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COJOEPXAHWE KOMMEHANYMA

TemaTuyeckuit nnaH 1-ro cemectpa.

Bbinucka 13 kaneHgapHoro niaHa nekuni.
TeopeTuyeckni maTtepuan.

KOHTpOnbHbIE BONPOCHI NO TEOPUU.

Bonpochk! Ansi NOArOTOBKM K 3K3aMeHY.

Bbinucka 13 kanengapHoro nnaHa npakTuyecknx 3aHATUN.
TecT no Teme 2. «BekTtopHas anrebpay.

PekomeHngyemas nutepaTtypa.

OTBETHI K TECTY.



1. TEMATUYECKWW MITAH 1 - ro CEMECTPA

Ta6bnuuya 1. Temamud4eckul nnaH 1 cemecmp

PacnpepeneHune yacoB

Ay,QMTOpH ble 3aHATUA

Ne Tembl Ha3BaHue Tembl
U3 Hux CamocTtosATenbHas
Bcero Bcero paGOTa
ayAUTOPHbIX Nekuun npz';':;‘::‘;'(”e
1 OnemeHTbl NMHeNnHo anrebpbl. 50 28 14 14 22
2 BekTopHas anrebpa. 18 8 4 4 10
3 AHanuTuyeckasi reomMmeTpusi. 48 28 14 14 20
4 Teopusi npeaenos. 48 28 14 14 20
5 ,Elwd)c?epeHuMaan?e ncyncrieHne  PyHKLMN 26 16 8 8 10
OofiHOM nepemeHHon. Yactb 1.
Bcero 3a 1 cemectp 190 108 54 54 82




2. BbIMUCKA N3 KANIEHOAPHOIO MNMNAHA NEKLMWA

2. BekTopHasa anrebpa (4 4acos).

y 3

1. JInHenHoe NpocTpaHCTBO R3. Hopma (Moaynb) BekTopa B npoctpaHctee R . N3obpaxkeHne
BEKTOPOB 13 R’ HanpaeneHHbIM1 OTpe3kamu. [psMoyronbHas aekapToBa cuctema
KoopavHaT. [eoMeTpuMYecKnid CMbICIT CKanspHOrO MNpPOW3BEAEHWS BEKTOpOB B R3.

[eoMeTpunyecKkMin CMbICIT KOOPOWHAT BEKTOPOB B R> . NuneiiHble onepauun C BEKTOpaMMU.
Hanpasnstowue kocnHycbl Bektopa. KonnuHeapHsle BekTopsbl. Npoekumnsa BekTopa Ha oCb U
BbluMcrneHue paboTol (2 yaca).

2. CeoncTtBa BEKTOpPHOro npou3seaeHuns. BbluncneHue BEKTOPHOIro npou3BeaeHna 4epes

KOOpAMHATLI NepemMHoXaeMblX BekTopoB. [lnolwaas napannenorpamMMa W TpeyronbHuKa.
BekTopHoe npousBegeHne. CMellaHHOe MNpPOWU3BEAEHWEe BEKTOPOB M ero  CBOWMCTBA.
KomnnaHapHble BeKTOpbl. [€OMETPUYECKUIn CMbICT CMellaHHOro npousseaeHus. Ob6bem
napannenenunena u TetTpasapa (2 Yaca).

3. TEOPETUYECKN MATEPWAT

Tabnuuya 2. OznaenerHue

2. BekTopHas anrebpa.

2.1. BekTopbl B NpOCTpaHCcTBE R3 .

3 . ,
2.2. leomeTpuyeckoe nsobpaxeHune sektopa B R . [lnHeliHbIe onepaumm ¢ BekTopamit. FeoMeTpuyeckuil
CMbICI CKasIsipHOro Npou3BefeHus!.

2.3. 3agauu, peluaemble C NOMOLLIbIO CKansipHOro Npov3BeAEeHUS.

2.4. HanpaBnsiowme KOCUHYCbI.

2.5. KonnuHeapHsle BekTopa.

2.6.

BekTopHOe npon3seneHne n ero CBOMCTBA.

2.7.

CwmeluaHHoe npou3BeaeHNe BEKTOPOB M €ro CBONCTBa

2.8.

"eomeTpu4eCckmii CMbICH BEKTOPHOIO NPon3BeaeHNS.

2.9.

3agaun, pelwaemMble C NOMOLLbHO BEKTOPHOIoO npoun3seaeHus.

2.10. l'eomeTpryeCKnii CMbICN CMELLAHHOro npousseneHns. 3agayun, pelaemMblie ¢ MOMOLLBI CMELLAHHOTO
npov3BeaeHus.




2. BekTopHas anrebpa

2.1 BekTopbl B npocTpaHcTBe R’

. 3
NuHeliHoe BekTOpHOe npocTpaHcTBo R o6pasyeT MHOXECTBO MaTpuy pa3MepHocTv 3x1 ¢
06bIYHBIMK AMA MaTPULL OMepaLmsaMN CIIOKEHWUS U YMHOXEHUA Ha ckansap. Kaxabin anemeHT d
3TOro NPOCTPaHCTBA (BEKTOP) UMEET BUA:

X
a=|y|,rae x, y, z - KoopauHaTbl BEKTOpa d .

z

3 113 ~ ~
CkanspHoe npousBefeHne B R° onpedenseTtcs, Kak M B pasgene “OnemeHTbl MUHERHoN
anredpbl”;

X X,

(5,1;):x1x2+y1y2+zlzz,ecn|/| a=|y b= ¥,

Z Zy
X
Hopma unu moaynb Bektopa d =| y | BbluMcAseTcs no dopmyre: |5| =\x*+y* 4z
z

,D,J'lﬂ CKanapHOro npounssegeHna cnpasenmebl criegytoline 3akoHbl:
1) (@.5)=(5.a). ibeR.

2 (a+b.c)=(a,c)+b.c),  ab.cer’.

3) (ac?,l;)z (ﬁ,al;)za(ﬁ,q), a,beR’, a -uncro.

4) (a.a)=|af", ieR®.

3 3 LA ~ ”
Basuc B R onpepensietca, kak U B pasfene “OnemMeHTbl NuHenHoW anreGpbl”. Basuc
BeKTopoB I, j, k OGydem cuutaTb CTaHAapTHbIM. B ganbHeiiwem, ecnu 3To cneuuanscHo He
OroBOpPEHO, MoA KoopauHatamu BekTopa Oyaem noHMMaTb koopauHaTel B 9TOM 6Gasuce, T.e.

X

a=|y =xl7+y]+zlg.
z

Mpumep 1. BbluncnuTb ckansipHoe npousseneHne Bektopos ¢, =2d +3b n ¢, =—4a+b , ecrm

2 L5
i=|-3b=|-1
1 -24
2 L5 85 2 L5 -65
Pewenue. ¢, =2-| -3 |+3:|-1 |=|-9 |;c,=—4-|-3|+|-1 |=|11
1 -24 -52 1 -24 -64

(¢,2,)=85-(=6,5)+(=9)-11+(=5,2)-(- 6,4)=-120,97.

Omeem. —120,97.



OnpedeneHue.

Bektopbl @ n b 6Gyaem HasbiBaTb OPTOroHarnbHbLIMMU, €CIM WX CKamnsipHOE NpPOU3BEAEHWE

(@.5)=0.

3 m
Mpumep 2. Tpu KAKOM 3HAYEHUM M BeKTOpbl d =| —2 | 1 b=|4 OPTOroHanbHbI?
1 0,5

PeweHue.
(é,l;): 3-m+ (— 2)- 4+1-05=3m—"7,5. N3 ycrnoenss opTOroHansHOCTM BEKTOPOB Creadyer:

3m—-75=0,uru m=2S5.
Omeem. 2,5.

2.2 FeoMeTpuyeckoe nzobpaxeHue BekTopa B R’ . JIMHeNHbIe onepaumm ¢
BeKTOopamu. FleoMeTpuUYEeCKUM CMbICH CKansipHOro npousseaeHust

3
B npoctpaHctBe R°  BekTOpHas anrebpa [ponyckaeT HarnsgHyl reoMeTpuyecKyto
WHTepnpeTauuio. B 3ToM npocTpaHCTBe BEKTOp d M306paxaeTcss MHOXECTBOM HarnpaBfeHHbIX

- 3
OTPE3KOB, UMEILLMX ANNHY, PaBHYIO |a| 1 oAMHaKoBOe HanpaerieHve. MHadye roesops, sektop B R

nsobpaxaeTcs HanpaBrneHHbIM OTPE3KOM, Hauyano KOTOPOro MOXeT pacnonaraTbCs B NioGoi Touke
TpexmepHoro EBknnaoBa npocTpaHcTBa.

JluHeliHbie onepayuu Had eekmopamu

1) CnoxeHue

xl xz x1+x2
a+b=|y |+|y, |=|n+1»
Zl Z2 ZI+ZZ

G+b
Puc. 2.1.
2) BbluutaHue
Xy Xy X=X,
a-b=\y |=|y, |=| -,
Z Z 2174,




3) YMHOXEeHMe Ha 4ncro

X, ax,
aa=aly, ay,
z, az,
aa (a < 0)
Puc. 2.3.
3 0,6
Mpumep 1. Haiitn ‘25+3B‘ ,ecrma=|—-2|nu b= 08 |.
0,5 41
PeweHue.
3 0,6 2-3+3-0,6 7.8
2+3h=2-|-2|+3:[08|=|2-(-2)+3-08 |=|-16],
0,5 41 2:05+3-41 13,3

‘25 4 35‘ =787 +16% +133% =4/24029 .

Omeem. /240,29 .

Feomempuyeckull CMbIC/T CKasisipPHO20 rnpou3seedeHust

K

QU
|

Sy

Mo CBOWCTBY CKansipHOro Npov3BeaeHUs:

a-b| =la-b,a-b)=(a.a)-(a5)-(6.a)+(,5)=[a ~205)+ [ .

-2 - ~2

C Apyromn CTOPOHbI, N0 TeOpPeMe KOCUHYCOB: ‘ﬁ - b‘ = |Zz|2 - 2|El”b‘cosa + ‘b‘ .
CnepnosarernsHO (Zz,l;)= |ﬁ|-‘l;‘-cosa ,FOe Q& — yron Mexay BekTopamn d u b .

Mpumep 2. Hanm (¢,,E, ), ecrm ¢, =5-G+b; c, —4.G-b; |d| =2, ‘I;‘ =3,a"b=120".
PeweHue.

6.6,)=(5-a+b,4-a-5)=5-4-(@,a)+4-(5,a)-5-(@5)-(5.5)-



-\ -2 - ~\ (-2
=20-faf* - (@.5)-|B" ==20-|a|" ~[al-[p|-cos(a"5)~ |5 =80~2-3-cos120" -9 =
=80-6-(-0,5)-9="74.

Omeem. 74 .

CriegyeT 3aMeTUTb, YTO [ANs CKanspHOro MpOM3BEAEHUS BEKTOPOB BBIMOMHSAIOTCA Te e
3aKOHbI, YTO M Ans anrebGpandeckux onepauuin ¢ MHorodreHamu. M3 atoro cneayet, 4to npu
CKanspHOM YMHOXKEHWUN BEKTOPOB CrpaBeasinBbl (hOPMy bl COKPALLEHHOTO YMHOXEHUS.

Mpumep 3. BbluncnuTb |E| ecmc¢=5-p-2-q; |j§| =3, |(}| =4, p"qg=060".
PeweHue.

_p2 - - - - - _\2 _ . -

el =(@.c)=(5-p-2-G.5-p—-2-G)=(5-p-2-G) =25-p* -2:10-(p,§)+4-G" =

=25-|p[" ~20-||-|g|- cos(p"G )+ 4-|d]" =25-9-20-3-4-cos60° +4.16=225—240%+
+64=169.
Omeem. 13.

U3 reoMeTpmn4yeckoro CMbiClia cKandpHOro npousBeneHunda crnengyeT, 4YTo OpTOoroHarbHble
BEKTOpPbI AO0JTXHbI M306pa)l(aTbCﬂ nepneHankKynapHbIMU HanpaBleHHbIMU OTPEe3KaMW.

PaccMoTpuM cTaHOapTHbIE OPTOHOPMUPOBAHHLIN Gasnc i, j, k 1 n3o6pasumM 3T BEKTOPbI
eOVHNYHBIMU (ONMHA KOTOPbIX paBHa 1), B3aMMHO MepneHauKynsapHbIMU OTpe3kaMmu ¢ obLwuM
Hayanom B HekoTopol Touke O .

Puc. 2.5.
BekTtopbl 1 , J, k ©ynem pacnonaratb Tak, 4ToGbl C kOoHUA k BpalleHue oT i K J

NPOMCXOAMIO NPOTMB YacoBoun cTpenku (puc. 2.5). Takon 6a3uc HasbiBaeTcs Gasncom npaBon

opMeHTauum.
Beegem npsiMOyronbHyt0 AeKapToBy cCUCTeMy KoopauHaTt ¢ Hadvarnom B Touke O, ocb Ox

COHanpaBuM C BEKTOpOM I , ocb Oy — ¢ BEKTOPOM j , a ocb Oz — ¢ BEKTOpoM k . Torga BekTop

a=x-i+y-j+z-k wnsobpasntca HanpaeneHHbiM otpeskom OA. Mpu 3tom x, y, z — 3TO

—_—

npoeKkuynmn OA Ha KOOpAWHATHbIE OCKU U KoopanHaTbl TOYKK A B cucteme KOOpAUHAaT xyz (pVIC.
2.6).




Ecrv BekTop MMeeT Hauano 8 Touke A(x,,y,,z, ), a koHew B Touke B(x,,,,z,), 10
Xy =X,

a=AB=|y, —y, |, nockonbky 3 puc. 2.7. BUGHO, 4TO

Zy, =
X, Xy Xy, =X
a=AB=0B-0A=|y, |=|y, |=| Y, —»
Z, Z Z, Tz
a B
z
A
o Y
x/
Pwuc. 2.7.

2.3 3apauwm, pewiaeMblie C NOMOLLLIO CKanNsipHOro nNpon3BefeHUsA
OCHOBHbIMU 3agavyamu, Ncnonb3yrLwmnmMmmn ckandpHoe npounsseneHune, ABnATCA:
1. OnpeneneHue yrna & Mexay BeKTopamu ad n b .
KOCI/IHyC yrna o MexXxnay BeKTtopamum c_i n b BblHUCIIAETCA UCXO0OA U3 reoMeTpny4ecKoro cMmbicna
CKansipHoro npousseaeHns no popmyrne:
!&,b )
cosao =

al-{p
Mpumep 1. Haiit BHyTpeHHuiA yron A un BHewHuin yron B B TpeyronbHuke ABC , ecnu
A(2,-1,4), B(4,0,2) n C(2,-3,1).

_—

AB

C
Pwnc. 2.8.

—_—

PeweHue. BHyTpeHHuii yron A B TpeyronbHuke ABC — 3To yron mexagy BekTopamu AB n AC.

—_—

BHewHwnii yron B B TpeyronbHuke ABC — 3To yron mexay BekTopamu E n BC (puc. 2.8.).

4-2\ (2 2-2 0 2-4 -2
AB=|0+1|=|1 |A4AC=|-3+1|=|-2|BC=|-3-0]|=|-3
2-4] |-2 1—4 -3 1-2 -1

CuunTaetcs, 4TO yrosn onpeferieH, ecrnv HahgeHa nobas U3 TPUrOHOMETPUYECKUX DYHKLMI yrhna,
Hanpumep KOCKHYC, No3TOMYy

10



(48, 4¢) _ zo+1< ><z>~<—s>

cos LA = =
R E
_ 0-2+6 _ 4
Jir1+4-40+4+9 913 3.\/_
cos /B = (AB’BC) = 2'(_2)+1'(_3)+(_2)'(_1) _
AB| BT 2+ (2F (2P + (-3 (1)
_ ~4-3+2 -5 5
Va+1+4-J4+9+1 914 3414
4 5
o . LA= , /B=— )
meem. cos . \/E cos ;. \/ﬁ

Mpumep 2. Haintn yron mexay Bektopamu d + b wad-b,ecnmn |ﬁ| =1, ‘I;‘ =6,a"b=60".

PeweHue. O603Ha4YMM UCKOMbIN YTOn ¢¢ W HAWOEM €70 KOCUHYC

a+ba-b) G’ - b? B af’ ~[p|
cosq=r———== = =
b= 5] a-5F |l <2a8)+[ef - ~20.5)+ e
B 1? -6 B 1-36 _
V2 42-1-6-c0560° 462 12 —2-1.6-c0s60° +6°  A1+12:0,5+36-/1-12-0,5+36
35
-
~35

Omeem. cosa = .
v/1333

2. BbluMcrneHue NpoeKkLuvn BeKTopa Ha HanpasrieH1e ApYyroro BeKTopa.

Mpumep 3. Haintn npoekuuio Bektopa a + 2b wa Bektop MN , ecnn

—4 2
i=|3 |, b=|-6| M(3-2-5), N(3,43).
~1 2
PeweHue. Hpa(c7+2l;)=£—)a+2_b’,MN )
MN ‘MN
4 2 —4+4) (0 3-3) (0
G+2b=|3 |+2/-6|=|3-12 |=|-9| MN=|4+2|=]6]
-1 2 —1+4 3 3+5) (8
Hpg(a+25)20-0+(—9)-6+3-8: -30 _




Omeem. -3.
3. BbluucneHue paboTbl, NPOU3BOAUMON BEKTOPOM CUJIlbl MO NepeMeLleHU0 MaTepuarnbHoOn
TOUKMWN.

rlyCTb nog OencTBmem BEKTOpa Cusibl f mMaTtepunasibHaAa TO4YkKa M nepexoanTt B NoJioXXeHune

_ -

N . Ecrm Beectn BekTOop nepemelieHns s = MN, 1o pa6oty A, npoussoaumyto curon f
MOXHO BbIMVUCIUTB CriedytoLm o6pasoMm:

A=|7]-5]-cosl7°5)=(7.5).
lMpumep 4. Bblumcnntb paboTy paBHOAEWCTBYHOLLEN TPEX CUI ]71 fzﬁ NPUNOXEHHbIX K

TOYKe M(1,1,3), ecnu Touyka nop AEWCTBMEM ITUX CUM NMEpPexoauT B MONoXKeHue N(l,2,—3) "

0,3 0,5 0,7
BEKTOpPbI CUIM PaBHBbI: ]71 =|-221, fz =144 |, ﬂ =108
-15 -2 3,6
1-1 0
PeweHue. BekTop nepemelleHnst § = MN=|2-1 |=|1
-3-3 -6

PaBHogelcTBYOWAA Tpex cun f = ]?1 + fz + ]?3 =
03+0,5+0,7 1,5
=|1-22+44+08|=|3 |. Torma pabBota A, mNpPoOM3BOAMMANA CUIMON ]7 , PpaBHa
-15-21+3,6 0
A=(7,5)=15-04+3-1+0-(-6)=3.

Omeem. 3.

2.4 HanpaBnsilowme KOCUHYCbI

HanpaBneHme BEKTOpa B MPOCTPaHCTBE onpenendeTca yrnamun, KOTopble COOTBETCTBYHOLLNE
HanpaBJieHHblIE OTPE3Kn 06pa3yr0T C KOOpAUHATHbIMK OCAMWN. Ecnn o6o3HaunTb a,ﬂ,y yrnbl

X

Bektopa a =|y | ¢ ocamu Ox, Oy, Oz COOTBETCTBEHHO, TO KOCUHYCbl 3TUX YITIOB MOXHO
zZ

onpeaenuTb No dopmMynam:

(ﬁ,f) _ X

cosa = cos(ﬁAi ):

dl X+t +z?
_ ~nT) (5,]) Yy .
cos cos(a ]) |ﬁ S ;

cosy =cos(ZzAl€)= (a’l;)= z

|C7| X*+yi 427 .

cosa, COSﬂ, COS Y Ha3blBalOTCA HanpaBnAlnLWMMN KOCUHYyCaMW. HanpaBnﬂrou.lme KOCUHYCbI

YOOBNETBOPSIOT O4EBUAHOMY COOTHOLLEHMIO:
2 2 2
cos” a+cos” f+cos”y=1.

12



Mpumep 1. MoxeT nn BekTop 06pasoBbIBaTh ¢ KoopanHaTHLIMM ocsimu yribl 60°,120°,135° 2

2 2 2, 1Y’ 1Y 1 2_1 1 1
PeweHue. cos” a+cos” f+cos" y=|—| +|-——| +|——=| =—+—+—=1.
2 2 J2) 4 4 2

Omeem. [1a, moXeT.
M3 chopmyn ans HanpasBRsitoLLMX KOCUHYCOB SICHO, YTO ecnin BeKTop obpasyeT ¢ kakon-nmbo
KOOPAWHATHOW OCbI0 OCTPbIN Yrof, TO COOTBETCTBYIOLLASA KoopAMHaTa NONoXUTENbHa U eCnn 3TOT

yron 6onbiue 90°, To cooTBeTCTBYIOLAsA KOOpAMHaTa oTpuuaTtensHa. Hanpumep, BekTop
-2
a=|52 o6pasyet c ocsimm Oy u Oz ocTpble yrmbl, a ¢ ocb Ox Tynow.
1,25

2.5 KonnuHeapHble BEKTOpPbI

BekTopbl Ha3bIBAlOTCA KOMSIMHEAPHbIMM, €CNU  OOUH MOXHO MNONyyYnuTb U3  OPYyroro
YMHOXEHWEM Ha Yucno.

VI3 nmpaBuna yMHOXEHWs HanpaBieHHOro OTpe3Ka Ha YUCIo CrnegyeT, YTO HanpaBlieHHble
0OTpeskn, nsobpaxarome KonnMHeapHble BEKTOPbI, napannenbHbl. OHWM O4MHAKOBO HanpasneHbl,
ecnn OAVMH BEKTOp MNOMyyYeH U3 JApYyroro YMHOXEHUWEM Ha MONIOKMTENbHOE 4UCNo U
NPOTUBOMOSIOXKEHO HamMpaBneHbl, €Cnv OAMH BEKTOP MOSlydeH M3 OPYroro YMHOXEHMEM Ha
oTpuuaTensHoe 4Mcno. [ns KonnnmHeapHbIX BEKTOPOB MCMONb3YETCS Takoe ke 0bo3HavyeHne, Kak v
ANs napannenbHbIX OTPE3KOB.

X Xy X1 Xy
Wtak, ecnn a =| y, b= ¥, ,T067||I;<:>c7=al;,mnm Y |l=aly, |,
Z Zy Z) Zy
X, =ax,

Xy oz
um <y =ay,,wm-—+==L="1

Xy Va2 I
z,=az,
Mpumep 1. BbISICHUTb, NPYW KakuX 3HAYEHUSIX P W ¢ BEKTOPbI
p 2
a=|1 |unb=|q |xonnuHeapHb?
-2 -1

1 2
PeweHue. 3 yCrnoBusa KOJJIMHeapHOCTN BEKTOPOB crenyert g =—= —1 =2 unn

1
=2,aTorpa p=4,q=—.

P_,1
2 q 2

1
Omeem. p =4, qzz.

1
Mpumep 2. Haittv opT BekTopa a =| —2
-2
PeweHue. OpTOM BeKTOpa Ha3blBAaE€TCs BEKTOP, KOTOPbIA COHanpasreH AaHHOMY, U MOAYIb

koToporo paseH 1. O603HAaYMM UCKOMBI BEKTOP € W BOCMONb3yeMCs YCIOBUEM KONNMHEapHOCTH
BEKTOPOB d W € .
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1 a
e=a-a=a-|—-2|=|-2a| , npuiem @ - nonoxutensHoe 4mcro. MockonbKy |é| =1, 70
-2 —2a

Tenepb MOXHO

Ja? +4a? +4a? =1. Torna 9a®=1. Wmm azzé n oa= %

onpeaenuTb KOOPAUHATLI BEKTOpa € ,

. Omeem. ¢ =| —

Q
Il
I

B paspgene “OnemeHTbl nuHenHon anrebpbl” ObINO OaHO onpedeneHue NMHENHO 3aBUCUMbIX
BEKTOPOB, a TakK ke HeobXxoauMoe 1 LOCTAaTOYHOE YCIOBUE NMHENHON 3aBUCUMOCTU. YUnTbIBas 370,
MOXHO BbIBECTU FEOMETPUYECKUA CMbICI FIMHENHOW 3aBUCUMOCTU ABYX BEKTOPOB. [MOCKOSbKY B
cny4vae KOMnfMHeapHOCTM OBYX BEKTOPOB OOUH M3 HUX BblpaXaeTcsl IMHENHO Yepes Apyron, To ABa

3 o
BeKTopa B R’ nuHenHo 3aBUCUMBbI, TOrda U TONbKO TOorga, Korga OHuM KosmJimHeapHbl.

-2 8
Mpumep 3. Asnsatotca nu Bektopbl d =| 0,25 | I; =| —1 | nuHeltHO He3aBUCUMBIMUN?
-1 4

PeweHue. Mockonbky b = —4-a, To BekTOpbl a@ W b - KONNUHeapHsl, a, cnefoBaTesbHO,
NVHEeNHO 3aBUCUMBI.
Omeem. BekTopbl MMHENHO 3aBUCUMBbI.

2.6 BeKkTopHOe nNpou3BegeHUEe U ero CBOMCTBA
X Xy
BeKToprIM npomn3segeHnem BEKTOpPOB 5 =W mb= V) Ha3blBA€TCA BEKTOp, KOTOprIZ
Z Z;

obo3HavaeTcs [Zz,bJ N KOOPAMHATbLI KOTOPOrO MOXXHO HalTU Mo chopmyre:

i j k
[ﬁ,b]: XV 4= (yIZZ — Wz )?_(xlzz — X2 )j+(x1Y2 X)) )];
Xy, Yy 2,

,U,J'Iﬂ BEKTOPHOIro npoun3eegeHna BbINOJTHAKTCA BCe CBOWCTBA, KOTOpble cnpaBeanuebl Ond
onpepgennTena:

1 a,EJ:-[E,aJ, ibeR’.

2. li+b¢|=[a,c]+]pé d,b.ceR’.

3. ,Z;J=[a,a 5J=a [ﬁ,l;J, a,beR’, a -umcro.
4._, ]=O<:>a||b @ w b - venynessie, d,b € R® .
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-1 1
Mpumep 1. Boluncnuts [EI,EZ],ech 5125—35M52=—25+l;,mecnmc_i: 0 |lub=|1
3 2
PeweHue.
“1y (1) (-4 —1) (1) (3
¢ =| 0|=3/1|=|=-3[.&==2[0|+1]|=]1 [,
3 2) (-3 3) (2) (-4
ik 15
[¢,.6,]=]-4 -3 -3|=(12+3)i —(16+9)j +(-4+9)k =|-25
3001 -4 5
15
Omeem. [51,52]= -25
5

2.7 CwmewaHHoOe npousBeaeHNe BEKTOPOB U ero CBOMCTBa

CMeLaHHbIM npousBegeHnemM BeEKTOpPOB a , b v ¢ wHasbiBaeTca 4Yncno, KoTopoe obo3HavalT

- - >

a b c v koTopoe BbluncnsieTca No dopmyne:

X oy oz X

>> > 1 1 > 1 > x2 > 3
abc = X, Y, z,|,teea=|y, , b= Y, |, c=|y,
Xy Vg 2 Z Z %
Ecnu pasnoxuTb onpeaenuTens no ariemMeHTam nepBon CTPOKU, TO
> z X z X,y
abe=x|"? |-y | Pl+z|? ?
Yy % Xy 2 Xy,
YuutbiBas, 4To
i j ok
> > ->
- - |y, =z | x, z X,y
b,ch X, YV, Z,|=1 2 2 —J 2 k| 2 2, moxHO YCTaHOBUTb,  YTO
Yy 5 Xy 2 Xy ),
Xy Vs Z

CMellaHHOe npoun3BedeHne BEKTOpOB d, n C npeacraBngaeTt cobol CKanapHoe npousseaeHune
> >

BEKTOPOB d U [b,c]T.e. abCZ( a,|:b,c:|j.

M3 nocrnegHen 3annucu NOHSATHO, novyemy abc Ha3blBaeTCcA CMellaHHbIM npou3BeaeHnem, nHorga ero

Ha3bIlBAKOT TaKXXe BEKTOPHO-CKanApHbIM.
Ecnn onpepgenuTenb B onpeaerieHnn cMelwaHHOro npounsseaeHna pasfioKnTb No anemMeHTam TpeTbeI7I

v S

> > > -> > >
CTPOKM, TO MOXHO NokasaTh, 4to abc :( [a,b},cj. WNHaye roeopsi, B cMeLlaHHOM Mpou3BedeHUn

nobble ABa BEKTOpa YMHOXalOTCS BEKTOPHO, a pe3ynbTaT YMHOXAETCH Ha TPeTUI BEKTOP CKamsipHO.
Mpy 3TOM JOIMKEH COXPAHSATLCSA TONBKO NOPSIAOK NEPEMHOXAEMbIX BEKTOPOB.
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> > > -> > > > > >
abc= [a,b},c = a,[b,c}
M3 cBoicTB onpeaenutena MOXHO YCTaHOBUTb cneaytouime CBOWCTBa CMeLLlaHHOoro npoun3eeneHuna:
1. CmeLwlaHHoe npoudeeneHne MeHqaeT 3Hak, eCii MeHAKTCA MeCcTtaMun nodble OBa BEKTopa

> > > > > > > > > > > >
abc=—-acb=-bac=-cbha.
2. CwmellaHHoe npon3BegeHne He MeHAETCA npu prFOBOl‘;I nepecrtaHOBKE BEKTOPOB

- 5 > > > - - —

abc=cab=bca.

3. CwmellaHHOe NpOW3BEAEHME paBHO HyM TOrda W TOMbKO TOr4a, KOrga BEKTOPbl JIMHEWHO
3aBUCUMBI

> > > > > >
Ecnn ans Tpex BektopoB d, b un ¢ Beinonnsetca abc =0, To Bektopbl HasbiBalTCA
KOMMIIaHapHbIMM.

-> > >
N3 onpepenenvs cneayeT, yto ecnn @, b 1 ¢ - koMnNnaHapHble BEKTOPbI, TO OHU KOMMMHEapHbI
KaKoW-TO O4HOWM NMOCcKOCTU. [NocKoMnbKy No CBOMCTBaM CMELLAHHOro NPon3BeSeHnst OHU B 3TOM Criyvae
->

NVHENHO 3aBUCUMBbI, CreAoBaTeNbHO, OAMH W3 HUX, Hanpumep a, MOoXeT ObITb npeacrtaBiieH

NIMHENHON KOMBUHaUMe AByX Apyrux, To ectb @ = ab + B¢ (puc.2.9).

-> > -> >
Mpumep 1. Asnsiotca nu Bektopbl @, b 1 a + b nuHeitHo 3aBUCUMBIMU?

PeweHue.

N3 npaBuna crnoxeHuWs HanpaBMeHHbIX OTPE3KOB CcriedyeT, YTO 3TU BEKTOPbl KOMMIaHapHbI,
crnefoBaTernbHO, OHW NTMHENHO 3aBUCUMBI.

Omeem. JIMHENHO 3aBUCUMbI.

lMpumep 2. Jlexat nu Toukn A(2,-1, -3), B(-4,1, -2), C(0, —6,3) n D(-12, —2,5) B 04HON NNOCKOCTN?

PeweHue. Ecnv Toukun A, B, C n D nexart B oaHon nnockoctu, To Bektopbl AB, AC, AD
KomnnaHapHbl (puc. 2.10). NMoatomy Heob6XxoaUMO NPOBEPUTL, PABHO MW HYIHO CMELLIaHHOe

npousseaeHne AB A_(f AD .

A D

Puc. 2.10.
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-6 2 1| (-6) (-8) [-6 2 1
S — 34 17
AB AC AD=|-2 -5 6= =134 -17 0= =
34 17

-14 -1 8 A 34 -17 0

Omeem. To4kn nexatT B OQHOW NNOCKOCTMW.

Tpoiika BekTopos d,b,C B 6asnce npasoit opueHTaLUun HasbiBaeTcs npason, ecnn abc >0 n
nesoit, ecnim abc < 0. NsobpaxaeTtcs npasasi TPOKa Tak e, Kak 1 6a3nc NnpaBon opueHTaumn: n3

KOHLIAa TpeTbero BeKTopa ¢ OBWXEHNE OT NepBOro BeKTopa a K BEKTOpY b nponcxognT npoTtme
YacoBou CTpPEJIKN.

TMpumep 3. Kakyto Tporiky 06pasytoT BEKTOPbI 2?,],/? ? BekTopbl ],17,]; ?

PeweHue. Tpoiika BekTopoB 2i, j,k - npaBas, T.K. CMeLlaHHOe NpousseaeHve

2 00
2 ] k=10 1 0=2>0. Tpolika BekTOpOB ];k - NeBasi, TaK kak CMeLlaHHoe
0 0 1

—

npovsseaeHve j ik =-i ] k=-1<0.

2.8 TleomeTpunyecKknin CMbICIT BEKTOPHOIroO Npon3BeaeHus

Z Zy Xy, Vo 2,
BTN B P SRS B PR O B -
= - J+ -k , To BeKTOp ¢ ynoBneTBOpSieT TPEM YCrOBUAM:
Yo 2 X, 2, Xy I
1.¢ La, ¢ Lb,Takkak
vz « %y X0 g
- 1 1 1 1 1 |
(c’a): “Xy T Wt zy=|x » z|=0,
Y2 Z X, 2 Xy I

XN

X, I

2. |E|:|Zl|~‘b‘~sina, a=a"b, Tak «kak |C

:(y122 — 4 )2 +(x122 X4 )2 +(x1J’2 —XH0 )2 =

ZJ’12222 +y22212 +x1225 +x22212 +x7y; +x22y12 =2y V2212, = 2X,X,2,Z, = 2X 0,0, =
:(x12 +y12 “'212)'(7522 +y§ +Zzz)_(x1xz RRARS +Z122)2 =

=lal* el ~(@.5) =al*-|e[" ~[af* [B[ cos?(a"B)=af" -[B[ -(1 - cos>(a"))=

=lal* -[e|"-sin*(a"5)
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3. BekTopsl ab,¢ o6pasyloT npasyto TPOMKY,
I e S 2
Takkak a b ¢ = ([a,b],c): ([a,b],[a,b]):‘[ )

la.5 | b

5]

Puc. 2.11.

Mpumep 1. Haiitn |[51,52]| , €CIU €, = 4G —2b C, = —G+3b . |ﬁ| = ‘Z;‘ =2,d"b=30".
Pewenue. o cBoicTBaM BEKTOPHOrO NPOU3BEAEHUS
[6,,¢,]= |4 - 25~ + 35 |= ~4[a,a]+ 2|, a |+ 12[a, 5| - 6]p 5 |.

YunTbiBasi, 4To [5,5]26, [E,E]zé n [ﬁ,l;J: —[l;,(iJ, nony4YnMm
[6,.2,1= 2l 6]+ 12[a 5 |=10[a,5]. Toraa |[¢,.2,]|= 10|[a.5 ]| = 10ja] - |5 sinla"5) =
=10-2-2-5in30° =40-0,5=20.
Omeem. |[51,52]|=20.

2.9 3apauum, pewaemMble C NOMOLLLI BEKTOPHOro NponsBeaeHus

1. BbluucnieHue nnowagen napannenorpamma u TpeyronbHMUKa, NOCTPOEHHbIX Ha ABYX
BeKTopax.

4

Puc. 2.12
Mnowaae napannenorpamMma, NOCTPOEHHOro Ha BekTopax d U b pasHa

S, =ld]|- ‘I;‘Sin(dAl;), a nnowase TpeyroneHuka S, =1/2-S, =1/2 |é|‘l;‘ sin(a”lg).
W3 ycnosus 2 nyHkta 2.8 cneayeT S, =‘ [dl;” S = 1/2 ‘ [él;”
Mpumep 1. Bbluucnute nnowaab TpeyronbHuka ABC, ecnu A(Z,—2,3), B(— 3,—6,0),

C(4,-3,-1).
PeweHue. TpeerJ'IbHI/IK ABC obpa3oBaH BekTopamm
-5 i ]k 13
AB=|-4 MA_C'_ - [ABAC —4 —3|=137 -26] +13k =| - 26 |.
-3 2 -1 -4 13

S s = 1/2-‘ [E,Z:” = 1/2~J132 +26% +132 =13/2-+/6 .

Omeem. 13/2-/6 .
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2. BbluucneHue MOMeEHTa cun.
Ecnuv BekTop cunibl f* NpUnoxeH K Todke A 1 TpeByeTcs HamTU MOMEHT STOM CUSTb

OTHOCUTENBHO TOYkU O, TO MOMEHT CUrbl M paBeH M = [OA,f (pnc.2.13).

-1
Mpumep 2. BbMUCAUTE MOMEHT  CUnb f= 2 |, NPUMNOXEHHON K TOuKe A(3,—2,7)
1,5
OTHOCUTESNBHO TOYKM O(— 1,2,1).
4 i j ok ~18
Pewenve. Od=|-4| M =|04 F|=|4 -4 6|=-187 —12j+4k =| 12
6 -1 2 15 4
-18
Omeem. M =| —12 |,
4

3. OnpepeneHne BeKTOpa, OPTOroHasIbHOro ABYM AaHHbIM
WHorga TpebyeTca HaWTu BEKTOP, OPTOroHanbHbIA ABYM AaHHbIM. M3 ycnosusi 1 nyHkTa 2.8
cnepgyert, 4YTO NCKOMbIN BEKTOP KONNMHeapeH BEKTOPHOMY NPOn3BeAEeHNIO 3a4aHHbIX BEKTOPOB.

—

lMpumep 3. Havitn BEKTOP p , OPTOrOHanbHbLIV BEKTOPAM,

1 -7 1
a=2|ub=|0 |,anskotoporo (;,2)23,r,u.e2’: 1].
3 2 1
PeweHue. BekTop ; KOJINMHeapeH BEKTOPHOMY MPOU3BEAEHMIO lﬁ,l; J , CriefjoBaTernbHo
;:a . [ﬁ,I;J.
i j ok 4
Mockonbky [ﬁ,l;]: 1 2 3 :4f—23j+14E: —-23 1,70
-7 0 2 14
4 4o
p=a-|—-23|=|-23a |. Tak kak (p,E)z3,To 4a-1-23a-1+14a-1=3,
14 l4a

—

nwm —S5a =3, a =—3/5=-0,6 . Tenepb MOXHO ONpeaen T KOOPAMHATLI BEKTOpa p :
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4 24
p=a-|-23|=[138

14 -84
-24
Omeem. p =|138
-84

2.10 NeomeTpMUYeCKNI CMbICIT CMELUAHHOrO Npou3BegeHua. 3agaum,
pelwaeMble C MOMOLLbK CMELIAaHHOro Npou3BeaeHUs

abé = ([&,5],5): ‘ [Zz,l;”-|5|-cosa, rae o - yron mexay BeKTopamu [5,5] nce.

[NocTpom Ha BekTOpax 5,5,5 napannenenunen (puc. 2.14.) n nokaxem, YTO CMelLlaHHOe
npouseeneHue ZIZ;E paBHO Moaynio obbema 3TOoro napannenenunega. Tak kak ‘[ﬁl;” paBHO
nnowaan napannenorpamMma, MOCTPOEHHOr0 Ha BeKTopax Zz,l; UM nnowagn OCHOBaHMS
napannenenuneaa, NOCTPOEHHOIO Ha BeKTopax 5,5,5, a |E|~cosa— npoekuusi BekTopa ¢ Ha

BEKTOP ﬁ,bJ unu BbicoTa h napannenenunena, 7o abc¢ = S

nap—ma — " napamnenenuoa *

Puc. 2.14.
Puc. 2.14. coenaH anst BEKTOPOB, KOTOpble 06pa3yoT NpaByk TPOWKY, B 3TOM Criydae yron

MeXay BeKTopamu ¢ u [5,[7] ocTpbii u A = |E|-cosa >0.

!
!
1
1
1
1
-
I
!
I
1
1
!

Puc. 2.15.

Ecnu Tpoiika BEKTOPOB d,b,¢ — nesas (pnc.2.15.), To yron mMexay Bektopamu ¢ u lﬁ,I;J>90°.

B atom cniyvae cos a < Outorga h = —|E| -cosa > 0.MNoatomy abc =-V

napannenenuoa "

Mpn

no6om pacronoxeHun BektopoB ab ¢ = £V

napannenenuoa *
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eoMeTPMYECKMI CMbICTT CMELLIAHHOTO MPOU3BEAEHUS UCMOMb3YIOT NPU BbIMUCIEHNM 06 bEMOM
napannenenuneaos 1 TeTpasapoB, NOCTPOEHHLIX Ha Tpex BekTopax. dopmMyna oGbema
napannenenvnesa yxe nonyyesa V, . o.owoa = ‘Zz b E‘ .

BbiBegem copmyny o6bema TeTpasgpa (4eTbipexyrofibHoM nupamMmnabl), NOCTPOEHHOM Ha
BekTopax d,b,c . U3 puc. 2.16 nerko sunets, 4toV, ..., =1/3-S, -1, rae S, - nnowane
TpeyrofbHUKa B OCHOBaHUM TeTpasapa, a h — ero BbicoTa. MockonbKy nnoluaab TpeyronbHuka
S, = 1/2S roe S — nrowaabs napannenorpamma, NoCTPOEHHOro Ha BeKTopax d u b,

nap—ma ’ nap—ma

a BbICOTbI TeTpa3gpa \ napannenennneaa, NnoCTpoeHHbIX Ha BEKTOpax C_i,b,E coBnapgaroT, TO

v =16,y h=1/6-V,,,,, =1/6)ab 7.

mempasopa

ap—oa

nap—ma

Puc. 2.16.
Mpumep. Haiitn obbem Tetpasgpa ABCD , ecrin A(l,—3,—5), B(— 1,2,—4), C(0,0,—2),
D(-6,-1,-2).
Pewenue. Tetpasagp ABCD nocTpoeH Ha BeKkTopax
-2 -1 -7
AB=|5 | AC=|3 |4D=|2 | (Puc.2.17).
1 3 3

v empasopa = 1/6‘671;5‘ . Belumncnum

m -2 5 1-(-3) (-3) [-2 5 1

. 5 -12
ibé==|-1 3 3 4 =[5 -12 0= 13=(—13-5—12)=—77.
-7 2 3 4 =1 =13 0
Toraa ¥ pempaspa = 1/6|-77|=77/6.
Omeem. 77/6.
D
c
A
B
Puc. 2.17.
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4. KOHTPOIIbHbIE BOIMPOCHI MO TEOPW

Kak BbluMCINTE HOPMY BekTOpa?
Kak BbluMcnsieTcs ckansipHoe npounsseneHne?

Kakne BekTOpbl 06pa3yoT cTaHA4apTHbIM 6a3nc B NpOCTpaHCTBE R’?

B uem 3aknovaeTcsa reoMmeTpruyecKnn CMbICI CKanspHOro nponsseneHnsa?
Korga ckanspHoe npounssegeHne OBYX BEKTOPOB PaBHO Hyno?
Ccopmynupynte HeobxoaMMoe 1 JOCTaTOYHOE YCIOBME KOMMMHEApPHOCTU ABYX BEKTOPOB?
Kak BbluMcngeTca Npoekums BeKTopa Ha HanpaBneHne Apyroro Bekropa?
Kaknm cBovicTBoM 06nagatoT HanpasnsoLwme KOCUHYCbI?

9. Kak BbluMcnAeTcs BEKTOPHOE NPOU3BEAEHUS ABYX BEKTOPOB?

10. Korga BeKTOpHOE Npov3BeAEHUS ABYX BEKTOPOB PABHO HYMO?

11. Kak BbluMCnsieTCcst CMeLlaHHOe NponsBeaeHne BEKTOPOB?

12. Korga BekTopa Ha3blBalOTCA KOMMMaHapHbIMN?

13. Kak BbluMCnMTb Nnowagb TpeyrofibHMKa, MOCTPOEHHOTO Ha ABYX BEKTOpax?
14. Mo kakon hopmyrie BbluMCNAeTcsa 00bem napannenenunega?

5. BOMPOCHI AnA noAroTOBKM K 3K3AMERY

1. BekTop B AeKapTOBOW NPSAMOYrofibHOW CucTeMe KoopauHat. Hopma unm moaynbs BekTopa.

NGO A W N~

OpTtoroHaneHble Bektopa. basuc B R, OpueHTauuns BEKTOPOB.

CkansipHoe npov3BegeHne AByx BeKTOpoB. Anrebpanyeckne CBONCTBA CKanspHOro

Npou3BeaeHUs.

"eomeTpuyeckuin CMbICN CKaNApHOro Npov3BeaeHus.

JInHenHble onepaummn Hag BeKTopamu.

OnpegeneHne yrna Mexay ABYMS1 BEKTOpaMM.

BbluncrieHve npoekummn BeKTopa Ha HanpasneHne Apyroro BekTopa.

BblumcneHne paboTbl, MPOM3BOANMON BEKTOPOM CUITbI MO NEPEMELLEHNIO MaTepunanbHON

TOYKM.

Hanpasnsowme KOCUHYCbI.

9. TloHATMe KonnMHeapHOCTU ABYX BEKTOPOB. Heobxoammoe n goctaTtovyHoe ycnosue
KONMMHeapHOCTU ABYX BEKTOPOB.

10. OnpepaeneHne BEKTOPHOrO NponssBeaeHns ABYX BEKTOPOB.

11. BekTopHOe Npon3BefeHne 1 ero CBoncTea. eoMeTpUYECKUn CMbICIT BEKTOPHOIO
Npou3BeaeHUs.

12. MNpaBble v neBble TPONKMN BEKTOPOB.

13. BbluucneHuve nnowagen napannenorpamMmma n TpeyrofibHuKa, MOCTPOEHHbIX Ha ABYX
BeKkTopax. BelumcneHve momeHTa cunel. OnpegeneHve BekTopa, OPTOroHanbsHoro AsyM
AaHHBIM.

14. CmellaHHOE Npou3BeaAeHE TPEX BEKTOPOB N €ro CBONCTRA.

15. FeomeTpunyecknii CMbICH CMELLaHHOrO Npou3BeaeHus. BeluncneHne o6bemos
napannenenunega v Tetpasagpa.

6. BbIMNCKA 3 KANEHOAPHOMO MIAHA MPAKTUYECKIMX 3AHATUN

2. BekTtopHas anre6pa (4 4yaca).

Nownkw N

*®

1. Bektopbl B R®. KoopauHatbl BekTopa. JInHeHble onepaunu ¢ Bektopamu. Moayns u
HanpaBnswLwwme KocuHycbl. KonnnHeapHsle BekTopbl. CkansapHoe nponssegeHne BEKTOPOB.
Bbluncnenuve yrna mexgy sekropamu. lNpoekuusa Bektopa (2 yaca).

Nn2m.281:1.1-1.2.

2. BekTopHOe npowusBedeHue BeKTOpoB. BbluucneHve nnowagen napannenorpamMa u
TpeyronbHuka. CmelwaHHoe npousBedeHne BekTopoB. [MpaBas W neBas TpoWka BEKTOPOB.
KomnnaHapHble BekTOopbl. BeluncneHne o6beMoB napannenenunega u tetpasgpa (2 yaca).
Nn2m.28§1:1.3-1.6.
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