () Colix)y () +
+ a3 (G, (x L Cola)y, (v )= 0
roraa C{(x)yi(x +CHx)y; (x)= f1(x).

Takum o06pa3oM, npousBoAHbIe C\C(xD] n C[;(xD] HaxoOaTca Kak
peLleHns anrebpanyeckon CMCTEMbI ypaBHEHUI

{mebyl (¥ CLx)y, (x)= 0
Clle)w) (x 0 CHx ), (x)= £ (x)

Hainas BblpaxkeHUs Ans NpOM3BOAHbLIX, HANAEM U camu OyHKLUK
C{(x)m CL(x)} cnenosatensHo, v oBliee pelieHm1e CUCTEMDI.

Mpumep 1. Pewuts ypasHenne yIH yl= MEeToa0M

cosx[]

Jlarpanxa.
OO6Llee pelleHMe COOTBETCTBYIOLLErO OAHOPOOHOIO YypaBHEHUS

nveer Bup Y= ClcosxH Cisinxl! PeweHne HeogHopogHOro
ypaBHeHUs ULLLETCA B BUaE:
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y= Ci(x)cos x# Ch(x)sin xL.]
HeussectHble cyHkummn Cl(x)lln CL{x )l lonpegensitotcs n3

CUCTEMbI YypaBHEHUN

Cl(x)cosx+ Cl(x)sinx= 0

— C[(x)sinx# C{(x)cos x[=
cos x[]

oTKyaa
Cl(x)=- = x? Cix) = ln|cos x|EF Cly
Cos X
Ci{x)=1, Ci(x)=x+C,.

Obwee peweHne NCXogHoro ypaBHeHuA 3anneTca B Bnae:

yl= ClcosxH Clsin x [+ cosx[li’f1|cosx|El- xsinx![]

9.5. Cucmembl 06bIKHOBEHHBLIX AughghepeHUUanbHbIX
ypaeHeHul

OnpepeneHue 1. Cuctemorn 06bIKHOBEHHbLIX AuddepeHumans-
HblX ypaBHEHWN Ha3blBaeTCsl CUCTeMa YpaBHEHWW, CBs3blBaOLLAS

HEe3aBNCUMYIO MEPEMEHHYIO X, (DYHKUUU y\[ﬂx)]@;(xD]D.,yJ;(x)] "
NPOM3BOAHbIE OT 3TUX PYHKLNIA:

EE(XD’D)’Q---JW,)@ Yy v yD--.,yf,"'“)):
F xD/DyQ...,yW,yQ yg...,yg’frp),...,ymy;j.,.,y}(fi"))z

F (e v 953 950 88y s ) ) = 0

OnpepeneHue 2. Cymma cTapwmx nNPoOU3BOAHBLIX  (PYHKLMUN

yie s (e, vy (x)s ni= ki ki kL Ha3blBaeTCs

NopsAKOM CUCTEMBI.
OnpepeneHue 3. Ecnu cuctema paspelleHa OTHOCUTENBLHO
CTapLUMX NPOU3BOAHbIX, TO OHA Ha3blBAETCS KAHOHWMYECKOM:
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W = Ay D iy )y e )
P = I Oy sy Yy )

il = (XDDyD o,y e,y ,..,ygyg.._,ygg;~1>)

OnpepeneHue 4. Cucrtema anddepeHunanbHbiX YpaBHEHUN
nepBoro nopsiaka HasblBaeTCs HOPManbHOW CUCTEMOWA:

= ALYy 1)
= ol iy )

=[xy )
3apaua Kowmn. 3agava onpeaeneHus dyHKUUIA
y1 (x)]jzz (xD]D oV, (x)l YAOBNETBOPAIOLLMX HaYanbHbLIM YCOBUAM

yieh)= 1 s (xp)=p01 0L,y xp) =204 tae X0, 07, ¥3,s . v

- 3ajaHHble 4ucra, HasbiBaeTcsa 3apaven Kowwm ang cuctemsbl
YpaBHEHUNA.
Teopema. (CywecTBOBaHUS U €AUHCTBEHHOCTHU peLuel-wm

3apaum Kowm). lMyctb dyHKUMM ﬂ;ﬂxﬂﬂzlj@g @Q i1,

HenpepbIBHLI B OKPeCTHOCTM Toukn M (X, , ¥y, L., y)) n umetoT B
3TON OKPECTHOCTM HernpepblBHbIE YacTHble MNPOWU3BOAHLIE Gfﬂ/@yﬂ,
j=1..,nlTorpa Hailnétcs mHTepsan (x(ﬂ— hlxj H+ h), B KOTOPOM

CYLeCTBYeT €AMHCTBEHHOE  pElIeHWe  HOPMarbHOW  CUCTEMbI
YAOBMNETBOPSIOLLEE 3aJaHHBIM Ha4arnbHbIM YCMOBUSM.

Onpepenenne 5. OOWMM pelueHMEeM HOPManbHOW CUCTEMbI
HasblBaeTCs cMcTema, coctosiasi u3 71 yHKUMIA:

»)= yilapas...ap)
yhx)= yhxanas)... UD,

i) =y (605 )

KOTOpbIE AOMMKHbI YAOBNETBOPSTH CrieayoLLMM YCIIOBMSIM.
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1. OyHKUMM yljxﬂgﬁg...,cp), y;(xﬂgﬁg...,c,ﬂ), [,
yl;(xﬂﬂjDC;...,Cp),DﬂBnmomﬂ peLlleHnsiMN  CUCTEMbI NPy
noBbIx 3HaueHusx noctosiHkbix CLIAL]...,Cl]

2. KakoBbl Obl HM ObIM HayanbHbIE YCNOBUS, HaAMOYTCA Takue
sHaveHus  CLICL)...,C,, npu KOTOpbIX 3TV  DYHKLMUK

YOOBMNETBOPSIOT CUCTEME W MOCTaBMEHHbIM  HayasbHbIM
YCIOBUSIM.

9.5.1. Mampu4Has 3anucb cucmem
Beenem B paccMoTpeHue BeKTop-(hyHKLUK Y@(D]m F(}Hﬂ):
yix S5 2,)
Y{})]: y%(‘xl " F@CDE) — ﬂ;(x@?j“’yn) )

O

yh(x) S5 p,)

Onpepenexne 5. lycTb Kaxaas U3 KOMMOHEHT Y@c)] nveet
HenpepbIBHYIO MPOU3BOAHYIO, TOrAa Npon3BoAHas BeKTop-hyHKLMK
Y (ch] €CTb BeKTOp-(PyHKUMS, KOMMOHEHTaMW KOTOPOW criyxaT

NPOU3BOAHbIE KOMMOHEHT BEKTOP-(PYHKLMN Y(}CD]

yi(x)
YV(XT): Y ;(xD) .

yi{(x)
Tenepb HOpPManbHYH CUCTEMY MOXHO 3anucatb B BEKTOPHOM
BMae:
Y(x)= FxY).

9.5.2. Cucmembl JITUHeUHbIX ypagHeHUul

OnpegeneHne 1. JIMHENHOW HEeOOHOPOOHOW CUCTEMOW
onddepeHumanbHbiX ypaBHEHUI Ha3blBaeTCs cuctema
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%u_ an (XD}E'HZU (XDJ/Q'F -t alm(xD}Q+ ﬂjxm
62}—;D=a21 (xDjjlj'l'azz (x)j/p'F "'+a2n£xbj/p+ ﬂ;(x)]
d D a,, (X al ()5 .+ af)(xy o+ fi(x)

OnpepgeneHune 2. Ecnu Bce gyHKUMM fi‘(xi‘a 0, i=l,..., 4]

To cuctemMa auddepeHuManbHbiX ypaBHEHWA  HasblBaeTcs
NNHENHON OQHOPOLHON CUCTEMOMW:

dx j_all(x)}p"alz(x)}g"' +a1nr(xD}L:H

dx D_azl(xD}p"azz(xD}Q"' +a2n(xDj/g\

By (ypran, (@ypr . +ap )y
de

Beegem B paccMoTpeHve MaTpuyHylo  (OYHKLMIO A(x) c

aneMeHTamMu Cll-jr()C) .

a, (x) a (x) U aln(x)

Torga cuctema 3anuwieTcs B MaTpuU4yHOM BUOeE:

Yi(x)= Ay (x)+ F(x),
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vilx filx
(=] 20N, Py A0,

yhlx Silx

9.5.3. Cucmembl sluHeliHbIX ypagHeHUl ¢ MoCMOSIHHbIMU
KoaghgpuyueHmamu

MeToabl pelweHus cuctem gudppepeHumanbHbiX  ypaBHEHWI
Hanbonee pa3paboTaHbl OfS NWHENHbIX CUCTEM C MNOCTOSIHHBIMM
KoahmumnmeHTamm.

PaccmoTpym cHavana nuHenHble OA[HOPOAHbIe CUCTEMbI C
NOCTOSAHHbIMU  KO3hbbmumeHTammn. MaTpudHas 3anucb OAHOPOLHON

cHCTEeMbl UMEET BUA:
Yi(x)=AY(x);

roe, Y

roe
yﬁ(x a, a, ..Ua,
..la

Y ()= yQ(xD]’ A= ay dp 2|
(xi .U L0000

J/l;(x a, a, ..la,,

al.].‘ — KOHCTaHTbI.

PaccmoTpyM pasnuuHble MeTodbl pelleHUst NUHENHbIX CUCTEM C
NOCTOSAHHLIMU KO3 PULIMEHTaMM.

MeTton Ounepa. Vcnonb3dyetca pana HaxoxaeHuss obuiero
peleHns JMHENHbIX OAHOpOoAHbIX cucteM. [lo meTogy Junepa
peLleHre CMcTeMbl ULLETCS B BUAe

Ax _ Ax _ Ax[l
yiEoeT, yyl=o,e, ., v l=oen
roe  o,;,0,,...,0,,A - TOCTOSIHHbIE 4YWUCMa, MpU4EM uucra

a,,0,,...,0,,He paBHbl HyNnio OAHOBPEMEHHO, TaK KakK Halla uelb

MOCTPOWUTbL  (PyHOAMEHTamnbHYl0 CUCTEMY peELUeHWd, a HyneBoe
pelleHne He MOXEeT BXOOWUTb B Hee. B BEKTOpPHOM BMOEe 3TO MOXHO
3anucathb crnegylowmm oGpasom:
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0‘l
0'2
Y= eﬁRD roe R=

o

n

MNoacraBum aTo pelieHne B ICXOO4HY CUCTemy

AeMRZ AtetRL) eM(AZAE)REZO.

Cokpallasi Ha e £0, Nony4y1MM cUCTEMY NUHENHbIX O4HOPOAHBIX

anreraneCKmx ypaBHeHVIVI ana onpenenexHunsa O(’i 3
(ag - X)al +ai,o, +...+aljo, =0
akjo, + (ag - 7»)oc2 +...+abja, =0.
aljo, +a,,o, +..+ (ag —X)an =0
Mnu B BEKTOpPHOM BMae
(4B LE)R= 0,

sgeck E - eguHnunas maTpuua.

Ona Toro u4ToOblI 9Ta cUCTEMa WMeNa HeHyNeBble peLlueHus
HeobxoQUMO M O0CTaTOYHO, YTOOLI onpedenuTenb 3TOW CUCTEMbl Obin
paBeH Hyrto:

a —-A al) .. all

|AEKE|= ak) asy —h .. ab) 0.

al) aly; .. al]—-\

3710 ypaBHeHune HasblBaeTcH XapaKTepUCTUYECKUM
ypaBHEHUEM, a KOPHU 3TOro YpaBHEHUS, Ha3bIBalOTCH COBCTBEHHbIMU
uyncnamm mMaTpuLbl cuctemsl AL

3agaya HaxOXOEeHWS KOPHEN XapaKTepUCTUYECKOro YpaBHEHWS
CBOAMWTCS K 3afja4ye HaxoXOEHWUsi KOPHEN MHoroyneHa nl-bi creneHw.
PaccmoTpum cnegytowime cnyyawm.

Mpumep 1. KopHu xapakTepucTU4ECKOro ypaBHEHusA
OEeNCTBUTENbHbI U Pa3fIMYHbI.

Pewntb ogHOpOOHYO cuctemy:
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{y{ =-y[+2y,
yh=3yf4ys)
rae yi = yi(x), yyl= y5(x).

PeweHne. Hangem obuiee pelieHme cuctembl MeTodoM Junepa.
[na gaHHoro ypaBHeHus

» -1 =2
Y= , A= )
yh 3 4
-1-A =2 -1-A =2
3 4-) 3 4-x
XapakTepuctuyeckoe ypaBHeHve NMeeT Bua
—4— AN+ A+ +6=0," =30 +2=0.

KopHu xapakTepucTuyeckoro ypaBHeHus A, =2, A, =1,

|45 AE[= =0.

)

BELLECTBEHHbl U pasnuyHbl. Kaxaomy npocToMmy AelcTBUTENbHOMY
KOPHIO A, COOTBETCTBYET BEKTOp R, U pelueHne CuUcTemsi:

Yz@x) = ekix 'Ru

Oy
Ri\ — .
Ay,

KomnoHeHTbl BekTopa R; HaiigyTCs u3 ycrosus:
(AE xiEDRi\ = 0,
{(ag - ki\)ali +ano, = 0

roe

akjo; + (ag -, )azi =0
PaccMoTpuM nepBoe COGCTBEHHOE uncro A, =2 . KoMMoHeHTbI
BekTopa R/ HaiiyTcs U3 cucTembl
{— 30, — 20, =0
3o, +20,, =0
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Cuctema coctout us O0BYX OONHAKOBbIX ypaBHeHVIl7|. Takum 06pa30M,
ana onpepeneHna OByX HEU3BECTHbIX Y Hac MMeeTCdA TOJIbKO OOHO
ypaBHeHne, Torga OAHO U3 HEeU3BEeCTHbIX MOXHO Bbl6paTb

npousBonbHo. MycTb a,, =2, Toraa o.,, = —3, Toraa

x&eﬁ(z J: 2e? |
-3 — 3t

PaccmoTpum BTOpoe COOCTBEHHOE 4MCOo Xz = 2. KoMmnoHeHTbl

BekTopa R) JHaipyTcs us cuctemsl

20, — 201, =0
30, +30, =0

Y] = eﬁ{l ] = [exr J :
_1 _exﬂ

BekTopbl Y[ 1 Y]InuHeiiHo-He3aBUCKMBI, Tak Kak onpeaenuTenb

OTclona

BpOHCKOFO, I'IOCTpOGHHbIVI Ha 3TUX pelleHnAxX He paBeH HyIo.

2ef 7 e}j[l =2t 43 =P 2 0.
—3et1 —e

Obuwee peleHne cnctembol MMeET BN

2e e’
Y = :
=ClY, +ClY, CﬁE_kﬁ}rC{_eﬁj

YD: (yl]) _ CEZXH‘F ngxr
o) |- CRet - Cret

Mpumep 2. KopHu XxapakTepuCTUYECKOro ypaBHeHuUs
KOMMNNEKCHO-CONpPsXXeHHbIe.

Hangunte obLee pelueHne OAHOPOOHON CUCTEMBbI
anddepeHumnanbHbiX ypaBHeHUR, roe X[= x(ﬂD]m yl= y(tD]
x'=xH yl]
{ yl=3y=2x]
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1 1
-2 3
I-A 1
XapakTepuctuyeckoe ypaBHeHue =0 numeet

-2 3-A

KOMMIIEKCHO COMpPSDKEHHbIE KOpHU A, , =2t il] [na HaxoxaeHus

PeweHune. MaTpuua cuctemsl umeet sug A=

BekTopa R[] cooTBeTcTBylOWErO KOpHIO A, =2+il,] cocTaBum
cucTemy:
(_1_10&11 +0oy =0
=20, +(1-i)a, =0
YpaBHeHNS 3TON CUCTEMbI JIMHEHO 3aBUCKMbI, MO3TOMY cucTema
3KBMBaNEHTHa nepBoMy ypasHeHwo. [pugagum o, noboe

HeHyrneBoe 3HaueHue, Hanpumep, O, =1, 1 Halgém M3 nepsoro
ypaBHeHUs O.,, . [Monyyum BekTop:

oy, 1
R[ = = .
oy, 1+1
Tak Kak KOPHU XapaKTepUCTUYECKOTO YpaBHEHWUS KOMMIIEKCHO
COMPSDKEHHbIE,

Ri= Ay _ 1 .
o, 1—i
OTcroga
(1
YID: eﬁﬂ\)t\ 1,
1+
i) 1
Y] = efr {_
—1

B kauvectBe (pyHOaMeHTaNbHONW CUCTEMbl PELUEHUW MOXHO B3SATb

NNHENHO HEe3aBUCUMbIE BELLECTBEHHLIE peweHuna Yl[ﬁt):ReYl[Gt),

V() =1mY(0):
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_— 1 e | efffcost
Yie)=R [(l+l) : j_(eﬁ(cost—sint))

N 1 S e’ sint[]
7= Im((l + ij " ] B [eﬁ(cost} sinti)'

OGlLLee pelleHne AaHHON CUCTeMbl UMeeT BUA;:

(x(ﬂ)} e cost[] e'sint]

Y(t)= =C +C,

() e?(cost/+sint) e?(cost[#sint)
UNn B Pa3BEPHYTOM BUAE:

x(Z) = Cje” costl+ C,efsint[]
y(#) = (C, + C)e* costi+ (C, — CPleIsin L]

Mpumep 3. XapakTepucTuyeckoe ypaBHeHUE MMeeT KpaTHble
KOpHU. MNyCTb A — [EeNCTBUTENbHbIA KOPEHb XapakKTepuUCTUYECKOro
ypaBHeHust kpaTHocTM p[= 2. [na Kaxgoro Takoro KOpHs
COOTBETCTBYIOLLEE PELLUEHNE CUCTEMbI ULLEM B BUAE

p-1
oy, Ha,tE.+af

=\
Oy + 0yttt oy 2T

Y[(i): ef,

=
o+ Ot +a, 2T

roe KoaMUUUEHTbl Ol HaxoOdATCs W3 CUCTEeMbl anrebpanyeckux

i
ypaBHeHWI,  MonydawlleMcs ¢ MOMOLLUb  MpUpaBHUBaHMUS
K03(hbPMUMEHTOB MpU pPaBHbIX CTEMEHSIX MPU MOACTAHOBKE BEKTOpa

Y(2) B ncxommyio cuctewmy.

Hangute obLwee peLleHve OfHOPOAHON CcUCTEMBI
andpepeHumanbHbIX ypaBHEHWUN:
xE=2xH yll
ylEdxH 6yl
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PeweHune. VickombimMu beHKLI,I/IFIMVI B [JAaHHOM Cly4ae ABJIdrTCA

2 -1
x(#) n y(2). Matpuua cuctemsl umeet Bua A= (4 6 ]

XapakTepuctunyeckoe ypaBHeHue
2-1 -1
4 6—A

umeet kopeHb A =4 kpaTtHocTu 2. [loaTOMy pelleHue CUCTEMBI
uweTcs B BUAE:

=)o e

Torpa

0= (o Jerwa Lot e

MNoacraBnasa atn BblpaxkeHne B UCXOOHYHK CUCTEMY U COKpallad Ha

=(A-4) =0

et'# 0, nonyyaem

o o, +0o,t 20L,, — Ol 20, —4a
( 12j+4[ 11 12 %:( 11 21 J‘F( 12 22 tD
oy Oy, + 0yt 4a.,, + 60, 4o, +6a.,,
MpupaBHuBas kO3(PULMEHTbI NPU OAMHAKOBbLIX CTeneHsix fl,]
nony4yaem cCuUCTemy:

100: o, +20,, +0o, =0
tP: oy, — 4o, =20, =0
th: 20, +0t,, =0 '
th: —20,, —4a,, =0

MocnegHue oBa ypaBHEHUSA B 3TOM CUCTEME OOMHAKOBbIE
o, +20,+0, =0
o, —4a,, —20, =0

oy, =—20,
oy, =—20,
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MNMoacTaBue 3HaueHve Ans OL,, BO BTOPOE ypaBHEHWE CUCTEMbI,
nony4nm
o, +20,,+o, =0

-20,, —40,, —2a,, =0,

0y =20,
3ameTum, YTO NepBble ABa ypaBHEHMS B 3TON CMCTEME OAWMHAKOBbIE,
crnefoBaTtenbHO, UCXOAHAas CUCTEMa CBenacb K CUCTEMe [BYX
YyPaBHEHWN OTHOCMTENbHO HEWU3BECTHbIX Oy, Ol y, 0y, Oy, . TAKUM
obpasom pgBa KoappmuMeHTa MOXHO BblOpaTb MPOM3BOSIBHO.
Monaras, Hanpumep, o, =C[j o, =C;] nonyum u3 cuctemsbl
o, =—-2C+Cy a,, =-2C}]

Taknm obpasom, obLuee pelleHe UCXOOHOM CUCTEMbI UMEET BUA:

) @((2) i (f gcg cp)- 2CQJ o

Meton BapuauMm npPoOU3BONIbHbIX MNOCTOSAHHbIX (MeToA
Narpanxa). 3Has dyHAaMeHTanbHyo cuctemy peLueHnn

Yl[(xD]Mz[(x)l Y,J;(x)] OAHOPOJHOWM  CUCTEMbI Y[Qx)]: AY@CD:,

METOAOM BapuaLMM MPOU3BOSIbHLIX MOCTOSIHHBIX MOXHO  HanTK
pelleHne HeoOHOPOIHON CUCTEMbI

Yi(x)= 47 (x)+ Flx).

MeTopq Bapuaunn npon3BoOJibHbIX NOCTOAHHbLIX COCTOUT B TOM, 4YTO
pelweHne cnctembl ULWLETCA B BUae

Y(x) = Cil)y, (x) CL 0, (x4 CLxY, ()]

roe Ci(x)]HeKOTOpble HenpepbIiBHO — AnddpepeHunpyemble QYHKLMN.
MoacTaBuB 3TO pelleHne B CUCTEMY, NOMYYUM

meDYl (anL CL;(XDYZ (xD]+ ot C[;(xDYn (x)]+
+ CHle )y, (x 3 Colx)y) (x)3 .+ CL(x )Y (x = .
= ACH(x)Y, (x) % A-Co(x)Y, (x ...+ 4-CL (x)Y, (x (% F(x)

66



YunTbiBas, 4to Yﬁ@xm: AYi(x)] hyHKUMM C’l.'(xD] MO>XHO

HaWTN U3 CUCTEMBI

Cll o) CLY, () ..+ CL Y () = ()

Mpumep 4. Pelunte HEOOHOPOOHYIO CUCTEMY MeToA oM JlarpaHka.
{yDE —y[F 2y} 2eT)
yi=3yH 4y, +ell

PeweHune. Pewum cHavana COOTBETCTBYIOLLYIO  OOHOPOAHYIO
cuctemy

{MD: —y[+2y,
yi=3y+4y,

Ee pelueHue 6bino nonyyeHo B Mpumepe 1:

2et e’
Yi=C |+C -
—3e —e*
OO0Lee pelleHne HeOQHOPOAHOW cucTeMbl Oyaem nckatb B BUae:
zer’ ex’
Y= C[{x |+ Co(x s
—3e? —e*
roe Cﬂxim Cg(x)] HEeW3BeCTHble (YHKUMW. [N HaxoXaeHUs 3TUX
yHKuwniA noacTaBum Y[ B HeogHOpoaHyto cuctemy
Cl(x)2e? + Chi(x)et = 2em

C{J(XD(— 3eﬂj+ ng(x)(— ef‘_) =e " |
Haiinem Cm(xlvl Ct) (xD] Mo chopmynam Kpamepa nmeem:

2ﬁﬂ x[J 2]jﬂ x[J
A= Clzemia = ¢ =3,
—3eH —e el —e*

A, = et 2el? 8ot
—3ett el

C{i(x) = 3er™, Cl(x)=er™".
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Cgl(x) = 8efe™ =8el™; Cl(x)=—4e™".
Yﬁ#eﬁx{zex J—4eﬁX(ex:]=(_2jaj,
—3e?Y —e" 1
VE CﬁE 27 J+ C;{ eﬂ]+erj‘(_2j.
—3ef —ef 1

O6GlLee pellieHe HeOAHOPOAHOW CUCTEMbI UMEET BUA,
Y[ E2C[e™ + Cle* —2eT?
yi=-3C[e* = Cye" + el
METOH UCKINKYeHuUs. HeKOTOpre INVHEeNHbIE CUCTEMBI yaaeTcA
CBECTM K OAHOMY IMHENHOMY YypaBHEHWIO, MOPSOOK KOTOPOro paBeH

nopsgky cuctembl. PaccMoTpym aTOT MeTOA Ha npumepe.
Mpumep 5. Peluntb NUHENHYIO OQHOPOOHYI CUCTEMY

{yD=—y;
yil=yp

Pewenne. Cuctemy BTOpPOro mnopsiaka MOXHO CBECTU K
NVHEeNHOMY YypaBHeHuo BTOporo nopsgka. [pognddepeHunpyem

nepsoe ypasHenne Y[ =-—yl] n nogcrasum B Hero yl]ua BTOporo
ypaBHeHus. [lonyuum audpcdepeHumnanbHoe YypaBHEHWE BTOPOro
nopsagka y]'ﬂ-l—yD:O. XapaKkTepucTMyeckoe ypaBHEHWE WUMeeT BUA

A* +1=0,lero kopHu 4, , = il

yi &= Cleosx Clsin x/ ]
yhl= y[=—-C[$in x+ C,cos x
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PN~

No o

11.
12.

4. KOHTPOIJ1bHBIE BOIPOCHI MO TEOPUU
[ante onpegeneHne obuwero peweHnss guddepeHumanbHOro
ypaBHEHUS NepBOro nopsigka.
Hanvwwute npumep auvddepeHLmnansHOro ypaBHeHUsSI NepBOro
nopsigka.
Kakon BuMg MMeeT ypaBHEHME C  pasgensowmmmcs
nepemMeHHbIMU.
HasoBuTe ycnoBusi, npu KOTOPbIX ONS YpaBHEHUs C
pasgensoLwmmMmcs nepeMeHHbIMM BEpHa Teopema
CyLLIeCTBOBaHWS U eAMHCTBEHHOCTM 3agaym Kowwm.
Hante copmynmpoBky 3agayn Kowwm gns ypaBHeEHUSI MepBOro
nopsgka.
[ante onpegeneHne N3oKNuHbI.
HasoBuTe Heobxoammoe n JocTaTOYHOE YCIOBME YpPaBHEHUSA B
NosiHbIX anddepeHumanax.
YTto HasbIBaeTCa hyHOaMEHTanNbHOM CUCTEMON pPeLLEHUN.
Banvwute cuctemy O1Y B maTpuyHOM BUAE.
Kak cnegyet BbiOpaTb BUA 4acTHOrO peLleHns anst HENTIMHENHOTo
ypaBHEHUs CO cneuunanbHOW NpaBomn YacTb

5. BOMPOCHI A4J14 NOAroTOBKN K SKSAMEHY

O6uwume onpenenenuns Teopun OLY.

YpaBHEeHWs C pa3aenstowmMMmcs NepeMeHHbIMU.

OpHopopaHble guddepeHumnanbHblie YpaBHEHNS.

Teopema o0 cCywecTBOBaHUM W €OUHCTBEHHOCTU peLLeHus

3agaun
ansa 1Y nepeoro nopsigka.

YpaBHeHus B NonNHbIX AnddepeHumanax.

"eomeTpuyecknii cmbicn 1Y nepeoro nopsiaka. Metoa M3oKnuH.

JInHenHble anddepeHumansHble ypaBHEHMS N-0ro nopsaka.
OcHoBHble onpegeneHns. CBONCTBA peLLEeHNI.

lMoHATNE NUHENHOW HE3aBUCUMOCTU peLlEHNN

HeogHopogHble NMHEVHbIE YPaBHEHUS.
. JlnHenHble opgHopogHble AudepeHunanbHble YpaBHEHUS C
NOCTOSAHHbIMU KO3dhduUmeHTamn. MeTog Dinepa.
Cuctembl OY. MaTpuyHas 3anuce.
PelweHne nuHeNHbIX OAHOPOAHbBIX CUCTEM C MOCTOSHHBIMU
koacpdpuumeHtamn. Metog Innepa.
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6. BbIMACKA N3 KANTEHOAPHOIO MNAHA NMPAKTUYECKNX
SAHATUN

1. OuddepeHumansHble ypaBHeHus (OY). O6wee mn yacTHoe
peweHns. 3apgada Kowwu. [eoOMeTpuyecKkni  CMbICH
anddepeHumansHoro ypaBsHeHus | nopsgka. Meton U3oKMnuH.
[eomeTpnyeckme u dusmyeckue 3agadn Ha COCTaBfeHWe
onddepeHumanbHbiX ypaBHeHU. Bblgaya TMNOBOro pacyeTta
no Teme «dnddepeHumansHble ypaBHEHUSAY.

2. Ocobble To4kn. Ocobble pelueHusi. 1Y nepBoro nopsiaka c
pasgenstowmmmncs nepemenHoiMn. OgHopogHbie Y. I1. 4. 510
53, 57, 58, 106-108, 110, 112.

3. JluHenHble [Y nepBoro nopsgka. YpaBHEHUSI B MOJSHbIX
onddepeHumanax. J1. 4. 137, 139, 141, 144, 146, 186, 188
190, 192, 193.

4. [Y BbIClWIMX NOPSAKOB, OOMyCKaloWMe MOHWKEHWe nopsgka.
1. 4. 423, 430, 435, 437, 442, 444.

5. PeweHne nunHenHbIX ogHopoaHbix [AY co cheumanbHON
npaBoK YacTbio meTogom noabopa. J1. 4. 511, 515, 518, 521,
525, 532.

6. PeweHne nuMHenHbIX HeoaHOpPOAHbLIX Y co cneunanbHoOW
npaBoKn vactbio Mmetogom nopodopa. J1. 4. 540-547, 549, 551,
555, 559, 585. J1. 5. 330, 335-337, 340, 346, 352.

7. PeweHne nuHenHbIX HeogHopoaHbix Y meTogom JlarpaHxa.
PeweHune cuctem anddepeHumanbHbIX ypaBHEHUN
cBefeHveM K ogHopodHoMy ypasHeHuto. J1. 4. 575-578. J1. 5.
654, 657, 658, 660, 661.

8. PeweHne nuHenHbIX ofHOPOAHLIX cuctem [Y metogom
Ounepa. J1. 4. 786, 787, 788, 789, 790, 792, 795, 796.

9. Mpuem TP no Teme «uddepeHumanbHble ypaBHEHUS».

10. KoHTponbHas paboTta

- Y ypaBHeHus 1 nopsigka.

- Y 2 nopspgka, ceogsaweecs k 1Y 1 nopsiaka.

- JlnHenHoe HeogHopogHoe Y € NOCTOSIHHLIMU
KoatbpmumeHTamm M chleynanbHOW  npaBoWn
YyacTblo.

- JluHenHoe HeogHopoaHoe [Y, wuHTerpupyemoe
MeTodom JlarpaHxa.
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7. Tect no Teme 9. «ObbIKHOBEHHbIE AndpepeHLmanbHble

YpaBHEHUA»
1. Onpegenute Tvn OY 2xp! + yﬁ: 1. YkaxuTe HoMep BEpPHOrO
oTBeTa B Tabnuue 2.
Tabnuuya 2
1 2 3
C paspgenstowmmmcs JlnHenHoe B nonHbIx
nepemMeHHbIMN anddepeHymnanax

2,

Kakoe 13 Huxe nepeyncrieHHbIX ypaBHEHUIN ABNSeTCS

ypaBHeHVeM B MOIHbIX AnddepeHLpanax:
1) (l—xﬁ)dy+xydx20,
2) (nyﬁ— ym’x + xdyl=0,

3) (sinx y)dy + (ycosx} xﬁ)dx =07

YKaxute HoMep BEPHOro oTeeTa B Tabnuue 3.

Ta6bnuya 3

1

2

3

MNepBoe

Btopoe

TpeTbe

Hagnte KopHM xapaktepuctmdeckoro ypaBHeHns O1Y
V" =9y[= 0. Ykaxute HoMep BepHOro oTeeTa B Tabnuue 4.

Tabnuuya 4

1

2

3

A =3, 4, =-3

A=0, 4, =-3

A=1,4,=9

4.

Hangute doyHOamMeHTanbHyo cucTemMy pelleHni ans
ypasHeHust y" — 23"+ 5y[= 0. YkaxuTe HOMep BepHOro oTeeTa

B Tabnuue 5.

Tabnuuya 5

1

2

3

4

yi=e',
yhi=e™

yi=e cos2x,

yhl=e" cos2x

xl

yi=e cos2x,
yhl=e" sin2x

yD: e—2x ‘
yhl=e”
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B kakom Buge cneagyet UCKaTb 4YacCcTHOE pelleHne ypaBHEeHUA

y" +y" =sin x4 cosxl] Ykaxute HOMep BeEpHOro oTBeTa B

Tabnuue 6.
Tabnuya 6
1 2 3
yB:x(]4cosx+BEk‘nx) = Acosx yl=Acosx+ Bsinx

6.

Kakas 13 doyHKUun aABNsieTcs OAHOPOAHOW hyHKUMEN BTOPOro

nopaaka OTHOCUTESIbHO NepeMEeHHbIX X U y’) Ykaxute HOMeEp

BEpHOro oTeeTa B Tabnuue 7.

Tabnuuya 7

1

2

3

Sl y)=x" -2y

S, y) = x* = 2xp0

Sl y)=xt-x?

7. Hangute obuiee peleHve ypasHeHus )" = cosX. Ykaxute
HOMep BEpHOro oTeeTa B Tabnuue 8.
Ta6bnuuya 8
1 2 3
y=—cosxi+Cx+C,| yEFcosx+Cx+C, | yEFcosx+Cx

8. Hamgwute pewenune sagaun Kowm xdy=2ydx=0, y(l): 2.
YKaxute HoMep BEPHOro oTBeTa B Tabnuue 9.
Ta6bnuuya 9
1 2 3
yi= xP+Cl yiZ2x? yl=2x
9. Hangute doyHOaMeHTanbHy0 CUCTEMY peLleHuin ong

ypaBHeHns " — 6"+ 9y= 0. Ykaxute HoMep BEpHOro oTeeTa

B Tabnuue 10.

Ta6bnuuya 10

1 2 3 4
yi=e™, y[ = cos3x, yie=l, y=e™,
yh=e™ yh1=sin3x yi=e* yil= xe’
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10.

nOﬂbSyHCb npuHUmMnoMm  cynepnos3uvuuun, onpegenmte BuUa

yacTHoro pelienns ypasHeHuss " —y" =1+ell Ykaxute

HOMep BepHOro oTeeTa B Tabnuue 11.

Tabnuya 11
1 2 3
Ax* + Bxe™ Ax+ (Bx@r C)ef‘i Ae™
11. Kakoe 13 H/xe nepevncrneHHblX ypaBHEHUI SBNAETCS
NMHENHBIM YpPaBHEHWEM MEPBOro NOPSAAKa:
1) (sinx# y)dy + (y cosx= x?)dx = 0
2) (2xy2 - ywx +xdy=0
3) (l—xﬁ)dy+xydx =07
Ykaxnte HoMep BepHOro oTeeTa B Tabnuue 12.
Ta6bnuuya 12
1 2 3
MNepBoe Btopoe TpeTbe
12. Kakoe n3 Hmxe nepeymcrneHHbIX ypaBHeHU He JonyckaeT

NMOHWXKEHWe nopsagka:
1) x*y" —4xp!+6y=0,
2) y" =3y,
3) ;' =y"—xp’?
YKaxute HoMep BepHoro oteeta B Tabnumue 13.
Tabnuya 13

1 2 3

MNepBoe Btopoe TpeTbe
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9. OTBETbI K TECTY

Tabnuuya 14
Ne 3apaHus 3 4 5 6
OTBeT 1 3 3 2
Ne 3agaHus 9 10 11 12
OTtBeTt 4 1 3 1
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